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Abstract

Stochastic gradient descent (SGD) and its variants in deep neural networks (DNNs) are fundamen-
tal to the advancements of modern artificial intelligence. However, our theoretical understanding
lags far behind their empirical success. It is widely believed that SGD has a curious ability to
avoid sharp local minima in the loss landscape, whereas sharp minima are believed to lead to
poor generalization. To unravel this mystery and further enhance such capability of SGDs, it is
imperative to go beyond the traditional local convergence analysis and obtain a comprehensive
understanding of SGDs’ global dynamics. In this paper, we develop a set of technical machinery
based on the recent large deviations and metastability analysis in [34] and obtain sharp char-
acterization of the global dynamics of heavy-tailed SGDs. In particular, we reveal a fascinating
phenomenon in deep learning: by injecting and then truncating heavy-tailed noises during the
training phase, SGD can almost completely avoid sharp minima and hence achieve better gener-
alization performance for the test data. Simulation and deep learning experiments confirm our
theoretical prediction that heavy-tailed SGD with gradient clipping finds local minima with a
more flat geometry and achieves better generalization performance.
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1 Introduction
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Figure 1.1: (Left) Histograms of the locations visited by SGD. With truncated heavy-tailed noises,
SGD hardly ever visits the two sharp minima m; and mg. The objective function f is plotted at the
bottom, and dashed lines are added as references for the locations of local minima. (Middle) Typical
trajectories of SGD in different cases: (a) Heavy-tailed noises, no gradient clipping; (b) Heavy-tailed
noises, gradient clipping at b = 0.5; (¢) Light-tailed noises, no gradient clipping; (d) Light-tailed
noises, gradient clipping at b = 0.5. The objective function f is plotted at the right of each figure, and
dashed lines are added as references for locations of the local minima. (Right) First Exit Time from
0y = (—1.3,0.2). Each dot represents the average of 20 samples of first exit time. Each dahsed line
shows a polynomial function ¢;/n® where 3 is predicted by Theorem 2 and ¢; is chosen to fit the dots.
The non-solid green dot indicates that for some of the 20 samples of the termination threshold 5 x 107
was reached, and hence, it is an underestimation. Results in (Left) and (Middle) are obtained under
learning rate 7 = 0.001 and initial value X¢ = 0.3.

Stochastic gradient descent (SGD) and its variants have seen unprecedented empirical successes
in the training of deep neural networks. Specifically, the training of deep neural networks is typically
posed as a non-convex optimization problem, and even without explicit regularization the solutions
obtained by SGD often perform surprisingly well on test data. Such an unexpected generalization
performance of SGD in deep neural networks are often attributed to SGD’s ability to avoid sharp
local minima in the loss landscape, which tends to lead to poor generalization [8, 15, 18, 13]. Despite
significant efforts to explain such phenomena theoretically, understanding how SGD manages to avoid
sharp local minima and end up with flat local minima within a realistic training time still remains as
a central mystery of deep learning. Recently, the heavy-tailed dynamics of SGD received significant



attention, and it was suggested that the heavy tails in the stochastic gradients may be a key ingredient
that facilitates SGD’s escape from sharp local minima: for example, [30, 31] report the empirical
evidence of heavy-tails in stochastic gradient noise in popular deep learning architectures (see also
[9, 32, 4]) and show that SGD can escape sharp local minima in polynomial time under the presence
of the heavy-tailed gradient noise. To be more specific, they view heavy-tailed SGDs as discrete
approximations of Lévy driven Langevin equations and argue that the amount of time SGD trajectory
spends in each local minimum is proportional to the width of the associated minimum according to
the metastability theory [27, 11, 12] for such heavy-tailed processes.

In this paper, we study the global dynamics and long-run behavior of heavy-tailed SGD and its
practical variant in depth. In particular, we consider an adaptive version of SGD, where the stochastic
gradient is truncated above a fixed threshold. Such truncation scheme is often called gradient clipping
and employed as default in various contexts [3, 20, 6, 26, 36, 5]. We uncover a rich mathematical
structure in the global dynamics of SGD under this scheme and prove that the asymptotic behavior of
such SGD is fundamentally different from that of the pure form of SGD: in particular, under a suitable
structural condition on the geometry of the loss landscape, gradient clipping completely eliminates
sharp minima from the trajectory of SGDs. This intriguing phenomenon leads to a new training
strategy in deep learning for finding local minima that achieve better generalization performance.
More precisely, the main contributions of this article can be summarized as follows.

e Theoretical Contributions: Characterization of Global Dynamics. We establish a
scaling limit of the heavy-tailed dynamical systems over a multi-well potential in R! at the
process level. The scaling limit is a Markov jump process whose state space consists of the
local minima of the potential. In particular, our findings systematically characterize a curious
phenomenon that the truncated heavy-tailed processes avoid narrow local minima altoghether
in the limit. As a direct application, we prove an ergodic theorem, which shows that the fraction
of time such processes spend in the narrow attraction field converges to zero as the step-size
tends to zero.

e Algorithmic Contributions: Control of SGDs using Truncated Heavy Tails. Inspired
by the sharp characterization of the global behavior of heavy-tailed dynamical systems in R!, we
propose a new training strategy in deep learning that improves the generalization performance of
SGD. Specifically, by injecting and then truncating heavy-tailed noise in SGD, the new training
strategy manages to find local minima with a more flat geometry and better generalization
performance. We test the proposed algorithm with deep learning tasks and demonstrate its
superiority with an ablation study. This also suggests that the key phenomenon we characterize
in our theory— elimination of sharp local minima—manifests in real-world tasks.

Throughout this paper, we focus on the class of heavy tails captured by the notion of regular
variation. Let (Z;);>1 be a sequence of iid random variables such that EZ; = 0 and P(|Z;1| > x) is
regularly varying with index —« as * — oo for some « > 1. That is, there exists some slowly varying
function ¢ such that P(|Z1| > ) = ¢(x)z™. Let pp(-) : = — |;’“’—lmax{b7 |z|} be the projection
operator from R onto [—b,b], where b > 0 is a truncation threshold. For any n > 0, z € R, and
b€ (0,00), we define (X;”b(a:))j>

o with the following recursion:
b b b b b .
Xty =2y XM (@) = X7 (x)+¢b(—nU’(X;' (@) + o (X7 (x))zjﬂ) Vi>0. (L1)
In other words, (X M(2)) . solves a class of stochastic difference equations driven by truncated
J 7>0
heavy-tailed perturbations. Here, U’(-) is the gradient field of some potential function U € C*(R), =
dictates the initial condition of the stochastic difference equation, 7 is interpreted as the step-length,

and the distance traveled at each step is truncated under the threshold level b. Generalizating to the
scenario where the truncation threshold b is set as co (i.e., when we remove the truncation mechanism),



we define X;-”oc(x) = X} (z) as the solution of the following stochastic difference equation
X(@) =2 X[ (2) = X](2) U (X] () + 0o (X](2)) Zj1 Vi >0. (1.2)
Below, we describe the main contributions in more detail.

Characterization of the Global Dynamics of Heavy-Tailed Systems: Our first contribution
is to provide a sharp characterization of the global behavior of X;-]Ib(ac)’s when traversing a multi-well
potential U; see Figure 3.1 for an illustration of a potential U and its attraction fields. Under suitable
conditions, Theorem 3.2 establishes that the stochastic process X;ﬂb(x) converges to a Markov jump
process that visits only the widest local minima with proper scaling. By considering an arbitrarily
large truncation threshold b ~ oo, we also recover the sample-path convergence of the untruncated
dynamics X7 (z) in Theorem 3.3. The modes of convergence are in finite dimensional distributions
and weakly w.r.t. the L norm in D[0, c0). See Section 3.2 for precise definitions and statements.

As a consequence of the sharp characterization of the global dynamics in Theorem 3.2, we also
obtain Corollary 3.4, which proves an ergodic theorem for the fraction of the times X;’lb(x) spends in
narrow attraction fields: roughly speaking,

T-X;(n)

1 nlb »
T-X\(n) Z H{Xi (z) € U (mj—e,mj+e)}—>1 asn 0

i=1 j: m; € wide minima

where A} () is a scaling function of  that is regularly varying with index J;*(V') - (e — 1) + 1. Here
Jy (V) is the maximal relative width of U’s attraction fields. This uncovers an intriguing phenomenon:
combined with truncation, the heavy-tailed processes will avoid any local minimum of U that is not
the widest. The precise definitions of the widest attraction fields and the associated local minima are
given in Section 3, but here we note that the width is measured by the number of jumps (with sizes
bounded by b) required to exit the attraction field.

Figure 1.1 (Left, Middle) clearly illustrates these points with the histograms of the sample trajec-
tories of SGDs. Note first that SGDs with light-tailed gradient noise—(c) and (d) of Figure 1.1 (Left,
Middle)—never manages to escape a (sharp) minimum regardless of gradient clipping. In contrast,
SGDs with heavy-tailed gradient noise—(a) and (b) of Figure 1.1 (Left, Middle)—easily escapes from
local minima. Moreover, there is a clear difference between SGDs with gradient clipping and without
gradient clipping. In (a) of Figure 1.1 (Left), SGD without gradient clipping spends a significant
amount of time at each of all four local minima ({my, ms, m3,my}), although it spends more time
around the wide ones ({mg, m4}) than the sharp ones ({mj,ms}). On the other hand, in (b) of
Figure 1.1 (Left), SGD with gradient clipping not only escapes from local minima but also avoids
sharp minima ({mq,m3}) almost completely. This means that after we run SGD for long enough
(more precisely, the required run length A} () that is roughly of polynomial order; see Section 3.2 for
details), it is almost guaranteed that it won’t be at a sharp minimum, effectively eliminating sharp
minima from its training trajectories.

The theoretical developments in our work hinge on the technical framework in [34] that connects
the large deviation and metastability analysis for heavy-tailed dynamical systems. Specifically,

e [34] establishes a new formulation of heavy-tailed large deviations that is locally uniform with
respect to the initial values. These results characterize the catastrophe principle that reveals
a discrete hierarchy governing the causes and probabilities of a wide variety of rare events
associated with heavy-tailed stochastic difference/differential equations. Moreover, this locally
uniform formulation of large deviations proves to be the right tool for the analysis of local
stability in [34] and the characterization of global dynamics in our work.

e In terms of local stability, [34] obtains sharp asymptotics of the joint law of the (scaled) exit-times
and exit-locations for heavy-tailed dynamical systems. In particular, the results reveal how the



local stability of X;-]lb within an attraction field varies with the truncation threshold b in (1.1).
Building on such exit-time and exit-location analyses, we establish a scaling limit of the heavy-
tailed dynamical systems over a multi-well potential at the process level. In particular, a key
step in our work is the development of a technical framework that elevates the characterization
of local behaviors to the global dynamics of X;’lb over a multi-well potential U.

Section 2 provides a review of the results in [34] that are most relevant to our work, and Section 3
presents our theoretical analysis of the global dynamics of heavy-tailed SGDs.

Control of Global Dynamics of SGDs using Truncated Heavy Tails: We also propose a
novel computational strategy that takes advantage of our newly discovered global dynamics of the
heavy-tailed SGD. While the evidence of heavy tails were reported in many deep learning tasks
[31, 30, 4, 7, 9, 24, 19, 32, 36], there seem to be plenty of deep learning contexts where the stochastic
gradient noises are light-tailed [25] as well. Guided by our new theory, we propose an algorithm that
injects heavy-tails to SGD by inflating the tail distribution of the gradient noise and facilitating the
discovery of a local minimum that generalizes better. Our experiments with image classification tasks,
reported in Tables 5.1 and 5.2, illustrate that the tail-inflation strategy we propose here can indeed
improve the generalization performance of the SGD as predicted by our theory.

Some of the results of this paper have been presented in a preliminary form at a conference [33].
However, the current paper provides significant extension and generalization of results in [33]. For
instance, we make much weaker assumptions, allowing for non-constant diffusion coefficient o(-) and

eliminating the need for regularity conditions such as U € C?(R) or the confinement of X;”b within a
compact set. Besides, the global dynamics (i.e., sample path convergence results in Section 3.2) are
characterized not only in terms of finite-dimensional distributions but also w.r.t. the L, topology of
the cadlag space. Besides, compared to the brute force approach in [33], the current paper develops a
systematic framework for sample path convergence w.r.t. the L, topology of the cadlag space and for
elevating the local stability results to a characterization of the global dynamics.

The rest of the paper is organized as follows. Section 2 reviews results in [34] that are central to
the developments in this work. Section 3 provides theoretical characterization of the global dynamics
of the SGDs driven by heavy-tailed noises. Section 4 presents numerical experiments that confirm
our theory. Section 5 proposes a new algorithm that artificially injects heavy tailed gradient noise in
actual deep learning tasks and demonstrate the improved performance. In the Appendix, we collect
the technical proofs for results in Section 3 and the details of the experiments presented in Sections
4 and 5.

2 Preliminaries

In this section, we introduce notations and review results that will be frequently used throughout
this paper. Section 2.1 presents the sample-path large deviations for heavy-tailed stochastic difference

equations X;"b(x)’s defined in (2.1), and Section 2.2 discusses the local stability of X?lb(x). By
applying these mathematical machineries in Section 3, we are able to obtain a tight characterization
of the global dynamics of heavy-tailed SGDs over a multimodal potential (i.e., specializing to the case
where a(-) = —=U’(-) for some multimodal function U).

First, we set frequently used notations. Let Z be the set of integers, N = {1,2,---} be the set of
positive integers, and Z; = {0,1,2,---} be the set of non-negative integers. Let [n] = {1,2,--- ,n}
for any positive integer n. Consider a metric space (S,d) with % being the corresponding Borel
o-algebra. For any E C S, let E° and E~ be the interior and closure of F, respectively. For any
e>0,let E" 2 {y €S: d(E,y) < ¢} be the e-enlargement of E. Here, for any set A C S and any
x € S, we define d(A4,x) £ inf{d(y,z) : y € A}. Let E. = ((E°)€) be the e-shrinkage of E. It is



worth noticing that, for any set E, the enlargement E” of F is closed, while the shrinkage F,. of F is
open. We say that set A C S is bounded away from B C S under d if inf e 4 yep d(z,y) > 0.
Throughout this paper, we characterize heavy-tails using the notion of regular variation. For a
measurable function ¢ : (0,00) — (0,00), we say that ¢ is regularly varying as * — oo with index g
(denoted as ¢(x) € RVg(z) as  — 00) if lim, 00 ¢(tz)/d(z) = t7 for all t > 0. For details of the
properties of regularly varying functions, see, for example, Chapter 2 of [28]. We say that a measurable
function ¢(n) is regularly varying as n | 0 with index 8 if lim, o ¢(tn)/d(n) = t* for any t > 0. We
denote this as ¢(n) € RVg(n) as n |, 0.
2.1 Sample Path Large Deviations for Heavy-Tailed Dynamical Systems

In this section, we review the sample path large deviations developed in [34] for heavy-tailed dynamical
systems. Specifically, we consider the following form of stochastic difference equations driven by heavy-
tailed perturbations and potentially subject to truncation. Let

ve(w) = (wAe)V(—c) YweR, ¢>0

be the projection operator onto [—c,c]. Given any n > 0, b > 0, and = € R, define (X;’lb(:c))jzo
through the recursion

Xy =z, X@) = X0 @) + o (na (X0 @) + 0o (X (@) Z) viz1 o (2)

Here, Z;’s are iid copies of some random variable Z, and the coefficients a(-) and o(-) are some
functions. In case that b = oo, as a convention we set ¢, (w) = w as the identity mapping, and write

X} (x) = X;’loo(x). In other words, b = co corresponds to the untruncated case where the recursion
degenerates to

Xi@) = XM0) = Xy (2) +ma(X (@) + o (X0, (@)2; Vi=1  (22)
Let
HI(z)2P(Z>1z), HI)()2P(Z<-2), H@2HD (2)+H ) (2)=P(Z] >z). (23)
We focus on the case where Z is heavy-tailed.

Assumption 1 (Regularly Varying Noises). EZ = 0. Besides, there ezist o > 1 and p{), p(=) € (0,1)
with p™) + p(=) =1 such that

H)
H(z) € RV_a(7) asz—o0;  lim H(x()x) =p™;  lim

Next, we introduce a few assumptions on ¢ : R — R and ¢ : R — R. It is worth noticing that,
as we will see in Result 1 below, Assumption 4 can be safely dropped when b € (0,00) in (2.1), i.e.,
when truncation is in effect.

Assumption 2 (Lipschitz Continuity). There exists some D € (0,00) such that
lo(z) —o(y)| V |a(x) —aly)| < Dlz —y| Vz,y eR.

Assumption 3 (Nondegeneracy). o(z) >0 Vz € R.

Assumption 4 (Boundedness). There ezists some C € (0,00) such that

la(z)| V]o(x)| < C Vo e R.



Let (D[0,T7],d}:"™) be a metric space, where D[0,T] is the space of all cadlag functions on [0, 7]
and d'}'"" is the Skorodkhod .J; metric
dy" (z,y) = inf sup [A(t) =tV |z(A(t) = y(t)].
! AEAT te(0,T)
Here, Az is the set of homeomorphism on [0,7]. Given any A C R, let AT £ {(¢1,--- ,t;) € AF .
t1 <ty < --- <t} be the set of ordered sequence of real numbers with length k& on A. For any b,
T € (0,00) and k € N, define the mapping hféc)}? : R x R x (0, T)*" — D[0,T] as follows. Given

790 ER, w= (wy, - ,wx) €ERF and t = (t1,--- ,tx) € (0,T)*T, let £ = hfg)T‘?(xo,w,t) solves
§o = wo; (2.4)
d€s
ds :a(fs) Vs € [OaT]a 37ét17t23"' 3 s (25)
& =& +op(0(&-) -w;)  if s =t; for some j € [K] (2.6)

In other words, hf(’;)Tll}) (20, w, t) returns an ODE path perturbed by k jumps, where the size of each jump

is modulated by o(-) and truncated under b. For k = 0, we adopt the convention that £ = hf&%(mo)

is the solution to the ODE d€s/ds = a(&s) Vs € [0,T] under the initial condition &, = z,. For any
T e (0,00),be (0,00], ACR and k € Z, let

DY [0, 7] 2 KN (A x RF x (0, T]FT) (2.7)

be the set of all ODE paths with k& jumps, where the size of each jump is modulated by the diffusion

coefficient o(-) and then truncated under threshold b. We adopt the convention that qu_l)‘b[o, T) = 0.
Given any z € R, k € Z,, and b, T € (0, 00), let

k)|b k)[b k
Cll(- o) 2 / LB e w.1) € - bok(duw) x 51 (). (2.8)
Here, vj(-) is the k-fold product measure of the (Borel) measure
vz, 00) = pH =8 vg(—00, —x] = p Tz P vz >0, >0, (2.9)
Ly is the Lebesgue measure restricted on (0,¢), and £F is the Lebesgue measure restricted on (0, ¢)*1.
Let X[’Z)“’T] (r) & {X[]t‘fm () : t €[0,T]} be the time-scaled version of X;Ib(x) embedded in D0, 7.
Similar notations are adopted for h%’)ﬂ = hfgy)q‘f])o, DXC)[O,T] = ]D)XC)IOO[(),T}, CE&)T} = Cfg,)ilp‘])o, and
X[ (@) = X5 (@),
Let .#pjo,7] be the Borel g-algebra of (D[0,T],d}:""). Let
An) =0~ H(n™)

and A*(n) = (A(n))*¥. By Assumption 1, A(n) € RV4_1(n) as 7 L 0. As a summary of Theorems 2.3

and 2.4 in [34], Result 1 provides sharp asymptotics for rare events in X jnlb(x) driven by heavy-tailed
perturbations.

Result 1 (Sample Path Large Deviations). Let Assumptions 1, 2, and 3 hold. Let k € Z, and

T,b € (0,00). For any B € Spjo,1) that is bounded away from D%fl)‘b[O,T] under df?l’T],

infea P(X]°. (x) € B
inf C(k)‘b(Bo;ac) < liminf < ( [O’T]( ) )

zea  (0.T] nl0 AR () (2.10)
b ’
supxeAP(X[%T](x) € B) )b
< lim sup —= <supC B7iz) < o0
nl0 AF(n) zEA 0.7 ( )



Furthermore, if Assumption 4 holds, then claim (2.10) is also valid for b = co.

To conclude this section, we add a few remarks regarding Result 1. This result is a manifestation
of the catastrophe principle that governs the rare events in heavy-tailed systems: the catastrophic
failures (i.e., extreme deviations from typical behaviors) in a small number of components lead to
system-wide rare events. Specifically, the index k that leads to non-degenerate bounds in (2.10)
corresponds to the minimum number of jumps that needs to be added to the ODE y,(x) for it to
enter the set B given x € A, where

dy(x)
dt

Such an index k dictates the polynomial rate of decay of the probability of rare events and plays a
role similar to the infimum of rate function of the classical large deviation principles. Furthermore, it
dictates the most likely scenario of the rare events (i.e., they are almost always caused by exactly k
large jumps in the system); see Corollary 2.5 of [34].

yo(z) = x, =a(y(z)) Vt>0. (2.11)

2.2 First Exit Analysis for Heavy-Tailed Dynamical Systems

Next, we review the results about the local stability of X7(x) and X;"b(x) in Section 2.3 of [34].
Specifically, let I = (sieft, Sright) be an open interval where sjep < 0 < Syight. Define

@) 2min{j>0: X)) ¢ 1}, @) 2min{j>0: X )¢} (2.12)

as the first exit times of X;] () and X;ﬂb(x) from I = (Sieft, Sright ), respectively. As will be demon-
strated in Section 3, the global dynamics of heavy-tailed SGDs are understood by characterizing when
and how we exit from different regions and traverse the loss landscape, which hinges on the first exit
times and exit locations under different choices of I.

Specifically, in Section 2.2 we impose Assumption 5 on a(-). In case that a(-) = —=U’(-) for some
U € CY(R), Assumption 5 dictates that, over the domain I, the potential function U(-) has a unique
local minimum at x = 0. Moreover, since U'(z)x = —a(z)z > 0 for all € I\ {0}, the domain I is a
subset of the attraction field of the origin, as lim;_,~ y:(x) = 0 holds for all = € I.

Assumption 5. a(0) = 0. Besides, it holds for all x € I\ {0} that a(x)xz < 0.

To present the result, we introduce a few definitions. For any £ € N and b € (0,00), let the
mapping §FIP : R x RF x (0,00)*T — R be defined as
. K)|b

g (,w, 1) 2 AP (2w, 1) (1) (2.13)

where t = (t1,...,tx) € (0,00)*", w = (wy,...,w;) € R*, and hfg)z‘“? :R x R* x (0, T]F" — D[0, T is

as defined in (2.4)~(2.6). As a convention, we set §(01°(x) £ 2. Next, define Borel measures (for each
k>1andbe (0,00))
GO ) 2 /I{g%*l)“’(x +op(o(x) - wo), w,t) € - }ua(dwo) x VL (dw) x LR (dt) (2.14)

with £FT being the Lebesgue measure restricted on {(t1,--- ,tx) € (0,00)% : 0 <t <ty < --- < ty}.
Also, define

¢(- ;x)é/l{x+a(x)-we ~}ua(dw). (2.15)

In case that = = 0, we write C®)1P(.) 2 CWIb(.:0). and C(-) £ C( - ;0). Also, let

[ ,}Q]fc || = [Siefe| A Srights T = [1/b]. (2.16)



Intuitively speaking, [ is the distance between the origin and /¢, and J;" is the smallest number of
jumps required to exit from I if the size of each jump is bounded by b.

Recall that H(-) = P(|Z| > -) and A(n) = n~'H(n~!). Result 2 provides sharp asymptotics for
the joint distribution of the first exit times and exit locations of X;-ﬂb(x) and X7 ().

Result 2 (First Exit Times and Locations). Let Assumptions 1, 2, 3, and 5 hold.

(a) Let b > 0 be such that sies/b ¢ Z and spigni/b ¢ Z. For any € > 0, t > 0, and measurable set

BC I,
. CW)b(B-
lim sup sup P(C’;‘n AT (n)T"‘b(z) > t; Xflﬁb(m) (z) € B) < # - exp(—t),
nl0 zel, CVb
. o Sl
h%nf;&fep(cbn N () (a) > 4 X0, () € B) > Cb() - exp(—t)

where C; & CWUIP(1¢) € (0, 00).

(b) For any t >0 and measurable set B C I¢,

IN

C(B~
lim sup sup P(C*n )T () >t an(w)(x) € B) (B7). exp(—t),
nd0 xzel.

. . . * . n . n
lu}]ﬁ)nf;ngEP(C n- AT () >t X7, (x) € B) >

where C* 2 C(I°¢) € (0, 00).

To conclude, we stress that Result 2 is another intriguing manifestation of the catastrophe principle
in heavy-tailed systems and reveals a discrete hierarchy in the first exit analysis of X;’lb(m). In
particular, J;° can be interpreted as the “discretized width” of domain I relative to the truncation
threshold b, and Result 2 shows that 77/°(z) is roughly of order n~* A\~ v (n), which is regularly varying
in 1/n with index 14+7," (aw—1). In other words, the order of the exit times are dictated by the minimum
number of jumps required for exit; the wider the domain I is (in terms of the relative width J;"), the
much longer it takes to exit from I, asymptotically. Therefore, in light of Result 2, it is natural to
expect the following: over some multimodal potential function U, the truncated heavy-tailed SGDs
will spend almost all the time around the widest local minima, thus avoiding all the narrow minima.
This will be established rigorously in Section 3. In fact, thanks to the sharp characterization of both
exit times and exit locations in Result 2, we are able to provide asymptotics for the entire sample
path of heavy-tailed SGDs.

3 Global Dynamics of Heavy-Tailed SGDs

In this section, we consider the case where a(-) = —U’(-) for some general multimodal potential
function U : R — R and characterize the global behavior of X7'(z) and X;"b(x). We show that, after
proper scaling, their sample paths converge to those of Markov jump processes whose state spaces
consist of local minima of U. Curiously, the state space of the limit process associated with X;ﬂb(x)
consists of only the widest local minima.

3.1 Problem Setting

We consider a multimodal potential function with local minima {my, ma,...,my,,, }. More precisely,
we make the following assumption throughout this section.



Assumption 6. Let U : R — R be a function in C'(R). Besides, there exist a positive integer Nyn > 2
and an ordered sequence of real numbers —oo < My < 51 < Mg < 89 < -+ < S, 1 < My, < OO
such that (under the convention syg = —oo and sy,,,, = 00)

(i) U'(x) =0 iff c € {m1, 81, , Snpp—1, Mnpi |5
(it) U'(xz) <0 for all v € U, (Si-1,m5);
(iti) U'(x) >0 for all x € Uy, (M55 85)-

See Figure 3.1 (Left) for an illustration of such function U with nm,i, = 3. Note that the local
maxima s, , 8,,,.—1 divide R into different regions I; £ (s;_1, ;) for i =0,...,Npm,. Such regions
can be viewed as the attraction fields of the local minima m;’s. That is, the ODE y;(x) defined
in (2.11) (with @ = —U’) admits the limit lim;—, o y:(z) = m; if € I;. Note that we impose the
condition nyi, > 2 simply to avoid the trivial case of nyij, = 1, in which case there exists only one
attraction field.

In order to present the main results, we introduce some definitions to facilitate the characterization
of the geometry of U. First, for each attraction field I;, let

li 2 :clélIfC |I’7ml| = |mi75i_1\ /\|Si7mi| (31)

be the effective “width” of I;, i.e., the minimum distance between m; and the outside of I;. Next, for
any 1€ [nrnin] and ] S [nmin} Wlth] 7& i? let

Sj—1 — My if j>1

T (@) = T /o1, ‘wéiglfjlm—mﬁz{ Ti(0,d) 2 Tl /b1 (3:2)

. . )
m; — §j if j<1

Recall that b is the truncation threshold for X;"b(x). Here, J, (i) can be interpreted as the discretized
width of I; w.r.t. the resolution b, in the sense that it is the minimum number of jumps (with sizes
bounded by b) required to escape from I; when starting from m,. Furthermore, 7, (i, j) is the minimal
number of steps required to travel from m; to I; under the truncation threshold b. By definition, we
must have J;*(¢,7) > J,5(¢). With 7 (¢) and J;* (¢, 7), we define the typical transition graph as follows.

Definition 3.1 (Typical Transition Graph). Given a function U satisfying Assumption 6 and some
b > 0, the typical transition graph associated with threshold b is a directed graph G, = (V, Ep) such
that

o V=_{m, - 7mnmm};
o An edge (m; — myj) is in Ey iff (i, 7) = T ().

The graph G, can be decomposed into different communication classes that are mutually exclusive.
For m;,m; € V with ¢ # j, we say that m; and m; communicate if and only if there exists a path
(mi — mpg, — -+ — mg, — my) as well as a path (m; — my, — -+ — my, = m;) on Gp. In this
section, we focus on the case where G, is irreducible, i.e., all nodes communicate with each other on
graph Gp. See Figure 3.1 (Middle) and (Right) for the illustration of irreducible and reducible cases,
respectively. Specifically, we impose the following assumption on the truncation threshold b. We note
that the second condition is a mild one, as it holds for almost every b > 0 except for countably many.

Assumption 7. b € (0,00) is such that
e Gy is irreducible,

o |sj —m;|/b & Z for all i € [N and j € [Nmin — 1].
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Figure 3.1:  Typical transition graphs G, associated with different gradient clipping thresholds b.
(Left) The potential function U illustrated here has 3 attraction fields. For the second one Iy =
(s1,82), we have so —mg = 0.9, m2 —s1 = 0.6. (Middle) The typical transition graph associated with
b = 0.5. The entire graph G, is irreducible since all nodes communicate with each other. (Right) The
typical transition graph associated with b = 0.4. When b = 0.4, since 0.6 < 2b and 0.9 > 2b, we have
JF(2,1) =2 and J;(2,3) = 3, and hence J(2) = 2 = J,°(2,1) < J;(2,3). Therefore, the graph G,
does not contain the edge ma — mg and there are two communication classes: G; = {m1,ms}, Go =

{mas}.

3.2 Sample Path Convergence

We are now ready to present the main result of this section. Theorem 3.2 establishes that, under a

proper time scaling, the sample path of X;-”b(:r) converges to that of a Markov jump process, which
only visits the widest local minima of U. Here, the width of each attraction field I; is characterized
by J; (i) defined in (3.2). We use

Ty (V)£ max (i) (3-3)

i m;EV

to denote the largest width—when discretized w.r.t. the resolution b—among all attraction fields.
Next, define

Vit = {mi: Jy (i) = 7y (V)} (3-4)

as the set containing all the widest local minima.

In Theorem 3.2, the scaling limit of the sample path of X;"b(x) will be characterized in terms of
the following two modes of convergence. First, we say that {S; : ¢ > 0} converges to {S} : t > 0}
in finite-dimensional distributions (f.d.d.) if we have (S} ,---,S7) = (S} ,---,S;.) as ] 0 for any

kE>1land 0 <ty <tg <- - <t <o0. Wealsodenotethisas{St”:t>0}f$d'{St*:t>0}.

Remark 1. We consider the convergence in f.d.d. only on (0,00), thus excluding t = 0. This is

because in Theorem 3.2, under the proper time scaling, the value of Xft‘j)(ac) for some t close to 0 will

quickly converges to that of Yo*‘b (i.e., the initial value of the limit Markov jump process), but not
exactly at t = 0. The same applies to Theorem 3.3.

Next, we recall the convergence w.r.t. the L, topology in D[0,00). For any p € [1,00) and T €
(0,00), let

T 1/p
a @ ([ Clo-uba) Ty eno (35)
0

be the L, metric on D[0,T]. For any T > 0, define the projection 7y : D[0, 00) — D[0, T'] such that

(&) = & vt € [0,T]. (3.6)
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Now, we define

0 LAdEY (m(2), mi(y))
dy= (z,y) 2 T Va,y € D[0, ) (3.7)

k>1

and note that d[LO;:") is a metric on D[0,00). Hereafter in this paper, the continuity of a functional
f : D[0,00) — R is understood w.r.t. the topology induced by d[LO:"). We say that the sequence of
cadlag processes {S; : ¢ > 0} converges in distribution to {S} : ¢ > 0} w.r.t. the L, topology in
D[0,00) as n | 0 if lim, ;o Ef(S") = Ef(S¥) for all f : D[0,00) — R that is bounded and continuous.
We denote this with S = S* in (D[0, oo),dlz’:‘”) or {Sy :t>0} = {S;:t >0} in (D0, oo),d[i)’:c)).

Recall that H(-) = P(|Z1] > ) and A\(n) = n " tH(n™!) € RV4_1(n). Define a scaling function
* A Jb*(v)
Xs(m) = - (Mn) ERV () (a—y1(n)  asn 0. (3.8)

We are now ready to state the main result.

Theorem 3.2. Let Assumptions 1, 2, 3, 6, and 7 hold. Let p € [1,00), i € [N, and x € I;. As
ni0,

{me

@) >0 S s 0y and XL (@) = VP in (D)0, 00), df),

L/ A5 ()]

where Yt*lb is a continuous-time Markov chain with a finite state space Vi*, initial distribution (see
(3.11) for the definition of 0y),

Py, = m;) = Oy (mylms)  Ym,; € Vi, (3.9)

and infinitesimal generator (see (3.10) for the definition of qp)

Q*(i, ) = S @@ )0(milmy)  Yma, my € Vi with mi # mj,
j/e[nmm]: J'#i
QPG iy=- > QPG5  VmieVy.
m; eV j#i

We provide the proof of Theorem 3.2 in Section B. Here, we specify the law of limiting Markov
jump process Y*I°. Recall the definition of C¥)IP( . ;2) in (2.14). Let

gy (i, ) = CT O (Limy), qy(i) £ CT (15 my). (3.10)

Note that e, 2 au(i,) = qu(i) € (0,00) for any @ € [nin]; see (C.3). This allows us to define
a discrete-time Markov chain (S,,),>0 over state space V, with any state v € V;* being an absorbing
state, such that the one-step transition kernel P(S,+1 = m;|S, = m;) = ¢(4,5)/qv(4) holds for any
m; € V\ V,* and any m; € V. Next, define

0y (m;|m;) = P(S, = m; for some n >0 | Sy =m;) (3.11)

for any m; € V and any m; € V" as the probability of being absorbed at m; when starting from m,.
For any m; € V), by definition of 6(:|m;), we see that 0;(m;|m;) = 1. In case that m; € V' \ V;*, the
evaluation of 0 (m;|m;) is straightforward using the fundamental matrix of the Markov chain; see, for
instance, Chapter 3.3 of [14]. Lastly, given the generator of Y*I°, we have

*|b *|b ..
POV =my |V =m)=h- 3 i, 5)0(mylmy) +o(h)  ashi0
j,e[nmin]: J'F#i
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for any m;, m; € V,© with m; # m;.

Moving onto the untruncated process X;’(x), Theorem 3.3 establishes a sample-path level conver-
gence of X;’(a:) by sending b — oo in Theorem 3.2. In particular, given any T > 0, there is a high
chance that X7(z) coincides with the truncated dynamics X]mb(x) for all j < T if the truncation

threshold b is large. Therefore, as the truncation threshold b of X;ﬂb(x) tends to co in Theorem 3.2,

we recover the results for X7'(x). More precisely, recall the definition of measure C( ;) in (2.15).
For i,j € [nmin] with @ # j, let

q(i.j) 2 C;my),  q@) 2 > q(i,)). (3.12)
je["min]: JFi
Recall that H(-) = P(|Z| > -). Theorem 3.3 shows that, under time scaling 1/H (1), the process

X; converges in distribution to a Markov jump process at the sample-path level. The proof is given
in Section B.

Theorem 3.3. Let Assumptions 1, 2, 3, 4, and 6 hold. Let p € [1,00), i € [nm], and x € I;. As
n0,

(X (z): t>0} S v  t>0) and X7

n
[t/H(n=1)] L-/H(n=")]

where Y is a continuous-time Markov chain with a finite state space V, initial value Y = m;, and
infinitesimal generator

(2) = Y in (D[0, 00), dj™)

Q*(i,7) = q(4,7) Vm;, mj € V with m; # m;,
Q*(i,i)=— >, Q(i,j)=—q(i) Vm V.
je[nmm]: J#i

Finally, we state a direct corollary of Theorem 3.2 that highlights the elimination of sharp minima
under truncated heavy-tailed dynamics. Theorem 3.2 reveals that, under small 7, the sample path
of the truncated dynamics X;"b(x) closely resembles that of a Markov jump process that completely
avoids all the narrower attraction fields of the potential U. Corollary 3.4 then further demonstrates
that the fraction of time X;-”b(x) spends around sharp minima converges in probability to 0 as n | 0.
This result follows directly from Theorem 3.2 and the continuous mapping argument. In particular,
given any €, T > 0 and mapping

1T
f(§) = T/o I{ft € . mLJGV*(mj —e,mj + e)}dt,

one can see that f :D[0,00) — R is continuous at any ¢ that, over [0,77], only takes values in V;* and
only makes finitely many jumps.

Corollary 3.4. Let Assumptions 1, 2, 3, 6, and 7 hold. For anyi € [Ny, x € I;, T > 0, and € > 0,

2O T
m Z I{th () € U (mj_fvmj+€)}£>l asnl0

t=1 g myEVy

where 2> stands for convergence in probability.

4 Simulation Experiments

We empirically demonstrate that (a) as indicated by Theorem 2, the minimum jump number defined
in (3.2) accurately characterizes the first exit times of the SGDs with clipped heavy-tailed gradient
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noises; (b) sharp minima can be effectively eliminated from such SGD; and (c¢) these properties are
exclusive to heavy-tails. Under light-tailed noises, SGDs are trapped in sharp minima for a long time.
The test function f € C2(R) is the same as in Fig. 1.1 (Left,e). m; and m3 are sharp minima in narrow
attraction fields, while my and my, are flatter and located in larger attraction fields. Heavy-tailed noises
have tail index o = 1.2, and light-tailed noises are N(0,1). See Section F for details.

First, we compare the first exit time of heavy-tailed SGD (when initialized at -0.7) from Q5 =
(—1.3,0.2) under 3 different clipping mechanism: (1) b = 0.28, where the minimum jump number
required to escape is [* = 3; (2) b = 0.5, where I* = 2; (3) no gradient clipping, where [* = 1
obviously. According to Theorem 2, the first exit times for the aforementioned 3 clipping mechanism
are of order (1/n)*¢ (1/n)** and (1/n)'? respectively. These theoretical predictions are accurate as
demonstrated in Figure 1.1 (Right). Next, we investigate the global dynamics of heavy-tailed SGD.
We compared the clipped case (with b = 0.5) against the case without clipping. Figure 1.1 (Left, a, b)
show the histograms of the empirical distributions of SGD, and Figure 1.1(Middle, a,b) plots the SGD
trajectories. Without gradient clipping, X, still visits the two sharp minima my, mgz. Under gradient
clipping, the time spent at m,ms is almost completely eliminated and is negligible compared to the
time X, spent at my, my in larger attraction fields. This matches the predictions of Theorem 3.2 and
Corollary 3.4, i.e., the elimination of sharp minima with truncated heavy-tailed noises. We stress that
the said properties are exclusive to heavy-tailed SGD. As shown in Figure 1.1(Left,c,d) and Figure
1.1(Middle, ¢,d), light-tailed SGD are easily trapped at sharp minima for extremely long time.

Figure 4.1 illustrates the same phenomena in R?, where f has several saddle points and infinitely
many local minima—the local minima of Qs form a line segment, which is an uncountably infinite
set. Under clipping threshold b, attraction fields €; and Q9 are the larger ones since the escape from
them requires at least two jumps. This suggests that the theoretical results from Section 3 also hold
for the more general multidimensional settings.

(a) le7 (c) (d)

4 4 . Q4 R R
14d Q1 gradclip gradient clipping
3 3 mm no clip a3
-
124
2 2 2
1 \ 1 101
Q1
0 0 0.8
Q4
1 1 0.6 1 no gradient clipping
Q3 Q4 Q3
-2 -2 0.4+
-3 -3 021 Out 02
-4 -4 0.0 Q1

00 05 10 15 20 25 3.0
training iteration le7

Figure 4.1: Experiment result of heavy-tailed SGD when optimizing the modified Himmelblau func-
tion. (a) Contour plot of the test function f. (b) Different shades of gray are used to indicate the
area of the four different attraction fields 1,9, Q3,4 of f. We say that a point belongs to an
attraction field ; if, when initializing at this point, the gradient descent iterates converge to the local
minima in €2;, which are indicated by the colored dots. The circles are added to imply whether the
SGD iterates can escape from each ; with one large jump or not under clipping threshold b. (c)
The time heavy-tailed SGD spent at different region. An iterate X} is considered “visiting” 2; if
its distance to the local minimizer of €; is less than 0.5; otherwise we label X}, as “out”. (d) The
transition trajectories of heavy-tailed SGD. The dots represent the last “visited” attraction field at
each iteration.
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Table 5.1: Test accuracy and expected sharpness of different methods across different tasks. The
reported numbers are the averages over 5 replications. For 95% CI, see Section F.

Test accuracy LB SB SB + Clip SB + Noise Our 1 Our 2
FashionMNIST, LeNet  68.66% 69.20% 68.77% 64.43% 69.47%  70.06%
SVHN, VGG11 82.87% 85.92% 85.95% 38.85% 88.42% 88.37%
CIFAR10, VGG11 69.39% 74.42% 74.38% 40.50% 75.69%  75.87%
Expected Sharpness LB SB SB + Clip SB + Noise Our 1 Our 2
FashionMNIST, LeNet  0.032 0.008 0.009 0.047 0.003 0.002
SVHN, VGG11 0.694 0.037 0.041 0.012 0.002 0.005
CIFAR10, VGG11 2.043 0.050 0.039 2.046 0.024 0.037

5 Deep Learning Experiments: An Ablation Study

In this section, we verify our theoretical results and demonstrate the effectiveness of clipped heavy-
tailed noise in training deep neural networks. Let 6 be the current model weight during training,
gsp(0) be the typical small-batch gradient, and ggp(0) be the true (deterministic) gradient evaluated
on the entire training dataset. Then by evaluating gsp(f) — gop(f) we obtain a sample of the
gradient noise. Due to the prohibitive cost of evaluating gop(6), we instead use gsp(6) — gr.5(0) as
its approximation where g, g denotes the gradient evaluated on a larger batch. This is justified by the
unbiasedness in Erglgrp(6)] = gop(6). For some heavy-tailed random variable Z, by multiplying Z
with SGD noise, we obtain the following perturbed gradient:

gheavy(e) = gSB(a) + Z(gSB*(e) - gLB(G)) (51)

where SB and SBx* are two mini batches that may or may not be identical. We use the following
update recursion under gradient clipping threshold b: X', = X! — ©p(gheavy(X}])) where @y is the
truncation operator. We consider two different implementations: in our method 1 (labeled as “our 1”
in Table 5.1), SB and SBx are chosen independently, while in our method 2 (labeled as “our 2” in
Table 5.1), we use the same batch for SB and SBx*. In summary, by simply multiplying gradient noise
with heavy-tailed random variables, we inject heavy-tailed noise into the optimization procedure.

We conduct an ablation study and benchmark the proposed clipped heavy-tailed methods against
the following optimization methods. LB: large-batch SGD with X! | = X| — ngrp(X})); SB:
small-batch SGD with X! | = X} — ngsp(X}); SB + Clip: the update recursion is X, , =
X — o(ngsp(X})); SB + Noise: Our method 2 WITHOUT the gradient clipping mechanism,
leading to the update recursion X! | = X, — Ngncavy (X})).

The experiment setting and choice of hyperparameters are adapted from [37]. We consider three
different tasks: (1) LeNet [17] on corrupted FashionMNIST [35], (2) VGGI11 [29] on SVHN [21], (3)
VGG11 on CIFARIO [16] (see Section F for details). Here we highlight a few points: First, within
the same task, for all the 6 candidate methods will use the same 7, batch size, training iteration,
and (when needed) the same clipping threshold b and heavy-tailed RV Z for a fair comparison; the
training duration is long enough so that LB and SB have attained 100% training accuracy and close-
t0-0 training loss long before the end of training (the exception here is “SB + Noise” method; see
Section F for the details); Second, to facilitate convergence to local minima for our methods 1 and 2,
we remove heavy-tailed noise for last final 5,000 iterations and run LB instead!'.

Table 5.1 shows that in all 3 tasks both our method 1 and our method 2 attain better test accuracy
than the other candidate methods. Meanwhile, both methods exhibit similar test performance, im-
plying that the implementation of the heavy-tailed method may not be a the deciding factor. We also

IThe proposed method can be interpreted as a simplified version of GD + annealed heavy-tailed perturbation,
where a detailed annealing is substituted by a two-phase training schedule. In the first exploration phase the clipped
heavy-tailed noises drive the iterates to explore the loss landscape and identify “wide” attraction fields. In the second
exploitation phase, removing the artificial perturbation accelerates convergence to local minima.
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Table 5.2: Our method’s gain on test accuracy persists even when applied with techniques such as
data augmentation and scheduled learning rates. For 95% CI, see Section F.
CIFAR10-VGG11 Repl Rep2 Rep3 Rep4d Repb  Average

SB+Clip 89.40% 89.41% 89.89% 89.52% 89.47%  89.54%
Our 1 90.76% 90.57% 90.49% 90.85% 90.79% 90.67%
Our 2 90.67% 90.23% 90.52% 90.13% 90.70%  90.45%
CIFAR100-VGG16 Rep 1 Rep2 Rep3 Rep4d Repb  Average
SB+Clip 55.76% 56.8%  56.38% 56.35% 56.32%  56.32%
Our 1 67.43% 65.12% 65.14% 65.96% 63.57% 65.44%
Our 2 67.19% 61.17% 60.97% 64.75% 60.90% 62.99%

report the expected sharpness metric E, (o, s21)|L(6* + v) — L(67)| used in [37, 22] where N(0, §°T)
is a Gaussian distribution, 6* is the trained model weight and L is training loss. In our experiment,
we use 0 = 0.01 and the expectation is evaluated by averaging over 100 samples. We conduct 5
replications for each experiment scenario and report the averaged performance in Table 5.1. Smaller
sharpness of our methods 1 and 2 confirms that they encourage minimizers with a “flatter” geometry,
thus attaining better test performances.

The ablation study in Table 5.1 shows that both heavy-tailed noise and gradient clipping are
necessary to find a flat minima and hence achieve better generalization, which is predicted by our
analyses. SB and SB + Clip achieve similar inferior performances, confirming that clipping does not
help when noise is light-tailed. SB + Noise injects heavy-tailed noise without gradient clipping, which
achieves an inferior performance. This poor performance—even after extensive parameter tuning and
engineering (see Section F for more details)—demonstrates the difficulty on the optimization front,
especially when heavy-tailed noise is present yet little effort is put into controlling the highly volatile
gradient noises. This is aligned with the observations in [36, 5] where adaptive gradient clipping
methods are proposed to improve convergence of SGD in the presence of heavy-tailed noises. This
confirms that gradient clipping is crucial for heavy-tailed SGD.

Lastly, Table 5.2 shows that even in the more sophisticated settings with training techniques such
as data augmentations and scheduled learning rates, truncated heavy-tailed SGD still manages to
consistently find solutions with better test performance. For experiment details, see Section F. In
Table F.5 we also report the sharpness of the obtained solutions.
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The appendices are structured as follows. Section A develops a theoretical framework for estab-
lishing the sample path convergence of jump processes. Applying this framework, in Sections B-D we
provide the proof of Theorems 3.2 and 3.3. The proof utilizes several results established in [34], which
are collected in Section E. Section F provides the details of the simulation experiments in Section 4
and the deep learning experiments in Section 5.

A Technical Lemmas for Theorem 3.2

Let Y." and Y* be random elements in D[0, 00), i.e., R-valued cadlag processes. We start by discussing

a few properties of the weak convergence in (D[0, 00), d[E;X’) ). In particular, a similar mode of conver-

gence in (D[0, T],d;"™) can be defined analogously for any T' € (0, 00). Recall the projection mapping
mr defined in (3.6). We say that Y." = Y* in (D[0,T],d}"") if

hf(} Ef(rr(S") = Ef(7r(SY)) Vf :D[0,T] — R continuous and bounded;
7

see (3.5) for the definition of d[L";’T]. More precisely, the L, norm d[i)f] induces a metric over a

quotient space D[0, T]/N. In particular, since we are dealing with the cadlag space D[0,T], we set
N ={£eD[0,T]: & =0Vt e€[0,T)}, which is the set containing all paths in D[0, T| that is constant
zero except for the endpoint.

First, Lemma A.1 shows that the convergence in (ID[0, c0), d[LU:‘J)) follows from the convergence in

(D[0, 7], dy:™).

Lemma A.1. Letp € [1,00). If Y. = Y* in (D[0,T], d[LO;T]) as 1} 0 for any positive integer T', then
Y'"=Y*in (D[O,oo),d[LO;"’)) asn 0.

Proof. By Portmanteau Theorem, it suffices to show that lim, ;o Ef(Y.") = Ef(Y.*) holds for any
f : D[0,00) — R that is bounded and uniformly continuous. To proceed, we arbitrarily pick one

such f and some ¢ > 0. By virtue of the uniform continuity of f, there exists some § > 0 such
that |f(z) — f(y)| < e whenever d[jff)(x,y) < §. By definition of d[LO’:") in (3.7), we must have

d[f’p‘x’) (z,y) < 1/2T1=1if 2, = y, for all t € [0, T). Now, we fix some positive integer T' large enough
such that 1/27~! < 4. Define 77 : D[0, 00) — D0, o) by

. itte0,T
WT(s)tz{f; ey

and set fT(ﬁ) £ f(7r(€)). We now have d[LO;J“’) (&, 77(£)) < & and hence |f(€) — fT(E)\ < ¢ for any
¢ € D[0,0). As a result,

tiw s B (V) ~ B (V)| < [BS(Y) =B ()| < e (A1)
n

Furthermore, let W}: :D[0,T] — D[0, 00) be defined as

A e it 0,7
ens{ D

)

which, at an intuitive level, is interpreted as a “pseudo inverse” of the projection mapping 7w defined
n (3.6). Also, define functional fr : D[0,T] — R by fr(-) £ f(ﬂq()) It is easy to see that (i) fr is

continuous due to the continuity of f and 71';1, and (i7) for any £ € D[0, 00), we have fr(¢) = fr (m7(8)).
Due to the assumption Y. = Y* in (D[0, 7], d[gf] ), we now yield

lim [Efr(Y.") = Efr(Y)| = 0. (A2)
740
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Combining (A.1) and (A.2), we get limsup, o |[Ef(Y.") — Ef(Y*)| < 2e. Driving € — 0, we conclude
the proof. O

Lemma A.2 then provides a Prohorov-type argument where weak convergence in (D[0, T, d}""") can
be established using the convergence in f.d.d. and a tightness condition. The proof is a straightforward
adaptation of its J; counterparts. For the sake of clarity, the next proof will, w.l.o.g., focus on the
case where T' = 1, but we stress that the arguments can be easily extended to D[0,T] with arbitrary
T € (0,00). Recall that we write D = DJ[0, 1].

Lemma A.2. Let T € (0,00), p € [1,00), and T be a dense subset of (0,T). Suppose that the laws
of Y™ are tight in (D0, T, d[LO"pT]) for any sequence n, > 0 with lim, n, =0, and

(th?,,Y;Z)é(Y;j’v}/t’;) a577¢0 Vk:]-v?a"'vv(tlv""tk)eTkT' (A3)
Then Y." = Y* in (D[0,T7, d[LU’pT]) asn 0.

Proof. The arguments below are adapted from the standard proofs in [1] for J; topology. For any
0<t; <ty <--- <t <1, let my, .. 1) : D — R¥ be the projection mapping, i.e., m(, .. 1) (£) =
(&,,&0,,- -+ &) Let R¥ be the Borel o-algebra for R¥. Let p[m; : ¢ € T] be the collection of all sets
of form 7r(_t11 ,tk)H, where k > 1, H € R¥, and t; < --- < t;, with ¢; € T for each i € [k]. It suffices

to show that (recall that d; = d[i”p” and let D), be the Borel o-algebra of (D, d; ))
plme : ¢ € T] is a separating class for (D, d; ). (A.4)

In other words, any two Borel probability measures o and v over (D, d L,,) would coincide (i.e., u(A4) =
v(A) VA € D,) if u(A) = v(A) VA € plmy : t € T]. To see why claim (A.4) is a sufficient condition,
note that the tightness condition in Lemma A.2 implies that the sequence Y.”" has a converging sub-
sequence, while the claim (A.4) and assumption (A.3) dictate that the limiting distribution must be
that of Y*.

The remainder of this proof is devoted to establishing claim (A.4). First, we show that the
projection mapping of form g, .. 4y : D — R is ’Dp/Rk measurable when 0 < #; < --- <t <1,
which immediately confirms that p[ry : t € T] € D,. To do so, it suffices to prove that () is

_ 1 [tte

measurable for any given ¢ € [0,1). Define hc(x) : D — R by he(z) =€ [[7 x,ds. W.lo.g. we only

consider e small enough such that ¢t + e < 1. For any z, y € D and A € (0,1),

t+e
he(2) — he(y)] < ¢ / 2y — yelds
t

t+e t+e
_ 6—1/ (s — yo[T1{|7s — ys| > A}ds + e / (s — ya[1{|zs — 5| < A}ds
t t

g — ylP
<t / [2s = ys? 1o A
¢ |AP

Therefore, for any sequence ™) € D such that d (y™,x) — 0, we have limsup,, . |he(z) —
he(y™)| < A. Driving A | 0, we see that h.(-) is a continuous mapping. On the other hand, the
right continuity of all paths in D implies that hc(x) — 7 (2) as € — 0 for all z € D. As a result, the
limiting mapping ;) must be D, /R measurable.

Let o[my : t € T] be the o-algebra generated by p[ry : t € T|]. Note that we have verified
plme + t € T] C D,, which implies o[m, : t € T] C D, since D, is also a o-algebra. Furthermore,
suppose that we can show

olme:teT) DD, (and hence o[m : t € T] =Dp), (A.5)
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then we can confirm claim (A.4) using 7— X Theorem. Indeed, for any Borel probability measures p and
vover (D,d; ), note that £ £2{AeD,: u(A) =v(A)}is a A-system. Whenever p[rs : t € T] C L,
by applying m — A Theorem we then get o[m : £ € T] = D, C L. This concludes that p[m : t € T is
a separating class.

Now, it only remains to prove claim (A.5). Since 7 is a dense subset of (0,T"), for each m > 1
we can pick some positive integer k and some 0 < s1 < --- < s < 1, with s; € T, such that
maxX;ekx41] |sit1 — s;| < m™!, under the convention that sy = 0 and s;y; = 1. Now, construct a
mapping V,,, : R¥ — D as follows: for each o = (ay, -+ ,a) € R¥, define ¢ = V,,(a) by setting
& = a; if t € [s4,8i41) for each i € [k + 1] (with the convention that ap = 0) and & = ay. It
is easy to see that V;, is continuous, and hence R*/D, measurable. Besides, we have shown that
Ty, ty) 18 O[me o £ € T]/R¥ measurable. As a result, the composition V, £ V7, ... s, : D — D is
ol : t € T]/D, measurable.

To proceed, fix some € > 0. For any € D, define 2’ € D such that z} = z; for all t € [e,1 — ¢)
and z; = 0 otherwise. The boundedness of any path in D implies the existence of some M, € (0, c0)
such that sup, |x¢| < M,. Next, note that

dp (Vmz,x) <dg (Via',2') +dy (Voo Vie) +d; (2, 2).
—_———
M (11) (T11)

First, it was shown in Theorem 12.5 of [1] that lim,,—,oo dj, (V5 2’,2") = 0. This immediately implies
that limp, o d;_(V52',2") = 0. Next, by definition of 2/, we have limsup,, ., [(ID]” < (2M,)P - 2¢
and limsup,,_, [(III)]p < (2M)P - 2e. Driving € | 0, we obtain that limp, o dj, (V57,2) = 0 for
all x € D. This implies that the identity mapping I(§) = £ is also o[m : t € T|/D, measurable, which
leads to D, C o[m : t € T] and concludes the proof. O

Moreover, consider a family of R-valued cadlag processes }A/;"’E, supported on the same underlying
probability space with process Y;’, that satisfies the following condition.

Condition 1. For any T € (0,00) and p € [1,00), the following claims hold for all € > 0 small
enough:

(1) {7t >0 "5 Y 1> 0} and Y = Y in (D0, 7], dy ") as g L 0;
(ii) Tim,y o PV — Y| > €) = 0 and limy P(d[gf] (Ve Y1y > 26) ~0.

As the first component of our framework, Lemma A.3 shows that, under Condition 1, both Y,
and Y;"“ admit the same limit Y.

Lemma A.3. If Condition 1 holds, then {Y," : t > 0} T {Y,) : t > 0} and, for any T > 0,
Y= Y* in (D[0,T7, d[ff]) asn 0.

Proof. We start with the L,, convergence. By Portmanteau Theorem, it suffices to show that liminf, o P(Y." €
G) > P(Y* € G) for any open set G in the L, topology of D[0,T]. Next, (recall that G. is the e-
shrinkage of G, and G, is also an open set)

P(Y"€G)>P(Y" € G, diT (Y4, Y) < 26) > P(Y € G, df™ (Y, Y7) < 2¢)

> PV € Gae) = P(d] T (Y74, Y7) > 2).
For small enough € > 0, using part (i) of Condition 1 we get liminf, ;o P(Y." € Gac) > P(Y* €
Gac), and by part (i4) of Condition 1 we have lim, o P(d[LO;T] (YY" > 2) = 0. Therefore,

liminf, ;o P(Y.” € G) > P(Y* € Ga). Driving € | 0, we conclude the proof for the L, convergence.
The proof for the f.d.d. convergence is almost identical and hence we omit the details. O
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In light of Lemma A.3, a natural approach to Theorem 3.2 is to identify some the that converges to
Y;*lb while staying close enough to X [72?/\*(71) | (). To this end, we introduce the next key component of
our framework, i.e., a technical tool for éstablishing the weak convergence of jump processes. Inspired
by the approach in [10], Lemma A.5 shows that the convergence of jump processes can be established
by verifying the convergence of the inter-arrival times and destinations of jumps. Specifically, we
introduce the following mapping ® for constructing jump processes.

Definition A.4. Let random variables ((U;);>1,(V});>1) be such that V; € R Vj > 1 and

i

Uj €[0,00) Vj>1, il_i)rgoP(z;Uj>t):1 vt > 0. (A.6)
j:

Let mapping ®(-) be defined as follows: the image Y. = @((Uj)jzl, (V})jzl) is a stochastic process

taking values in R such that (under the convention Vo =0)

J
Y, =Vye >0  where  J(t)2max{J>0: Y U; <t}. (A7)
j=1

Remark 2. We add two remarks regarding Definition A.4. First, (U;);>1 and (V;);>1 can be viewed
as the inter-arrival times and destinations of jumps in Y:, respectively. It is worth noticing that
we allow for instantaneous jumps, i.e., U; = 0. Nevertheless, the condition limiﬁooP(E:;=1 U; >
t) = 1Vt > 0 prevents the concentration of infinitely many instantaneous jumps before any finite
time t € (0,00), thus ensuring that the process Y; = Vze) is almost surely well defined. In case
that U; > 0 Vj > 1, the process Y; admits a more standard expression and satisfies Yy = V; for
all t € 325, Uj,zzill U;). Second, to account for the scenario where the process Y; stays constant
after a (possibly random) timestamp T, one can introduce dummy jumps that keep landing at the
same location. For instance, suppose that after hitting w € R the process Y; is absorbed at w, then a
representation compatible with Definition A.4 is that, conditioning on V; = w, we set Uy as iid Exp(1)
RVs and Vi, =w for allk > j+ 1.

As mentioned above, Lemma A.5 states that the convergence of jump processes in f.d.d. follows
from the convergence in distributions of the inter-arrival times and destinations of jumps.

Lemma A.5. Let mapping ® be specified as in Definition A.4. LetY. = ‘I)((Uj)jzl, (Vj)jZI) and, for
eachn >1,Y" = ®((U})j>1,(V]")j21). Suppose that

o (UM, VM, UR V3, ---) converges in distribution to (Uy,Vi,Us, Vo, ) as n — oo;
e Foranyu>0and anyj>1, P(Ui+---+U; =u) =0;

e Forany u >0, lim; ;oo P(U1 + Uz +---U; >u) =1.

Then {Y;" : t> 0} T {Y: t>0} as n — 0.

Proof. Fix some k € Nand 0 <1 <to <--- <t <oo. Set t =t;. Pick some ¢ > 0. By assumption,
one can find some J(e) > 0 such that P(Z]Jiel) U; <t) < ¢, and hence P(ijl) Up <t) <eforalln
large enough. Also, we can fix A(e) > 0 such that P( §=1 Ui € Uy [ti—A(e), ti+A(e)] for some j <
J(e)) < €. Throughout the proof, we may abuse the notation slightly and write J = J(¢) and A = A(e)

when there is no ambiguity.

For any probability measure p, let .Z},(X) be the law of the random element X under p. Applying
Skorokhod’s representation theorem, we can construct a probability space ((NZ, F , Q) that supports ran-
dom variables (U, Vi, Uz, Vi - - - )1 and (Uy, Vi, Uy, Va, - - - ) such that (i) Zp (U7, Vi*, U, Vgt ) =
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LU, Vi, Up V-2 ) for all n > 1, (i) LUy, Vi, Us, Va, -+ ) = Lo(Uy, Vi, Us, Va,---), and (iii)
U" Q-as, U and V” Q-as, 17 as n — oo for all j > 1. This allows us to construct a coupling

between processes Y; and Y, on (Q, F, Q) by setting ¥ = @((U )i>1, (Vj)j21) and (for each n > 1)
Y = @(((7 )j>1, (17 )j>1> Next, for each i € [k], we define

I (A)=max{j >0: Uy +---U; <t;i—A}, IZ7(A)=min{j >0: Uy +---U; >t; + A}.

K2

That is, Z7 (A) is the index of the last jump in Y; before time ¢; — A, and Z; 7 (A) is the index of the
first jump after time ¢; + A. Recall that we have fixed 0 < t; < -+ < tp =t < 0co. On event

{ZUgéUtl At + Al 3<J} {EJ: t,zj:ﬁ}‘>t},
j=1 j=1

=1 le(k]

we have Z;7 (A) = Z; (A) + 1 < J for all i € [k]. Then, on A, it holds Q-a.s. that (for all i € [k])

i (A) 7 (A 7 (A)+1 7 (A)+1
B Y=Y G<u-A gm Y G- Y Bznea
=1 i=1 =1 =
As a result, on A, it holds for all n large enough that ZI &g U <t; and Z A+l [7” > t; for

all i € [k], implying that Y} = sz y Vi € [k]. Furthermore, due to V" -V Q a.s. for all j < J,
it holds Q-a.s. that lim,, . |‘~/’5_(A) V[<—(A)| < limy, 00 maxj< g |V — V| = 0. Therefore, on A,
it holds Q-a.s. that lim, o ¥{" = lim, oo VI%( A) = VIH( Ay = Yy, for all i € [k]. Then, for any
g : R — R that is bounded and continuous, note that (let Y™ = (Y;",--- ,¥"), Y = (Y;,, -, Y4,),
and [|g]| = supyers [9(y)])

limsup [Eg(Y") — Eg(Y)| < limsup EQ’g Y") (Y)‘

n— 00 n—oo

= limsup Eq|g(Y™") — g(Y) |14, +limsupEq|g(Y™) — g(Y)|I(4,)e

n— oo n—roo

<0+ 2|g[/ limsup Q((4,)°) due to Y™ 225 ¥ on A,

n—oo
J J
< 2ol (tmsup QT < 1)+ lmsupQ ONED
i—1 n— oo =1
J
+ lim su ( [ti— At + for some 'gj))
msup Q gj 9 l L+ A j

<6llgll - €

The last inequality follows from our choice of J = J(¢) and A = A(e) at the beginning. From the
arbitrariness of the mapping g and € > 0, we conclude the proof using Portmanteau theorem. O

B Proof of Theorems 3.2 and 3.3

In this section, we apply the framework developed in Section A and prove Theorems 3.2 and 3.3. In
particular, the verification of part (i) of Condition 1 hinges on the chioce of the approximator Y;".

Here, we construct a process X,?’Elb(x) as follows. Let 73" EIb( )20,

,f_17715|b(1,) L min {j Z 0: X;"b(.f) € U (mz —€Mm; + 6)}, (Bl)

1€ [Nmin]
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and

Il L4 = X”,lli‘b(x)(:c) €. (B.2)
For k > 2,
Al @) 2 min{j = 7P @) 0 X)) € U (mi—e;mi+e)} k22 (B.3)
AL (@)
and
@)L = X (@) e L. (B.4)

T,E\L(z)

Essentially, 7, “®(z) records the k-th time X;lb(x) visits (the e-neighborhood of) a local minimum

and I;’ el (x) denotes the index of the visited local minimum. Let
>1,€|b ~1,€|b ~1,€|b *
0@ 2 o(((E @) = 2T @) ) () sy )

By definition, )A(Z”Elb(a:) keeps track of how X;’lb(x) traverses the potential U and makes transitions

between the different local minima, under a time scaling of A} (7).

A1),€ \b( %nﬁe\b(x)
k—1

Using Lemma A5, the convergence of X! ’6|b( ) follows directly from the convergence of 7,"*" (x) —

and m i.e., the inter-arrival times and destinations of the transitions in X;-” () between dif-

el ()
ferent local minima over the potential U. This is exactly the content of the first exit time analysis.
In particular, based on a straightforward adaptation of the first exit time analysis in Section 2.2 to

the current setup, we obtain Proposition B.1.

Proposition B.1. Let Assumptions 1, 2, 3, 6, and 7 hold. Let i € [nyy] and x € I;. For any € > 0
small enough, the following claims hold.

fdd.

(i) {XP @) > 03 TS v > 00 asn L oO;

(i) Given any T € (0,00), p € [1,00), and any sequence of strictly positive reals n,’s such that
limy, 00 M = 0, the laws of Xmel® e tight in (]D)[O,T],d[LO;)T])‘

Proposition B.2 then verifies part (ii) of Condition 1 in Lemma A.3, under the choice of V" =

X[]tlf)\ () (%) and Ve = X7 (2). We give the proof in Section C.

Proposition B.2. Let Assumptions 1, 2, 3, 6, and 7 hold. Let x € |
and p € [1,00), it holds for all € > 0 small enough that

ielnmn] Li- Given any T > 0

.77 ( xnlb -11,€lb _ : nlbe N melb _
B%P(d o (X 0 ) (@), X (;z:)) > 2€> —0, %P(’XT (z) — X2 (:r)’ > e) ~0.

Now, we are ready to prove Theorem 3.2.

Proof of Theorem 3.2. Fix some i € [nyin] and « € I;. From Lemma A.2 and Proposition B.1, we
verify part (i) of Condition 1, i.e., given any T > 0, the claim

fdd.

(X7 >0 Sy e >0 and X0 (@) = v in (D)0, 70,d57) as L0
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holds for all € > 0 small enough. Meanwhile, given any T € (0,00) and p € [1,00), Proposition

B.2 verifies part (i4) of Condition 1 under the choice of Y;? = Xtt‘/x\*(n)J( ), e Xg’ﬁ\b(x), and
Y= Yt*lb. Applying Lemma A.3, we obtain that (for any T' € (0,00) and p € [1,00))

b fdd
(X[ (@) > 037

s (" t>0p and X o (2) = Y in (D)0, T],d5)

L/ A5 ()]
as 17 . 0. This allows us to conclude the proof using Lemma A.1. O
To conclude, Theorem 3.3 follows almost immediately from Theorem 3.2.

Proof of Theorem 3.3. For any b > maX;cn,...], jelnmn—1] M — 55|, by definitions in (3.2) we have
Jr(i,5) = Ty (@) =1 for all i € [Nmin] and j € [min — 1]. Therefore, for such b > 0 large enough, we
also have A\ (n) =n-A(n) = H(n™'). Henceforth in this proof, we only consider such large b.

Pick some closed set A C D[0,T] (w.r.t. L, topology), and observe that

P (X7 1y (@) € A) = P(X] 1) (@) € A3 X)(0) = X (@) vj < [T/H( )] ) (B.5)
+ P(X 11y @) € 4 X]"(2) # X](2) for some j < |T/H(r™)))

= P(X?‘;Hw n) (@) € A) +P<X;ﬂb(x) # Xj(x) for some j < LT/H(U’I)J) :

(1) (IT)

For term (I), it follows from Theorem 3.2 that limsup, o (I) < P(Y. *lb(mi) € A). For term (II),
we make two observations. First, recall that C' € [1,00) is the constant in Assumptlon 4 such that
sup,eg |a(x)| V o(z) < C. Under any n € (0,%), on the event {n|Z;| < 2C Vi < |T/H(n™ Y]}
the step-size (before truncation) na (X;"_b1 (z)) +no (X;"_b1 (2))Z; of X;’lb is less than b for each j <
|T/H(n~')|. Therefore, X?lb(m) and X (z) coincide for such j’s. In other words, for any 7 € (0, 5%),
we have {n|Z;| < 3% Vj < |T/H(n™")]} € {X!"(x) = X)(2) ¥j < [T/H(n™")]}. which leads to
(recall that H(-) = P(|Z1| > )

lim sup (IT) < hmbupP(Elj <|T/H(n™)] s.t.nZ;| > )
740 710 2C

< limsup .
nd0 H(777 ! )

b 2C

Hn' - —)=T-(== H _ol).

(n 20) < 7 ) due to H(x) € RV_,(x)

. *|b «

In summary, lim supan(Xf_/H(n,l)J(x) € A) <P(Y. ! (m;) € A) +T- (%) . Furthermore, note
that for all b large enough, we have qy(4, ) = q(i,7) for all 4, j € [nmin] with 7 # j. To see why, we fix
some %, j € [Nmin] With ¢ # j. For all b large enough, we have J;*(4,j) = 1, and hence (see (3.10) and
(3.12) for definitions of g5(4,5) and ¢(4, 7))

q(i,j):ua<{w€R: m; + o(m;) - we]}) qblj)—l/a({’wER ml—i-(pb( (my) - w)EIj}).

Suppose that I; has bounded support (i.e., j = 2,3, - ,min — 1 so that I; is not the leftmost or
the rightmost attraction field), then it holds for all b large enough that m; —b ¢ I; and m; + b ¢ I;.
Under such large b, for m; + ¢, (0(m;) - w) € I; to hold we must have |o(m;) - w| < b, thus implying
m; + ¢u(o(m;) - w) = m; + o(m;) - w and hence q,(4,5) = q(i,j). Next, consider the case where
j=1s01l; =1 = (—00,s1) is the leftmost attraction field. For any b large enough we must have
m;—z € (—00,s1) = I for all z > b. This also implies mi—i—gob(a(mi)-w) elh < mi+o(m;)w e I.
The same argument can be applied to the case with j = ny, (that is, I; = (sp,,.,—1,00) is the
rightmost attraction field).
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Now that we know ¢, (%,7) = ¢(4,J) for all b large enough, the claim Yt*‘b(mi) =Y (m;) YVt >0
must hold for all b large enough as both CTMCs have the same infinitesimal generator. Therefore,
limp_s o P(Y.*‘b(mi) € A) = P(Y_*(mi) € A). Together with the fact that lim,_, (%)a =0, in (B.5)
we obtain limsup,, |, P(X’f_/H(n,l)J (z) € A) < P(Y.*(m;) € A). From the arbitrariness of the closed
set A, we conclude the proof with Portmanteau theorem. O

C Proof of Propositions B.1 and B.2

This section is devoted to proving Propositions B.1 and B.2. Henceforth in Section C, we fix some
b € (0,00) be such that Assumption 7 holds. In particular,

|Sj — m,|/b ¢ Z Vi € [nmin], Jj e [nmin — 1] (Cl)
This allows us to fix some € € (0,1 A b) such that
li > (Jy (i) — 1)b+ 3¢ and [m; — &, m; + € C [si—1 + € 5; — € Vi € [Nmin) (C.2)

with {; and J;*(¢) defined in (3.1) and (3.2), respectively. In other words, we fix some € small enough
such that, even with éshrinkage, the number of jumps required to exit from (e-shrunken) I; remains
i ().

We start by highlighting a few properties of the limiting Markov jump process Y*I* in Theorem
3.2, using results for the measure C¥)I® collected in Section E. Recall the definitions of g,(i) and
av(i,7) in (3.10). First, by definition,

w@)= > w@i)+ >, CIOP{s}im;).

je[nmin]: J?él jE[nmiu*l]
From (C.2),Vwe have |s; — m;| > (Jy(i) — 1) - b+ € Then, by applying Lemma E.1, we get
2 i€ —1] CTT b ({s;};m;) = 0. Together with Lemma E.2, we yield that

> aid) =) € 0.0 (©3)
€[nminl: j#i

Furthermore, Lemma E.3 verifies that

w(i,j) >0 = FS6,)) =T (). (C4)

As a result, in Definition 3.1 we know that the typical transition graph associated with threshold b
contains an edge (m; — m;) if and only if ¢ (¢, 7) > 0.

Next, we stress that the law of the Markov jump process Y*I” can be expressed using the mapping
® introduced in Definition A.4. Given any minis € {my,ma,...,my . }, we set Vi = mini, Uy = 0,
and (for any t > 0,1 > 1, and i, j € [nmin] With @ # j)

P(Ul+1 <t, Vipp=m; | Vi =my, (VJ’)é_zll’ (Uj)é'zl) - P(UHI <b Vi =my = mi)
{Mm if mi ¢ Vy' o

qb (%)

204 . (1 —exp (- %(W)) if m; € Vy'.

In other words, conditioning on V; = m;, we have Vj11 = m; with probability g,(¢,7)/gs(¢); as for
U1, we set Uiy =0 if m; ¢ Vp* (i.e., the current value m; is not a widest minimum), and set U414
as an Exponential RV with rate g;(¢) otherwise. We claim that

yrr 4 q’((Uj)jzl, (‘/j)j21)- (C.6)

In fact, under the conditions in Theorem 3.2, it is straightforward to show that
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(i) For any ¢ >0, lim; oo P(3_,.,Uj > t) = 1;
(it) Forany u >0and i > 1, P(Uy +---+ U; = u) = 0;

(iii) YIP 4 @((Uj)jzl, (Vj)jzl); that is, it is a continuous-time Markov chain with state space V",
generator

P =m |V =m)=h > a0 (mslmy) +o(h)  ash 10,

j’E[nmm]i .7’#71

and initial distribution P(YO*‘b =m;) = 0y(m;|Mminit); see (3.10) and (3.11) for the definitions of
g»(1,7) and 6,(m;|m;), respectively.

For the sake of completeness, we collect the proof in Section D. The representation (C.6) and the
properties stated above will greatly facilitate the proofs below.

The proofs of Propositions B.1 and B.2 hinge on the first exit analysis in Result 2. Note that Re-
sult 2 focuses on some bounded interval I. In contrast, regarding the potential U characterized in As-
sumption 6, while for all i = 2, - -+ | ny;, the attraction field I; is indeed bounded, for i = 1 or ny;, (that
is, the leftmost or the rightmost attraction field) we have Iy = (—o0,s1) and I, .. = (Sp, . —1,0),

A

both of which are unbounded. Besides, our analysis below involves S(6) = U, ¢, —1][8: — 9, 8i + 6]

(i.e., the union of the d-neighborhood of any boundary point s;). As a result, we will frequently
consider sets of form

Ii;S,M = (57;_1 + 57 S; — 5) n (7M, M) = (Il)(; N (7]\4'7 M) (C?)

M, we have Ii;é,M = (Si—l + 5, S; — (;) n (7M,M) = (51'_1 +(5,Sz - 5) for all i = 2,3,"' s Mmin —
and we have I1.5 pr = (So + 0,51 — ) N (=M, M) = (—M,s1 — 0) (due to so = —o0) and I, .5.m
(Snmin—1 + 0, Snppin — 0) N (=M, M) = (sp,,,—1 + 0, M) (due to s, = 00). We also set

for some 9, M > 0. For any M > 0 large enough such that —M <mj <81 <+ < Sp—1 < My, <
L,

UZLb(ac) 2 min {j >0: X?lb(x) € U(ml —€e,my + e)}, (C.8)
I#i
T;ZJ;ZTM($> £ min {j >0: X;ﬂb(m) ¢ Ii;(;,M}. (C.9)

In other words, T;.](l;bM(:v) is the first exit time from I;.5 ar, and O'Z

e-neighborhood of a local minimum different from m;.

We first state Lemmas C.1 and C.2. To give an overview, we establish these two lemmas by
adapting the first exit analysis in Section 2.2 to the slightly more general settings in Propositions B.1
and B.2. First, Lemma C.1 states that it is unlikely to get close to any of the boundary points s;’s or
exit a wide enough compact set.

|b

€

(x) is the first time visiting the

Lemma C.1. Let Assumptions 1, 2, 3, 4, and 6 hold. Let b € (0,00) be such that (C.1) holds. There
exists M > 0 such that

max CWr (-0 M) m;) =0, (C.10)

1€ [Nmin]

Furthermore, given any A > 0 and any ¢ € (0,€) (with € specified in (C.2)), it holds for all 6 > 0
small enough that

limsup max sup P(Elj < me(l’) s.t. X;ﬂb(:r) € S(9) or |X;7‘b(:c)| > M + 1) < A. (C.11)

. i€
nl0 € [ min) zE€[m; —e,m;+e| ’
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Proof. In light of Lemma E.3, it holds for all M > 0 large enough such that
CWr () ((—M, M)¢;m;) =0 Vi € [Nmin]-

This concludes the proof of (C.10).

Henceforth in this proof, we fix such large M satisfying |M — m;|/b ¢ Z Vi € [nyin] and M >
max;ep,,..1(Jy (i) — 1)b 4 €, where € > 0 is the constant in (C.2). Also, we fix some € € (0,€) and
show that (C.11) holds for such e. Recall the definition of r"lb (@) in (C.9) and L5 = (si—1 +

d,8; — )N (=M, M). We make a few observations regarding the stopping time T"‘% (@) =min{j >

0: X"lb( ) & ILi;os5,0}- First, due to Ija5n C liis,nm, we must have 7, ‘25M( ) < Tznng( ) < a?lb(x).

Second, by definition of 7’ 26M( x), we have X;ﬂb( ) ¢ S(9), |X;"b( )] < M for all j < TZ nlb (). On

26, M
event
(z) ¢ S(20)},

(x) € Ij25,m- Now define

Ao(n,6,2) 2{XT), (@) € (~M,M); X7

nlb
7,251% 125M()

there exists some j € [nmin], j # @ such that X

. ()
Ai(n,6,2) 2 {3j < o (2) s.t. X(2) € S(8)}, As(nx) 2 {3j < o] (x) st | X (x)| > M +1}.

Let Rﬁlb( ) = min{k >0 : X"lb( ) € (mj —e,m; + €)} be the first time entering (m; — €, m; + ¢€).

From the strong Markov property at 7; ‘2 s (),

max sup P ((A1(77, 0, ) U As(n, x)) N Ap(n, 9, x))

1€ [Nmin] z€[m;—e,m;+e]

< max sup P <A1 (777 6; 3?) U A2(777 JJ) ‘ AO(T]7 67 .’17))
ie[nmi“]JCE[mi—ﬁamr‘re]

< max sup P({X,Zlb(x) €lsjo1+0,8;—0]N(—M—-1,M+1) V3k < R?“f(m)} ) .
JE[nmin] yels;_1+28,5,—28]N[—M,M)] '

p; ()

For any j € [Nmin] and any 6 > 0 small enough, by applying Lemma E.5 onto I; N (—M — 1, M + 1)
(with parameter e therein set as 2J) we get lim,op;(n) = 0. In summary, we have shown that
lim sup,; | o MaXie [1n,,1,] SUPE[m; — e,mi+e] P((A1(n, 8, x)UAs(n,2))NAg(n,d,x)) = 0. Therefore, to estab-
lish (C.11), it only remains to show that lim sup,,| o MaXie [n,,1,] SUPwe [, —e,m; +e] P((Ao(n,0, x))c) < A.
Now, it only remains to prove that for all 4 > 0 small enough,

limsup max sup P(an?b (x) € 5(25)) <A, (C.12)
nd0 1€ [Nmin] TE€[m; —e,m;+e| 328, M (@)
limsup max sup P(X",lﬁb (x) ¢ (—M, M)) =0. (C.13)
nd0 1€ [Nmin] zE€[m; —e,m;+e] 326, M(m)

Note that

lim sup sup P (X "Jﬁb
70 z€[m;—e,m;+e

(2 € 5(28)) < CHO(S(28)m:) ST (153

Ti;28, M )

can be established using part (a) of Result 2. From Lemma E.1, we get lims ;o C7v (DIb(S(28);m;) =

CWr @b ({51, sy, }im;) = 0 and verifies claim (C.12). Similarly, claim (C.13) follows directly
from part (a) of Result 2 when applied onto I;;5 s, combined with (C.10). O

Recall the scale function A} defined in (3.8). Lemma C.2 then provides an analogue of Result 2
for the current setup.
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Lemma C.2. Let Assumptions 1, 2, 3, 4 and 6 hold. Let b € (0,00) be such that (C.1) holds. Let
€ > 0 be specified as in (C.2).

(i) Let R:’Lb(x) £ min{j > 0: X;Ilb(x) € (my—e,m;+¢€)}. Foranye € (0,€), t >0 and i € [Nymin),

lim inf inf P(RZL”(x) ) <t, XMW@y e V)< R?.'f(w)) =1
MO0 z€[si_1+€,5;—¢€] ’ ! 7

(i) Leti,§ € [Nmin] e such that i # j. Let o’ (z) 2 min{j > 0: X;’lb(x) € Upzi(mi — e,;my + €)}.

1;€

If m; € Vi¥, then for any ¢ € (0,€) and any t > 0,

liminf  inf  P(o7’(x) Ai(n) >t X" e1,) > exp(— i) ) - 2L09)

1r£1¢10n me[mil—ne,m,;—ke] (Uz,e () - Ay (n) Usz(m)(x) j | = €Xp ( a (1) ) ()

lim sup sup P(a?,leb(a:) XN (n) > t, X”LZT,, (z) € Ij) <exp(—q(i)-t)- Qb(z’,j)
0 z€[m;—e,m;+e] ' Tise (2) qb(l)

If m; ¢ Vi, then for any € € (0,€) and any t > 0,

DD e P<”n|b(fc)-AZ(77) <t X, (@) € [j>

qb(i) T 0 z€[m;—e,mite] bie UZLb(f)
@er) <2,

< lim sup sup P <UZ|:)($) - (n) <t, anﬁb

M0 z€[m;—em;+te] ’ o ()

Proof. (i) Fix some ¢ > 0 and € € (0,€). Recall that A\j(n) € RV 7+ (v).(a—1)+1(n) as n | 0. Due to

JF(V) > 1land @ > 1, we have Jf(V)-(a—1)+1 > a > 1. This implies that lim, o % =0VT >0,
and hence (given any T > 0)

P(R!(2) - Np(n) < t, X!"(2) € I, Vj < RIV(2)) > P(R!"(x) < T/n. X]"(x) € I, Vj < R} (x))

for all n small enough. Now, pick M > 0 large enough such that |M| > min{|s;—1 + €|, |s; — ¢|}. By
picking T' > 0 large enough, one can apply Lemma E.5 onto (—M, M) N I; to conclude the proof of
part (7).

(i) Let Xy (n) =0 - A5 () (n). Tt suffices to establish the following upper and lower bounds: for
all 4, j € [nmin] such that i # j, all € € (0,€), and all ¢ > 0,

liminf  inf  P(o”’(x) A (p) > ¢, X" er) > — (i) 1) - . (C.14
H};{Llon :Ee[milfne,mrke] (Uz,e (.13) z,b(n) U?,Lb(x)(x) ]) = exp ( Qb(Z) ) qb(Z) ( )

lim sup sup P(O’ZLb(JZ) “Ap(n) >t X”Lﬁb (x) e I;) <exp(—qp(i)-t)- Qb(z"J). (C.15)
0 z€[m;—e,m;+e| ' ’ Tise () Qb(Z)

Indeed, in case that m; € V}*, claims in part (ii) are equivalent to (C.14) and (C.15) due to J, (i) =
Ty (V) (see (3.4)) and hence \j,(n) = Aj(n) = n - Ao (V)(n). In case that m; ¢ Vi* (ie., JF(i) <

Ty (V)), we have lim, o g{;\;\:((:;)) =0forall¢,T € (0,00). We then recover the upper and lower bounds
in part (i4) by letting ¢ | 0 in (C.14) and (C.15).

The rest of this proof is devoted to establishing (C.14) and (C.15). Here, we collect a few useful
facts about the measure C7v (DI By assumption (C.1), one can apply Lemma E.1 and obtain
CWIr @I ({sq, -+ sy, —1};m;) = 0. Recall the definition of gy(i,7) = Cr Ib(I;;m;) in (3.10).
Due to I; = (s;j—1, 5;),

(i, §) = CT O (Limy) = CUOI(Imy) Vi, j € [min] with i # . (C.16)
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Combining (C.16) with the continuity of measures, we have lims o C(jb*(i)”b((si,l — 0,84+ 8)% m,») =
q(i) = CWe @)Ib(1¢;m;). Next, throughout the remainder of this proof, we only consider M € (0, cc)
large enough such that the claim (C.10) of Lemma C.1 holds. Given any A > 0, regarding the set
Lisor = (—M,M)N(s;—1 + 9,8, — ) it holds for all § > 0 small enough that

C(Jb*(Z))\b( C s M) < QWG ))Ib((,M, M)®:m;) + C(Jb*(i))\b((si_l + 6,55 — 0);my)

, (C.17)
=0+ CY (5, + 6,5 — 6)%mi) < (1+ A) - guli).
Lastly, due to I;;sm C I,

CWr O (1o imy) > CWF b1 m,) = g,(i). (C.18)

Proof of Lower Bound (C.14).

We fix some ¢ # j and ¢ > 0 when proving (C.14). Recall the definitions of I;;5 »s and T;'(‘;?M(x) in
(C.7) and (C.9), respectively. Observe that

* b
{7 (x) - A5y () > 1, X”,‘”b( (@) € 1;}
D (i (@) - Ay (m) > anl\’b @€ I a1} 0 {XZL_’Tb(z)(x) €I}
I (11)

We first analyze P((II)|(I)). By strong Markov property at ’7' l 2 (@)s nfocim, —emiveq P(IT) | (1)) >
Infyer, s P(X,Z‘b(y) € I; Vk < R?Jf( )). Here, recall that R?Jf(x) = min{j > 0: X/(x) ¢
(mj —e,mj + ¢)}. Applying Lemma E.5, we yield

lim inf inf P(ID) | (I)) =1. (C.19)

nd0  z€[m;—e,m;+e

Next, we move onto the analysis of P((I)). Due to Ij;5 m4+1 C I,

() = {70 (@) - Nip () > &5 X0 (@) € L} {X "))

1(51\/1( ) n\bM(w)

(T11) (Iv)

(z) € Ljssm+1}-

Given any A > 0, by applying part (a) of Result 2 onto I;;5 ar, we yield (for any § small enough)

CIE DL my)
CWTr b (1g,  /imy)

liminf  inf  P((IID) > exp (— C @ ymg) - t) -
NS g T (D) 2 o0 ( Bsnssms) )
exp(—(1+ A)g(i) - 1) (i, )
1+A (i)

@ eseIux, @
n|b o

i (x), the claim limsup, o SUpP,epmn, —cm;+q P((IV)?) < A follows directly from (C.11) of Lemma

ise

C.1. In summary, for all § > 0 small enough,

due to (C.16) and (C.17).

Meanwhile, note that (IV)“ = {X",,‘b (z)| = M + 1}. Due to 7, JSM(z) <

liminf  inf  P((D) > exp(=(1+A)gp(i) - 1) (i)

; C.20
nd0  z€[m;—e,m;+e] - 1+ A qb(l) ( )

Combining (C.19) and (C.20) and then driving A | 0, we conclude the proof of the lower bound
(C.14).
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Proof of Upper Bound (C.15).
Let (I) = {U”lb( ) - Alp(m) >t X"l (xz) € I;}. Arbitrarily pick some A > 0. Given ¢ > 0,

onlie

oile (@)
define event (II) = {Xnn‘b ( )(gc) € (=M —1,M 4+ 1)\S(d)}. We start from the decomposition (I) =
i:6, M\ T

(H\I)u(@mnQ )) Applying (C.11) of Lemma C.1, it holds for all § > 0 small enough that

lim sup sup P((D)\ (I)) < limsup sup P((I)°) < A. (C.21)
nd0  z€[m;—e,m;+e| nd0  z€[m;—e,m;+e|

Next, recall that TZ,’(lst(l') is the first exit time from I;;s a7, and o) nlb ¢ (z) is the first time visiting

the e-neighborhood of a local minimum different from m;; see (C. 8) and (C.9). By definition of

T:](LbM( ), on event (I) N (II) there must be some K € [nmin], K # ¢ such that X"l (z) €

Fhlb
i (%)

(—M -1, M +1)N(sx-1+0,5xk —8) = Ix.5,m+1. For each k € [nmin] with k # 4, define event
(k) =@ ndnn {X",,‘b (@) € Tusarin }

Tiiom (@)

and note that Uycp, . 1. k2 (k) = (I) N (II). To proceed, consider the following decomposition

(k) = (k)N ] (o7 (2) — 77 rs (@) - () > AV VU (k) { (07 (@) = 700 (@) - Ay () < AL
(@n{(

(k,1) (k,2)

We fix some k € [nyin] with k& # ¢ and analyze the probability of events (k,1) and (k,2) separately.
First, as has been shown at the beginning of the proof of part (iz), we have lim,, o % = 0 for all
T € (0,00). Then, '

lim sup sup P((k,1))
nd0  z€[m;—e,m;+e|

<lmswp  sup  P((k)N {0 (x) — 7\, (@) > T/n})
0 z€[m;—e,m;+e]

<limsup sup P(o n‘b( )>T/n) by strong Markov property at Tnlst (x)
0 yElks, m+1

<limsup sup P(X;?Ib(y) ¢ (myk —e,my +¢) Vi <T/n)
nd0  y€ls m+1

=0 for all T' > 0 large enough due to Lemma E.5. (C.22)

Meanwhile,

sup  P((k,2))

TE€[m;—e,m;+e]

< sup P (/00 (@) Np(n) >t = Ay X" (2) € ysargas X7, (2) € 1))

z€[m; —e,m;+e| ’ Tiss, (@) o (@)

b * b

< s P Ay > 0= A XL (@) € D)

TE|Mm;—€,m;+e€ §,M

sup P<XZ7‘7?”( )( € I | TzntlibM ) ;k,b(n) >t - A Xnvly?b (z )( ) € Ik;é,M+l)
zE€[m;—e,m;+e| ije S M
* b b

< s Py @) N >t =8 XD @) el) s s P(XTL () € 1),

r€[m;—e,m;+e| Tizs, M\ T YEIK;6,M+1 ie \Y

(k,I) (k,II)
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Applying part (a) of Result 2 onto I;.5 5 and the bound (C.18), we yield (for any J small enough
pPpLlymng p 6, y y g
C(Jb*(i))lb(lk_;mi)
0  z€[mi—em;te] ¢ . C(jb*(i))‘b(I;67M;mi)

< exp ( — (@) - (t — A)) . (Il;ii(,il)f)

lim sup sup P((kI)) <exp (- C(jb*(i))‘b(f-c;&M;mi) (t—A))

using (C.18) and (C.16). (C.23)

Moving on, we analyze the probability of event (k,II). If &k = j, we apply the trivial upper bound
P((kII)) < 1. If k # j, on event (k,II), (XZlb(y))n>0 visited (m; — €, m; + €) before visiting any
other local minima’s e-neighborhood, despite the fact that the initial value X/ ‘b(y) = y belongs to
Iisarer C I This implies that (X71°(y)) .,

my. Applying Lemma E.5, we obtain limsup,, o Supycs, ; ./, P((k,IT)) = 0 Vk # j for all § > 0 small
enough In summary, for all § small enough,

must have left I, before visiting its local minimum

. b b
lim sup sup P(O’ZL (z) - Aip(n) > t, X”L‘b (x) € [j)
nd0  z€[m;—e,m;+e| gie (@)

< lim sup sup P((I1))
nd0  z€[m;—e,m;+e]

+ Z lim sup sup P((kJ))-limsup sup P((k,II)) due to (C.22)
kElnmml: ki nl0  z€[m;—e,m;+e MO0 yElks,m

< lim sup sup P((I1)°) + lim sup sup P((5.0))
nd0  z€[m;—e,m;+e] nd0  z€[m;—e,m;+e]
: (i, J)
< A+texp(—qli) (t—A))- @) due to (C.21) and (C.23).
v (?

Let A ] 0 and we conclude the proof of the upper bound. O
Now, we are ready to prove Proposition B.1.

Proof of Proposition B.1. We first show that claims (i) and (i) follow directly from the next claim:
for any € > 0 small enough,

(U{Ia€7‘/1717€7U271757‘/2777€,.._) = (Ula‘/Q;U27‘/2a"') as TI\L()) (024)

where the laws of U;’s and V}’s are defined in (C.5). Specifically, we only consider € > 0 small enough
such that claim (C.24) holds. In light of Lemma A.5 and Proposition D.1, (C.24) immediately leads

to the claims in (¢). Regarding claim (i¢), note that X’f’s"b is a step function (i.e., piece-wise constant)
that only takes values in M £ {m; : j=1,2, -+ nuyin}, which is a finite set. Let

Any 2 {£€D[0,T]: € is a step function with at most N jumps and only takes values in M}.

First, the finite-dimensional nature of Ay (i.e., at most N jumps over [0, T], only ny,i, possible values)
implies that Ay is a compact set in (D[0, T, d[LO;T]). Besides,

N+1 N+1

limsup P(X" " ¢ Ay) = limsupP(Y_ UM <T) <P(Y_ U; <T),
Jj=1 Jj=1
where the last inequality follows from (U™, -+ ,U}“) = (Uy,--- ,Un). Using part (¢) of Proposi-

tion D.1, we have limpy_,o imsup,,_, o P()A(.""’e’lb ¢ An) = 0, which verifies the tightness of xmelb,

Now, it only remains to prove (C.24). This is equivalent to proving that, for each N > 1,
(U, Ve, JUERS VRFE) converges in distribution to (U, Vi, -+ ,Un,Vn) as n | 0. Fix some
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N =1,2,---. First, note that U; = 0 and V; = m,. From part (i) of Lemma C.2, we get (U", V") =
(0,m;) = (Uy,V1) as n }. 0. Next, for any n > 1, any t; € (0,00), any v; € {m; : & € [Nmin]}, and any
t >0, 4,7 € [Nmin] with ¢ # 7, it follows directly from part (i) of Lemma C.2 that

E%P(Uizﬁfl <t Vn+1 =
{3 s 875,

2D (1—oxp (~ai))) it m€ Vo

VI =my, VM =y Vlen—1], U<t Vie [n])

This coincides with the conditional law of P(UnH <t, Vop1 =my | Vi, = my, (Vj);:ll, (Uj);‘:1>

specified in (C.5). By arguing inductively, we conclude the proof.

Moving onto the proof of Proposition B.2, we first prepare a lemma that establishes the weak
convergence from Xw’)\*( y (x) to X.n’e‘b(m) in terms of finite dimensional distributions.

Lemma C.3. Let Assumptions 1, 2, 3, 4, 6, and 7 hold. Given anyt >0 and x € U

1€ [Nmin) 1,

(i) liman(X;?lb(ac) ¢ (—M, M) for some j < t/)\Z(n)) = 0 for the constant M > 0 specified in
Lemma C.1;

(i1) hanoPOXLt//\ o) (@) — Xf’elb(x)’ > e) =0 for all € > 0 small enough.

Proof. Throughout this proof, let € be specified as in (C.2).
(i) We prove a stronger result. Let Ins,s = (=M, M)\S(6) where S(6) = U, —1[5i — 6, 5: +].

Recall the definition of 7. “®(2) in (B.1) and (B.3). For any N € Z,, on event

(Nﬂ (@ € i € [zt @] ) o far e < i (e > i)

k=1

Ak (n,9) Bi(n) Ba(n)

we have X!*(x) € Inys for all j € [#]"(2), 7" (x)] and 7] (x) < t/X; () < 7;""(z). Therefore,
it suffices to show that for any A > 0, there are some positive integer N and § > 0 such that
N-1

limfoup [P(B{(n) +P(Bs(n) + > P(Ai(n,0))] <A. (C.25)
n k=1

Let ¢ € [min] be such that z € I; and let Rmb( ) =min{j >0: X"lb(x) € [m; —e,m; +¢€]}. Since

%{%e\b( ) is the first visit time to U, . (M — €,mu + €), we have 7 e\b(x) < RZLb(Jj) and hence

limsupP<Bf(77)) < hmsupP( > E‘b( ) > t/AZ(n)) < 1imsupP<)\Z(17) : RZLb(x) > t)
740 710 740 (C.26)
=0 using Lemma C.2 (7).

We move onto the analysis of event By(n) and the choice of N. Recall that Y;*‘b(x) is the irre-
ducible, continuous-time Markov chain over V;* with important properties summarized in Section D.
In particular, we can fix some N large enough such that P(Uy + -+ + Uy < t) < A/2. From part (i)
of Proposition B.1, we now get

N

lim SupP<B§(77)) <limsup P < Z el (g Tgf‘lb(x)) “Ap(n) < t)

740 740 v

<PU 4+ +Uy <t)<AJ2.

(C.27)
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Meanwhile, recall that o) ‘ J(z) =min{j > 0: me( ) € Uiz (mu — €,y + €)} (Le., the first time
X; 7P (2) visits the e- nelghborhood of some m that is different from my,); also, for all j > 2, 7" “I®(2) is

7 €|b( ) that X”‘b( ) visits the e-neighborhood of some m; that is different from

the first time since 7 J

the one visited at 7’77 oelb 1"(x). From the strong Markov property at 7, e‘b(x)’
supP(Ai(UD < max sup (31 < Un‘b( ) s.t. X;’”b(y) € 5(0) or |X§7Ib(y)’ - M>
k1 L€[nmin] ye[m;—e,m;+e|

Applying Lemma C.1, we are able to fix some M > 0 and d € (0, €/2) such that limsup, |, P(Ag(n) <
v Vk € [N — 1]. Combining this bound with (C.26) and (C.27), we finish the proof of (C.25).

(73) If X[Ztl//\ « () (@) € Uigfnpa) (mu—€,my+€), then due to the definition of Xf’elb(x) as the marker

of the last visited local minimum (see (B.1)—(B.4) for the definition of the process th,qb(z))’ we must

have ‘Xﬂ?)\* (m) (£) — Xt"’elb(xﬂ < €. Therefore, it suffices to show that for any € € (0, €)

hmP(XLt‘/A w@e U (ml—e,ml+e)) ~1.

L€ [Nnmin]

Pick some d&; € (0, %), § > 0. Recall that H(-) = P(|Z1| > ), and define event

b
()= {Xft/x <)) — 126,/ (p—1)) (@ )EIW}'

Let ti(n) = [t/N(n)] — [26:/H(n~")|. On event (I), let R? £ min{j > ti1(n) : X;”b(x) €
Urepnm (Mu — 5,10 + 5)} and set I by the rule 77 = j <= X} l w(x) € I;. Now, define event

() = {R"— ts(n) < 0/HG ) }-

On event (I) N (II) we have [t/\;(n)] — [26:/H(n~')| < R" < [t/A;(n)]. Let 77 £ min{j > R" :
X;Ib(:v) ¢ (ms, —€,ms, +€)}, and define event

(I11) = {T" R > 26t/H(77*1)}.

On event (I) N (II) N (III), we have 77 > [t/A;(n)] > R", and hence X[t‘/)\ (n)J( ) € Uiepnmi) (M
e,my + €). Furthermore, we claim that for any A > 0 there exist 6; € (0, %) and § > 0 such that

h%ionfp((l)) >1-A, (C.28)
1i%nfp((11) ] (1)) > 1, (C.29)
lirzliiOan((HI) ‘ (1N (H)) >1-A. (C.30)

An immediate consequence is that lim inf, o P((I)N(II)N(III)) > (1—A)2. Let A | 0 and we conclude
the proof. Now it only remains to establish (C.28) (C.29) (C.30). Throughout the remainer of this
proof, we fix some € € (0,€) and A > 0.

Proof of (C.28). This has been established in the proof for part ().

Proof of (C.29). We show that the claim holds for all §; € (0,¢/3). Due to H(z) € RV_,(z)
and o > 1, given any T' > 0 we have T//n < 6;/H(n~!) eventually for all  small enough. Recall that
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Lis = (sj—1+6,s; —6) N (=M, M). By Markov property at t;(n), for any 7' > 0 it holds for all
1 > 0 small enough that

P((H)C

(I)) < max  sup P(an ) ¢ U =, my + 2) vy < 5t/H(77_1))

k€[nmin] yely.5 0 1€ [Nmin]

< max  sup P<RZ|5/2( )>5t/H(771)>

k€lnmin] yelps i

< max _ sup P(RZI 12y )>T/n>

kG[’n«mm] yelk 5, M

where RZle/z(y) =min{j > 0: X;’lb(y) € (my — §,mp + 5)}.

Let ti(x,e) = inf{t > 0: yt( ) € (my — €, my, + €)}. By Assumption 6, tx(z, §) < oo for all x €
[—M—1, M+1)N[sp_1+5, sk—3], with ¢4 ( -, £) being continuous over [—M—1, M+1]N[sp_14+3, s, —35].
As a result, we can fix T € (0, oo) large enough such that

, Sk — é]} Vk € [nmin)-

)
cxe[-M—-1,M+1]N[sp_1+ 5 2

T > sup {tk(:lc7 5

€
7
For each k € [nmin], by applying Lemma E.5 onto (=M — 1, M + 1) N (sg—1, Si), we are able to show
that limsup, | o sup,ey, ; P(RZ'S/Q( ) > T/n) = 0. This concludes the proof of claim (C.29).

Proof of (C.30). We prove the claim for all §; small enough. By strong Markov property at R",

. 264 b
ImH)< (3< £ X7 _e, )
(I N () G s P S ey st (y) ¢ (my, — €, mi +¢)

Also, note that e < € < b; see (C.2). For each k € [nmin], by applying part (a) of Result 2 onto
(my — €, my + €), we obtain some ¢ € (0, 00) such that for any u > 0,

p ((IH)c

lim sup sup P <3j <

s.t. X;’lb(y) ¢ (my — e, myg + 6)) <1 —exp(—ck, - u).
O y€[mr—e/2,mp+e/2]

H(n™)

By picking ¢; small enough, we ensure that 1 —exp(—cg, -28;) < A for all k € [nyin], thus completing
the proof of claim (C.30). O

The next result provides a bound over the proportion of time that X;”b(x) is not close enough to
a local minimum.

Lemma C.4. Let Assumptions 1, 2, 3, 4, 6, and 7 hold. Given any € € (0,€), it holds for allt € (0,1)
small enough that

¢
hmisoup max ( sup N )P</0 I{stll/)A*( ) (@) & (mi —e,m; + e)}ds > t2> < q't,
n i mi VS 4 m;—5,m;+5

where ¢* € (0,00) is a constant that does not vary with t.

Proof. There are only finitely many elements in V,*. Therefore, it suffices to fix some m; € V,* (recall
that I; = (s;—1,s;) is the attraction field associated with m;, and w.l.o.g. we assume m; = 0) and
prove that

¢
. b *
limsup sup P(/O I{stl/)\*(n”( ) ¢ (—e,e)}ds > t2> <q't (C.31)

nl0  ze(—35,5)
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holds for all ¢ > 0 small enough, where ¢* € (0,00) is a constant that does not vary with €, A, or t.
Let T =0, and (for all ¢ > 1)

S?2min{j > T/, X!'(2) ¢ (0},  T72min{j>S7: X (@) € (—5, )

Note that if Xjnlb(x) ¢ (—¢€,¢€), then there is some ¢ > 1 such that j € [S7, T’ — 1]. Next, let N7 £

max{i > 0: S < t/X\;(n)}, and note that #{j < [t/A\;(n)] : X!*(2) ¢ (—e,€)} < SN 7 — S

Now, recall that o > 1 is the heavy-tailed index in Assumption 1, and the scale function A} (n) is
defined in (3.8) with Aj(n) € RV 7+ (v).(a—1)+1(n). Let B € (0,a—1) and k(n) = 1/ne (V)=Dla=1)+5,
For any = € (—§, 5), define events

AT (@) 2 {X" (@) € (sima + 5,80 — 5) N (=M, M) for all j < [t/ (n)]},

B)s(z) = {for each i < k(n),3j € [T}, +1,5]] s.t. n|Z;] > 6}.

On BYs(x), we must have N < #{j < [t/A\;(n)] : n|Z;] > &}. Furthermore, given some constant
T € (0,00), let B} p(x) £ {T;" A [t/N;(n)] — S < T/n Vi >1}. On event B)s(x) N E} (z) we get

#{j < lt/xim) - XP(x) ¢ ee}<ZT’7 [t/\s(n)] — S]

< k(n) Ty = Tyt HA+IE(V)-Da-1)

and hence
T/t 8+ (V)=1le=1) 4 q

/O Ls/k s (@) ¢ (_676)}655 = [t/ A5 (n)]

However, due to A\;(n) € RV 7 (v).(a—1)+1(n) and J; (V) - (a = 1) + 1= ([ (V) =1) - (a=1) +a >
(JF(V)—=1)- (e —=1) + 1+ 3, we have (for any ¢,7 > 0 and § € (0,a — 1))

T/n1+ﬁ+(-f§(V)*1)(Oé*1) +1
lim ”
nl0 [t/ A5 (n)]

The discussion above implies the following: to prove (C.31), it suffices to find some ¢, T, M, € (0, c0)
such that

=0.

limsup sup P((A?M( )¢ ) < q't, (C.32)
0 ze(—-%5,5

li P( (B! ‘) =o, C.33

e (D (@)

lim sup P(AZM( )N B s(z)N (EfT(x))c) =0. (C.34)

’I’],LO QCE( e e) ’ ’

In particular, ¢* € (0,00) is a constant that does not vary with e, A, M, 4, or t.

Proof of (C.32). This follows immediately from the first exit time analysis. Specifically, recall that
we have assumed w.l.o.g. that the local minimum m; € V;* at hand is located at the origin, i.e., m; = 0.
This implies 7" (V) = [min{|s;_1], s;}/b]; that is, starting from the local minimum, it requires at least
J7 (V) jumps (each bounded by b) to escape from the attraction field (s;—1,s;). Furthermore, by our
choice of € in (C.2) (which is essentially due to the assumption that |s; —m;|/b ¢ Z for all i € [nyi] and
J € [Mmin — 1]), it holds for all € € (0,€) that J; (V) = [min{|s;—1 + 5|, s; — 5 }/b]. For any M € (0, 00)
large enough, we then have 7, (V') = [min{|s;_1 + §|, s; — 5, M }/b], thus implying that, starting from
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the origin, it also requires at least J,"(V') jumps to escape from (s;_1 + §,s; — 5) N (=M, M). By
applying part (a) of Result 2 onto (s;_1 + §,s; — 5) N (=M, M), we can find ¢ € (0, 00) such that

limsup sup P((A?N[(JC))C) <1 — exp(—qt) vt > 0.
0 ze(—5,%5 '
For all ¢t > 0 small enough, we have 1 — exp(—qt) < 2¢t. By picking ¢* = 2¢q, we conclude the proof.
Proof of (C.33). By strong Markov property at T/,
sup P((Bgé(x))c) <k(n)- sup P(X?Ib(y) ¢ (—¢,¢) for some j < 777°(n))
CEE(** 5) ye( 2’5) |

Here, 77°(n) 2 min{n > 1 : 75|Z,| > §}. That is, 77°°(n) is the arrival time of the first Z; with
n|Z;| > 6. Applying Lemma E.6, it holds for all 6 > 0 small enough that SUDye(— < &) P(X]mb(y) ¢
(—€,€) for some j < 777°(n)) = o(1/k(n)). This concludes the proof of claim (C.33).

Proof of (C.34). On A}, (z) N B/ 5(x), we have T;) A [t/A;(n)] = T A |t/ N:(n)| for each i > 1,
where
- . Ul n|b € € € €
T2 min {j > 57+ X]"(@) & (51 + o — 50 (<M. M) | [ 5. 1)

Furthermore, it has been shown above that, on B} ;(x) we have N < k(). Therefore,

sup P(A?M( )N B} 5(x) N (E?T(x))c)

IE( 2 5)
< sup P(T] - S! > T/n for some i < k(n))
we(_%7%)
€ € € € _
< k(n)- sup P(anb( ) € ((Si—l + 5,31 5) N (=M, M)) \ [—§> 5] for all j < LT/UJ) .
yE(—e,€)

ép}(n)

The last step is due to the strong Markov property at {S} : i € [k(n)]}. Applying Lemma E.4, we can
find T large enough such that p¥.(n) = o(1/k(n)) as n | 0 and complete the proof. O

Now, we are ready to prove Proposition B.2.

Proof of Proposition B.2. The claim lim,, o P(|X¥‘b(gc) - X;l’elb(xﬂ > ¢) = 0 has already been proved

in part (i¢) of Lemma C.3. In the remainder of this proof, we focus on establishing the claim

n|b

lim,; o P(dOT (XL Jaz(m))
where T' = 1. Nevertheless, the proof below can be easily generalized for arbitrary T > 0.
s -1,€|b O-1,€|b b

By definition of X"“"(z), we have |Xlt/>\ oy (@) — X¢ P(2)] < € whenever X[]t‘/)\:(n” () €

Uze[nmm]( —€,m; + €). NOW we make a few observations. For any n > 0 and any positive in-

teger IV, let I(") I{z ) > 1/N?} where

(z ),)A(.n’e‘b(x)) > 2¢) = 0. For simplicity of notations, we focus on the case

(n+1)/N
i (n) 2 / I{X[’t‘f/\*(w( yg |J (mi—emi+ e)}dt VYn=0,1,--- ,N — 1.
n/N ie[nmin]
That is, zg\y,')(n) is the amount of time over [%, 2+1) that X[’t%*( )j( x) is not close enough to any local
minima, and I(n)( ) is the indicator that ig\?) (n) > 1/N2.
Let K;V) = ZN ! I](\?)( ). The proof hinges on the following claims: there exist some C € (0, 00),

n=1
a family of events A%, and some constant M > 0 such that
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(i) on A%, we have X;-]lb(x) € [—M,M] for all j < [1/X;(n) ]

(i) for all positive integer N large enough, lim, o P(A%) = 1;

(#41) for all positive integer N large enough, there exists 7 = 7(IN) > 0 such that under any n € (0, 7),

P(K](\?) >j|AY) < P(Binom(N E) 2j> Vj=1,2,-

N.
N ) ) )

Here, Binom(n, p) is the RV denoting the number of successful trials among n independent Bernoulli
trials, each with success rate p. W.lLo.g., in claim (i) we can assume that M is sufficiently large such

that x € [-M, M] and m; € [-M, M]for all j € [nmin]. As aresult, we must have X?db(m) € [-M, M]
as well for all ¢ > 0. To see how we apply these claims, let

iy a O Celb, [P
ds (n):// ‘XW o) (@) = X7 (@) at.
n

N —1,if z%’)(n) < 1/N?, we have dén)(n) <+ (2M)P - 3
Otherwise, we have the trivial bound d](g")(n) < (2M)P - &. Therefore, on A%,

On event A%, for any n=0,1,---

An) 2 (d (XL‘//\ oy (@), X (@ )))p

N-1 (n+1)/N nlb o nelb D
=3 [ P - 1w

1 N-1 (n+1)/N b . b p
<emreg Y [ X @ - X

N — Jun Lt/ A5 ()]
(n)
1 (2M)P @ (2M)P 1+ KW 4
< (OMP. — + g 221 N_l_K(”).(f )< p._ "N TN | p
S @MY Ky N \Ft ) S CM) N te

Then, given any N large enough, n € (0,7(N)) and any S € (0,1),

1+<L 4+20+ VN8B
v 2 P(AG) 2 EEIEEVED e g o)
£5(N.8)

<P(KY >20 4+ VNP) =P({K > 20+ VNF} N AL) + P({K > 20 + VNF}\ A%)
2
<P (Binom(N, WC) >2C + \/NB> +P((4%)°) by claim (7i)

P((A%)7) < 305 + P((43)).

var [Binom(N, %)}
NB

IN

Driving 1 | 0, it follows from claim (4) that limsup, ,7(n) < 2C/N# for all N large enough.
Lastly, note that C/N® — 0 as N — oo; also, due to 8 € (0,1) we have limy_, §(N,3) = 0
and hence 0(N,pB) - (2M)P + e < 2PeP eventually for all N large enough. In summary, we get

lim,, o P(A(n) > 2Pe”) = 0 and conclude the proof. Now, it only remains to verify claims (), (4),
and (411).

Proof of Claims (i) and (ii). We start by specifying events A%. Let ty(n) = n/N and

AR (n)
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DN

N [b € [b
a {x@N(k)/A;(m(m) e U (mi ~ S+ §) Vk € [n]} N {Xft//\g(m(ac) € [~ M, M] vt < tN(k)}

it m; EVF

A
A n =AY 5 ()
—AN’l(n)

and let A% = A% (N). Note that A% (1) 2 A% (2) 2 --- 2 AN (N) = AY,. Furthermore, {X?J?)\Z(TI)J :
t> 0} "5y > 0} due to (X7 0> 01 ST (v ¢ > 0) and limgy (X (@) -
X;’E‘b(xﬂ > ¢€) =0 for any T > 0; this is the content of Lemma A.3. Next, by definition, Yt*|b only
visits states in V;*. Combining this fact with the weak convergence in f.d.d. we get lim,, ;o P (A?V,l) =1

for any N > 1. On the other hand, part (i) of Lemma C.3 gives lim, o P(A}’V’Q) =1VN > 1 for any
M large enough. This verifies claims (7) and (4i).

Proof of Claim (i77). Consider a random vector (Z?Z’(”))ne[Nq] with law £<(Ily\lf(”))ne[N71] ’ A?V) :

It suffices to find some C' € (0, 00) such that for all N large enough, there is 77 = 7(N) > 0 for the
following claim to hold: Given any n € [N — 1] and any sequence i; € {0,1} Vj € [n — 1],

P(f}/v(n) =1 ‘ I0() =i; Vj € [n— 1]) <2C/N Ve (0,7). (C.35)

To see why, under condition (C.35) and for any n € (0,7(IV)), there exists a coupling between
iid Bernoulli RVs (Zy(n))ne(v—1] with success rate 2C/N and (Z}(n)),en—1) such that T (n) <
Zn(n) Vn € [N—1] almost surely. This stochastic dominance between (Zx(n))ne[n—1) and (fg, (n))nenv—1]
immediately verifies claim (4i7).
To prove condition (C.35) note that given any N, any n € [N —1], and any sequence ¢; € {0,1} Vj €
[n—1],
P(Zh(n) =1 | Th() =i Vi € [~ 1))
P (T (n) = 1; T} () = i; Vj € [n — 1])
P(Z4() = i; Vi € [n—1])
P({Z}(n) = 1; T{() =i; ¥j € [1— 1]} N AL ) /P(4}) _
= by definition of (Z}}(n))
P({zpv(j) =i Vjen—1]} ﬂA’]\,)/P(A}(,)
P({Z%(n) = 1; T}() =i Vi € [n = 1]} N A% (n))
P({Z}(j) = i; ¥j € [ 1]} N AY)
P({Z}(n) =1 T4() =i Vi € =1} N AL () P({ZR() =1, Vi € [n— 1]} N A% ()
P({Z}(j) = i; Vi € In =11} N AL (n)) P({Z}()) =i; Vi€ ln—11} nAY)
P({Z}(j) = i; Vi € [n = 1]} N A% (n))
P({I]’Z,(j) =i;Vjen—1]}n A’}V)

Zp1(N)

ne[N—1]

due to A% (n) 2 A%

=P (T () =1 {4 () =i Vi € I~ 11} N A% ()

£p7(N)

For term p](N), note that on A% (n) we have X;Ib(:c) e U, mievy (mi—§,mi+5) at j = [tn(n) /X5 (n)],
and hence (using Markov property)

1/N
pJ(N) < max sup P(/o I{stll;)\;(nﬂ(y)gé(mie,mi+e)}ds>1/N2>.

5 MEV ye (mi— 5 mit )
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Applying Lemma C.4, for all N large enough there exist 77 = 7j(N) > 0, such that p! < C/N Vn € (0,7),
where C' € (0, 00) is independent of the value of N and . As for term p3, note that for any event B
with P(B) > 0, we have

P(BNAY(n) _ P(B)
P(BNAY) ~ P(B)-P((4})°)

—1 asn | 1 due to hﬁ)lP(A’]V) =1 (C.36)
n.

In the definition of pJ, note that there are only finitely many choices of n € [N — 1] and finitely
many combinations for i; € {0,1} Vj € [n — 1]. By considering each of the finitely many choices for
B = {T},(j) = i; ¥j € [n— 1]} in (C.36), we can find some 7 = 7j(N) such that p7 < 2 Vn € (0,7)
uniformly for all those choices. Combining the bounds p] < C/N and p] < 2, we verify condition
(C.35) and conclude the proof. O

D Properties of the Markov Jump Process Y*/’

Proposition D.1. Let Assumptions 6 and 7 hold. Given any mipy € {m1,...,my,, .}, the following
claims hold for ((Uj);>1,(V;);>1) defined in (C.5):

(i) For anyt >0, lim;,c P(3_;,U; > 1) =1;
(i) For anyu >0 andi>1, P(Uy+---+U; =u) =0;

(i41) yrlb 4 O((Uj)j>1, (V) j>1) holds for the mapping © defined in (A.4), ; that is, it is a continuous-
time Markov chain with initial distribution (3.9) and generator

P =mi |V =m)=h- > alif)0(mslmy) +o(h)  ashl0; (D.1)

jle[nmin]: J'#i
see (3.10) and (3.11) for the definitions of qv(i,7) and 6y(mj|m;), respectively.

Proof. (i) Recall the definitions of ¢, () and ¢(4, j) in (3.10). Let (S,)n>0 be a discrete-time Markov
chain with state space {mi,...,mp,, } and one-step transition kernel P(S,41 = m;|S, = m;) =
av(?,7)/qp(i). Note that the chain is well-defined due to (C.3). We also introduce notations S, (v) for
the chain initialized under Sy(v) = v. For each n > 0, set I5(v) = i if and only if S, (v) = m;; that
is, the sequence of indices (I3 (v)),>0 indicates the state of the chain at time n.

Let (E;)i>0 be a sequence of iid Exponential RVs with rate 1, which is also independent of
(Sn(Minit))n>0. For any ¢ > 2, the law of (U;);>1,(V;);j>1 defined in (C.5) then indicates that
(recall that U; = 0 and Vi = mynit)

Z U; £ Z B I{S;(minit) € Vy'} (D.2)
Jjeli]

j=0,1,-,i—2 I (Ijs(minit))

1
2 —- Ej -1{Sj(minit) € Vi here ¢* = ) € (0,
Z ‘_012 o {S;(minit) € Vy'} where ¢" = max . (i) € (0,00)
im0
Ni_2 E. i
4 qJ where N; £ "T{S; (min) € V;' }.
§=0 §=0

To proceed with the proof of part (i), we fix some ¢ > 0. Note that for any positive integer n, it
holds on event {37, E;/q" >t} N {N;—p > n} that Z;VZ’BZ Ej;/q* > t. This implies P(3>_, ., U; >
t) > P35 Ej/q¢" > t) P(Ni—2 > n), due to the independence between (Ej);>1 and (S;);>0 (and
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hence N;). Therefore, it suffices to show that, for any € > 0, there exists some positive integer n = n(e)
such that

n

P> Ej/¢">1)>1—¢ lim P(N; > n) = 1. (D.3)
J:O 1—> 00

Furthermore, the inequality P(Z?ZO E;/q* > t) > 1 — € holds for any n large enough due to ¢* €

(0,00); see (C.3). Meanwhile, since S,’s is irreducible, the chain will visit V;* (more generally, any

subset of its state space) infinitely often. In other words, for any fixed n, we have lim;_, . P(NV; >

n) =lim; oo P(#{j =0,1,...,9: Sj(minit) € V;'} > n) = 1. This concludes the proof of (D.3).

(i) Fix some u > 0 and positive integer i. Representation (D.2) implies Uy +- - -+U; < > =105 Ej
for an iid sequence (E;);>1 of Exponential RVs with rate 1 and another sequence of RVs (C});>1 that is
independent of (E;);>1. In particular, C;’s only take values in the set € = {0} U{1/¢q(¢) : m; € V,},
which has finitely many elements. Therefore,

(€1, ,¢;)EEC?

due to the absolutely continuity of Exponential RVs. R
(#i7) Recall that Uy = 0. We start by stating a useful property of the mapping ®. Set 7o = 1. For
any k > 1, define (under the convention Uy = 0)

—1+Tk
Tp 2min{j > Tpoy: Uj#0},  Vi2 Vo, U2 > Uj=Us . (D.4)

§=Te—1

Note that due to UlAE 0, we pave Tl > 2 and hence —1 +T1 > 1. This confirms that ‘71 is well-defined.
In simple terms, ((Ux)x>1, (Vi)k>1) can be interpreted as a transformation of ((U;);>1, (Vj);>1) with
consecutive instantaneous jumps grouped together. As a result,

q’((Uj)jzl»(Vj)j21) = q)((Uk)kZla(Vk)kZl)' (D.5)

To proceed, we consider another representation of the Markov jump process Y*I* based on the
following straightforward observation: the law of the process would remain the same if we allow the
process to jump from any state m; to itself at any exponential rate (i.e., by including Markovian
“dummy” jumps where the process does not move at all). Specifically, yrlb 4 (U1, (Vi)r>1)
with Uy’s and Vj’s defined as follows. Let V) be sampled from the distribution 8, (-|minit) defined in
(3.11), and set U; = 0. Note that so far, we have (U, V;) £ (Uy, V). Furthermore, for any ¢ > 0,
1> 1, and m;, m; € V" (with possibly m; = m;),

P(Uiyr <t, Vigr =my | Vi =ma, (V)2 (U))5=1) = P(Urer <t, Vigr =my | Vi = my)

=7*1(5,7) - (1 — exp(—gy(i)t)), (D.6)

where

* .- Z.a !
(i, ) & @05 g mlmy) (D7)
j/e[nmin]: 7' #i

with ¢,(7) and ¢p(7,7) defined in (3.10). To see why yrlb 4 O((Ur)r>1, (Vi)r>1), note that the
process @((U'k)kzl, (Vk)kzl) is initialized under V; ~ Oy (-|Minit ), which is the same initial distribution
of Y"1, Moreover, any jump in ®((Ug)k>1, (Vi)k>1) from m; € Vi to m; € V;* (with possibly
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m; = m;) is Markovian and occurs with exponential rate . _; g»(i, j')0s(m;|m ). In other words,

O((Up)k>1, (Vi) r>1) is simply a reformulation of Y *I* where we include “dummy” jumps from m; € V'
to itself with exponential rate 3, gy (4, )0 (mi|my).
In light of (D.5), it only remains to show that

((Uk)kZM (Vk)kZI) 4 ((Uk)kZh (Vk)k21)~ (D.8)
Specifically, fix some k > 1, m;,m; € V¥, and some ¢ > 0. Observe that

P(Uk+1 < t, Vk+1 = my, Vk = mz)
:Zzp(ﬁk+1<t, VN+n:mj, T[H_l*l:N#’n, VN:mi, kaliN) by (D4)
N>1n2>1

=D > PUvp <t ¢V UN+1<p<Ntn—1;
N>1n>1

VN+n =mj, Tk+1 —1=N+ n, VN = m;, Tk —1= N) by (D4) and <C5)
=> > > P(Uns1 <t, Vip=m; VYp € n—1];

N>1n>1 (ig, in_1)EL (i,n—1)

VN+n:mj, Tk+1—1:N+’n, VN = m;, Tk—].:N)

where #(i,n — 1) £ {(i1,... in—1): ip #ip—1 and m;, ¢ V;* Vp € [n — 1]} with convention ig = i
=Y P(Vy=my, Ty —1=N)
N>1
qv(i, 1) Y Blis72)  qplin—2,7n-1) @(in—1,7)
. — (1 —exp(—qgp(2)t - e . -
2 2 (e (Can) TS Wlin2)  alin1)

n21 (i1, in-1)€5(i,n—1)

using (C.5)

N>1
> qb;:éz’i)l) (1 —exp (- qb(z')t)) D P (m1) = n 1, Ssyy (ma) = my).
in#i =t

In the last line of the display above, we adopt the notations in part (i) and let S, (v) be a Markov
chain with initial value So(v) = v and transition kernel P(S,+1 = m;|S, = m;) = ¢ (4, 5)/q ().
Furthermore, let 7°(v) = min{n > 0: S,(v) € V;*} be the hitting time of any state in V;*. Now,
observe that

P(Uk+1 < t, Vk—i—l = mj, Vk = m,-)

= Z P(VN = my, Tk —1= N) . Z Qb(i,i1) (1 — exp ( — qb(i)t)>0b(mj|mil)

N>1 11 E€[Mmin]: 1171 Qb(Z)
=Y Py =my, Tu—1=N) -, ) - (1 —exp (- qb(i)t)> with 7*/(-, ) defined in (D.7)
N>1

=, j) - (1 —exp (— Qb(i)t)> PV, = mi).

This verifies P(Upy1 < t, Virr = my | Ve = my) = 7*I(3, 5) - (1 — exp(—gy(i)t)). Through (D.6) we
conclude the proof of (D.8). O
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E Technical Lemmas for Measures C*)" and First Exit Anal-
ysis

This section collects useful results established in [34] for the measure C*)®(.) defined in (2.14).
Throughout this section, we impose Assumptions 2, 3, and 5 on some I = (Sicft, Sright) Where Sjee <
0 < Syight, and fix some b > 0 such that sief/b ¢ Z and syigni /b ¢ Z. With this, for | = inf ¢ |z| =
|steft| A Sright We have I > (J; — 1)b. This allows us to fix, throughout this section, some € > 0 small
enough such that

€€ (0,1AD), 1> (J) —1)b+ 3e. (E.1)
Next, for any € € (0, €), let
t(e) £ min {t >0: yi(Siers +€) € [—€, €] and Yi(Sright — €) € [—¢, e]} (E.2)

for the ODE y;(x) defined in (2.11). Also, recall that I. £ (Siefc + €, Sright — €) is the e-shrinkage of
set 1. We use I. = [Sieft + €, Sright — €] to denote the closure of I.. Then, the definition of £(-) implies

yi(y) € [—e,¢]  Vyel, t>t(e). (E.3)

Lemma E.1 (Lemma D.2 of [34]). Let Assumptions 2, 3, and 5 hold. Let € € (0,b) be defined as in
(E.1). For any |y| > (" — 1)b+ € such that v/b ¢ Z,

G ({}) = 0.

Lemma E.2 (Lemma D.3 of [34]). If Assumptions 2, 3, and 5 hold, then C72)IP(I¢) € (0, 00).

Lemma E.3 (Lemma D.4 of [34]). Let Assumptions 2 and 5 hold. Let € € (0,b) be defined as in
(E.1). Given any open interval S C R, let

rs = inf{|z|: x € S}, ds = [rs/b].
Ifds > k and rg — (dg — 1) - b > € for some positive integer k, then

CPIb(5) >0 — dg = k.

Next, we collect a few useful results in [34] regarding the behavior of X;"b(a:) before exiting from
(some subset of) I or returning to the neighborhood of the origin. The proofs hinge on the sample
path large deviations developed in Result 1. Specifically, let 77°(n) = min{n > 0: 5|Z,| > 0} be the
arrival time of the first Z,, with n|Z,| > ¢ (i.e., the first “large” noise). The next result states that it
is unlikely for X7 () to take long before exiting from I, or returning to (—¢, €).

Lemma E.4 (Lemma 4.4 of [34]). Let Assumptions 1, 2, 3, and 5 hold. Given any k > 1 and
€ (0,€), it holds for all T > k - t(e/2) that

. 1 b .
lim sup ———P(X"P(2) € I\ (=e,e) Vj<T/n)=0
0 Ler- ()\(77))’“ 1 ( J )

where X(n) = n~1P(|Z] > n~1).
Let R!"(2) £ min {i=0: X;”b(ac) € (—€,€)} be the first time X;ﬂb(:ﬂ) returned to the e-

neighborhood of the origin. The next result verifies that, initialized within the attraction field I,
ijb(x) would return to (—e, €) efficiently with high probability.
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and

Lemma E.5 (Lemma 4.5 of [34]). Let Assumptions 1, 2, 3, and 5 hold. Let t(-) be defined as in (E.2)

E(n,e,x) A {Rzﬂb(z) < t(f/Z)

=5 X € 1 Vi < R (@) }.
For each € € (0,€) we have limyosup, ;- P((E(n, e,m))c) =0.

is some 6 > 0 such that

Lastly, we show that it is unlikely for X;-”b(x) to deviate far from the origin without any “large”
Zy. Again, the proof makes heavy use of results in [34].
Lemma E.6. Let Assumptions 1, 2, 3, and 5 hold. Given any € € (0,€) and positive integer N, there

hf& sup P(X;]lb(a:) ¢ (—e,¢) for some j < 7’1>5(77)) /77N =0 V6 € (0,0).
n ze(-5,5)
Proof. Note that the values of a(-) and o(-) outside of [—¢, €] C [—€, € has no impact on the first exit

time from (—e, €) when starting from (—e/2,¢/2). In light of Kssumption 3, by modifying the values
of a(+) and o(-) outside of [—€, € we can assume w.l.o.g. the existence of some 0 < ¢ < C' < oo that
inf o(x) > ¢, supo(z) Vla(z)| < C.

zE€R

A

(E.4)

z€R

For any r > 0, let T)'(z) = min{j > 0 : X;ﬂb(x) ¢ (—r,r)}. Due to the monotonicity in

7'1>5,(77) < 77%(n) for any 0 < &’ < 4§, it suffices to show that for any positive integer N and any small
enough € > 0, there is some 6 = §(N, €) > 0 such that

limsup sup P(T3.(z) < 7'1>5(77))/77N =0

nd0  z€(—¢,€)

(E.5)
Fix some 8 > « where a > 1 is specified in Assumption 1. Also, pick some 6 € (0,5 — «). Applying
Lemma 4.6 (i) of [34], we see that the claim P(7°(n) > 1/n°) = o(exp(—1/n°)) (as n ] 0) holds for
any § > 0. Also, note that 7{ %(n) only takes integer values, and observe that
{To(a) <770} SA{ToL(2) < 77°(n) < 1P} U {770 (n) > 1/n°}.
Therefore, to prove (E.5) we only need to find some ¢ > 0 such that

sup )P(Tzne(x) <7(n) < [1/9°]) = oY) asnlo. (E.6)
reE(—e€,€
Recall the definition of t(e) in (E.2). Let t £ t(¢/2) < oo and K(n) = |

[1/n°]
K(n) = O(1/n°~1). Next, we fix some ¢ > 0 small enough such that 2exp(tD)¢ < €/2, with D < oo
being the Lipschitz constant in Assumption 2. Define events

7] 1. Note that
Ao 2

J
max n‘ )
(k’—l)[%J+1§J'SH%J/\(71>6(TI)—1) i=(k—1)| L ]+1

o (XM (2)) Z;

)

For any = € (—¢,€), any 6 € (0, 5) and any 1 € (0, § A %3) (where C is specified in (E.4)), on event
Ai(n, ) we observe the following facts. First, from part (b) of Lemma 3.7 in [34],

sup

b
‘yns(m) - X[ISU
s<tn(ro(m-1)

(x)‘ < exp(tD)e+ exp(tD)nC < 2exp(tD)e < ¢/2
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due to our choice of 7 and € above. Next, by Assumption 5, we have ys(x) € (—€,e) Vs > 0 and
yi(z) € (—€/2,¢/2). Combining these two facts, we get that Xglb(x) for all s < [t/n] A (77°(n) — 1)
and, in case that 77°(n) > |t/n], we must have X@?nl (z) € (—e€,€). By repeating this argument
inductively for k = 2,3,--- K (n), we can see that for any z € (—e,¢), any § € (0, %), and any
n € (0, & A%4), it holds on event ﬂsz(rll) Ap(n, ) that

X(@) € (—2¢,2¢) Vi< [L/nP) A (70 (0) — 1) < K@)lt/n) A (770 () - 1).

b E/\b/\l)

As a result, for any = € (—¢,¢€), any 6 € (0, 55), and any 1 € (0, & A 55

K(n) c
sup P(T;]E(l‘) < 7'1>6(77)> < sup P( U (Ak(nal’)> )
zE€(—¢,€) zE€(—€,€) k=1
Lastly, due to part (a) of Lemma 3.3 of [34], the claim SUPke[K ()] supwe(_e,E)P((Zk(n,x))c) -
o(nN+8=1) holds for all § > 0 small enough, which leads to

ok )P(Ti(w) < Tfé(n)) < K(n)-o(N TPty <o /m"h) o) = o(n™).

This verifies claim (E.6) and concludes the proof. O

F Details of Experiments

F.1 Details of the R! simulation experiment

The function f used in the experiments is

f(@) = (2 +1.6)(z + 1.3)%(z — 0.2)(z — 0.7)%(z — 1.6)(0.05]1.65 — |)**
(1+ ! )(1+ ! )(1 L exp(—5(z + 0.8)( +08))) (1)
. — —exp(=5(z 8)(x . .
0.01 +4(z — 0.5)2 0.1 +4(z + 1.5)2 1P
—L mis, m» S, M3 S3 my L )
— iy I —
Qq Q> Q3 Qq
Figure F.1: Illustration of the test function f used in the R! experiment.
As shown in Figure F.1, the four isolated local minimizers of f are m; = —1.51,81 = —1.3,my =

—0.66,s2, = 0.2,m3 = 0.49,s3 = 0.7,m4 = 1.32, and in our experiment we restrict the iterates on
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[-L, L] with L = 1.6. The heavy-tailed noises we used in the experiment were Z,, = 0.1U,W,, where
W,, were sampled from Pareto Type II distribution (aka Lomax distribution) with shape parameter
a = 1.2, and the signs U,, were iid RVs such that P(U, = 1) =P(U,, = —-1) = 1/2.

In the first exit time experiment, we tested three different settings: (a) b = 0.28 (so that I* = 3);
(b) b= 0.5 (so that I* = 2); (c) no gradient clipping (so that I3 = 1). For the first case, we tested
learning rates {0.1,0.05,0.03,0.02,0.01,0.005,0.003,0.001}, while for the other two cases, we tested
learning rates {0.1,0.03,0.01,0.003,0.001,0.0003,0.0001}. For each case, we ran the simulation 20
times and plotted the average of the 20 exit times. Lastly, to prevent excessively long running time
of the experiment, the simulation was terminated when the iteration number reached 5 x 107. This
threshold was reached only in the setting with n = 0.001,b = 0.28.

1 é 14 o N é
Xn ( Xn o . e (
o i o S HCT SPURPIR SRENF S Rre:

1 = o é 1 T ’ é
Xn 0 . ( Xn 0 L . - .
N Mt e meal st gl L il s " N i 'fph“«n ‘* 3-’4«-0&)‘ F
N 1 PO é X 14 - N é
n 0 n 0 N * . e (
-1 o E -1 i - :' . .“‘ et ".- Bte g
) > é 1] ESrEa— *6-».,~G" A--Tg-,.-z
Xn g X ( Xn o JEERI .
PRTIE et e . .
_1 o 1| e 4 B ol i w0 1
1 YA 1 ® e 4
Xn o < Xn o] - R . <
1| et i _p | S b el pratanep i
S e - s oo
1 e o, é 14 . - é
Xn o < Xn o C o oo (
1 wh L o] et b e g S sasmsnti oot
00 02 04 06 08 1.0 00 02 04 06 08 1.0
Iteration number n le7 Iteration number n le7

Figure F.2: Five sample paths of SGD under heavy-tailed noises with gradient clipping (left) and
without gradient clipping (right). Note that in each case, SGD sample paths exhibit similar patters:
SGD almost completely avoided sharp minima with gradient clipping, whereas SGD spent significant
amount of time at the sharp minima without gradient clipping.

Next, we present extra sample paths of SGD when applied to function f in (F.1) in Figure F.2
and F.3. The blue curve on the right side of each plot shows f rotated by 90 degrees, and the
dashed lines indicate the locations of local minima. For better readability of the figures, we plotted
X, for every 5,000 iterations. To generate these plots, we initialized the SGD iterates at 0.3 (so
that it is in Q3 = (0.2,0.7)) and fixed the learning rate as n = 0.001. Again, we tested both with
gradient clipping (with b = 0.5) and without gradient clipping. Moreover, we also tested light-tailed
noises where we use N(0, 1) as the distribution for noises Z,. For each sample path of X,,, we run
10,000, 000 iterations. In the left plots of Figure F.2, one can see that with clipped heavy-tailed
stochastic gradients, the SGD iterates almost always stay around the wide attraction fields, and the
sharp minima are almost completely eliminated from the trajectories of SGD. In comparison, in the
right plots of Figure F.2 one can see that without gradient clipping, the heavy-tailed noises will drive
SGD to spend substantial amount of time in all the different local minima, including the sharp ones.
Lastly, from Figures F.3, one can see that under light-tailed noises and small learning rates, SGD
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Figure F.3: Five sample paths of SGD under light-tailed noises with gradient clipping (left) and
without gradient clipping (right). Note that regardless of the use of gradient clipping, SGD never
manages to escape the local minimum that it started from.

cannot escape a sharp minima once trapped there.

F.2 Details of the R? simulation experiment

As illustrated in the contour plot in Figure 4.1 (a), the function f in this experiment is a modified
version of Himmelblau function, a commonly used test function for optimization algorithm. The
modifications serve two purposes. First, as shown in Figure 4.1 (b), for the modified function the four
attraction fields €4, 0o, 03, Q4 have different sizes; in particular, under gradient clipping threshold
b = 2.15, from the local minimizers of 1 and s (indicated by red dots in the corresponding area)
at least two jumps are required to escape from the attraction field, while from the local minimizer in
Q3 or 24 it is possible to escape with one jump. Therefore, for the minimum jump number required
to escape, we have If =15 =2 >[5 = [} = 1 in this case. Second, for the modified test function f,
the local minimizer in )5 is not a single point but a connected line segment, which is indicated by
the dark line in bottom-left region in Figure 4.1 (a) and the red line segment in in Figure 4.1 (b).
Therefore, the modification allows us to test the heavy-tailed SGD methods on a more general loss
landscape.

Now we describe the construction of the test function f. Let h be the Himmelblau function
with expression h(z,y) = (22 +y — 11)® + (z + y* — 7)%. Next, define the following transformation

for coordinates: ¢(z,y) = (m(exp(co(x —¢z) + 1)), y(exp(co(x — ¢z) + 1)) Let the composition be

he(z,y) = h(qﬁ(m — ag, y)) To create the connected region of local minimizers, define the following
locally “cut” version of hg:

i(z,y) =z € [bi, bl [y — ay| < by},
W (z,y) = (1= i(z,y)hg(2,y) + i(z,y) min{he (2, y), cily —ay["}.
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In other words, by taking minimum of the original hy, and a polynomial function w.r.t. y around
the original local minimizer of €2, we obtain a function h* that attains local minimum on an entire
line segment with y = a,. Lastly, the test function we use in the experiment is f = 0.1~*, with
az =1.5,ay = —2.9,b = =5.5,b, = —0.5,by, =2.0,c0 = 0.4,¢; = 12.

In the experiment, we initialize the SGD iterates X at X = (2.9, 1.0), which is very close to the
local minimizer in the small attraction field Q3. For both the clipped and unclipped SGD, we perform
updates for 3 x 107 steps, under learning rate 5 x 10™* and heavy-tailed noise Z;, = 0.75W}, where the
iid samples W}, are isotropic and the law of |||, the size of the noise, is Pareto(1.2). For clipped
SGD, we use threshold b = 2.15. To prevent the iterates from drifting to infinity, after each update
X} is projected back to the Lo ball centered at origin with radius 4.2 whenever X} leaves this ball.

4 4
3 3
- L]
2 2
1 14 '
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1 _14 4
-2 -2
-3 — -3 ———
-4 88 i - : : : . -41 ; - : - : .
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(a) with gradient clipping (b) no gradient clipping

Figure F.4: Heat map of SGD iterates when optimizing the modified Himmelblau function.

In Figure F.4, we use the 3 x 107 steps of SGD iterates (for both the clipped and unclipped case)
to create heat maps showing locations of SGD iterates. From this figure, two points can be made
clear: first, the heavy-tailed SGD does spend much less time at the two small attraction fields when
gradient clipping is applied; second, in Q5 (the bottom-left attraction field) the SGD iterates frequent
the entire connected region of local minima instead of a certain point on this line segment.

F.3 Details of the ablation study

We first mention that the all experiments using neural networks are conducted on Nvidia GeForce
GTX 1080 Ti. For the ablation study, the experiments and scripts are adapted from the ones in [37].2.

In Figure F.5, we display the gradient noise distribution in the three tasks of the ablation study
after the model is randomly initialized.

The experiment setting and choice of hyperparameters are mostly adapted from the experiment
in [37]. We consider three different tasks: (1) training LeNet on corrupted FashionMNIST dataset;
specifically, we use a 1200-sample subset of the original FashionMNIST training dataset, and for 200
samples points in the training set we randomly assign a label instead of using the correct ones; (2)
VGG11 on SVHN dataset, where we use a 25000-sample subset of the training dataset; (3) VGG11
on CIFAR10, where we use the entire training set. For all tasks we use the entire test dataset when
evaluating test accuracy.

The heavy-tailed multipliers Z,, used in this experiment, whenever heavy-tailed noise is needed,
are Z,, = cW,, where W,, are iid Pareto(a) RVs. For each task, we first randomly initialize each model,

2https://github.com/uuujf/SGDNoise
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Table F.1: Test accuracy (percentage) and expected sharpness of different methods across different
tasks. The reported numbers are the averages and 95%CI over 5 replications.

Test accuracy LB SB SB + Clip SB + Noise Our 1 Our 2
FMNIST, LeNet 68.710.4 69.2£0.8 68.810.6 64.4£3.4 69.5£0.8 70.1+0.4
SVHN, VGG11 82.940.4 85.940.2 85.940.2 38.94+24.1 88.4+0.2 88.4+0.2
CIFAR10, VGGI11 69.440.5 74.440.4 74.440.8 40.54+25.1 75.7+£1.1 75.940.7
Expected Sharpness LB SB SB + Clip SB + Noise Our 1 Our 2
FMNIST, LeNet 0.032£0.006 0.008+0.001 0.009£0.001 0.047£0.02 0.003£0.0003 0.002+0.0002
SVHN, VGG11 0.694+0.048 0.037+£0.007 0.041+0.006 0.012+0.009 0.002+0.0007 0.00540.004
CIFAR10, VGGI11 2.043+0.083 0.050+0.013 0.039+0.019 2.046+2.4 0.024+0.005 0.037+£0.007

Table F.2: Hyperparameters for training in the ablation study

Hyperparameters FashionMNIST, LeNet SVHN, VGG11 CIFAR10, VGG11
learning rate 0.05 0.05 0.05

batch size for gsp 100 100 100

training iterations 10,000 30,000 30,000

gradient clipping threshold 5 20 20

c 0.5 0.5 0.5

@ 1.4 1.4 1.4

Table F.3: Sharpness of different methods across different tasks.

averages over 5 replications.

The reported numbers are the

PAC-Bayes Sharpness LB SB SB + Clip SB + Noise Our 1 Our 2
FashionMNIST, LeNet 5.9 x 10> 3 x 10° 3.3x10°  3.1x10° 1.9 x 10° 1.6 x 10°
SVHN, VGG11 297 x 10* 6.9x10% 7.3x10°  7.76 x 10% 2.1 x10® 2.3 x10°
CIFARI10, VGG11 4.87x10* 7.2x10° 6.8x10>° 6.74x10* 4.8 x10® 5.8x10°
Maximal Sharpness LB SB SB + Clip SB + Noise Our 1 Our 2
FashionMNIST, LeNet  1.01 x 10* 4.9 x 10° 54 x10° 5.4 x 103 3.2x10° 2.5 x10®
SVHN, VGG11 3.78 x 10* 9.1 x10® 9.3 x10° 1.19 x 10° 2.5 x 10® 2.8 x 10®
CIFAR10, VGG11 5.46 x 10* 85 x 10> 8x 10° 1.18 x 10° 5.8 x 10® 6.5 x 10°
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(a) Corrupted FashionMNIST (b) SVHN, VGG11 (c) CIFARLO, VGG11
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Figure F.5: Distribution of gradient noise in different tasks of the ablation study.
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Figure F.6: Test accuracy of the proposed clipped heavy-tailed methods vs. test accuracy of vanilla
SGD in the ablation study.

and then run the 6 candidate methods in parallel starting from the same randomly initialized model
weights for a fair comparison.

The hyperparameters in training for each task are listed in Table F.2. The same set of hyper-
parameters is used for all methods in the same task. Whenever gradient clipping scheme is applied,
we clip the gradient if its Ly norm exceeds the threshold given in Table F.2. The exception here
is the “SB + Noise” method: we use learning rate n = 0.005; for FashionMNIST task we train for
100,000 iterations and the heavy-tailed noise is removed for the final 50,000 iterations; for SVHN
and CIFARI10 tasks, we train for 150,000 iterations and heavy-tailed noise is removed for the last
70,000 iterations. Besides, for this method we always clip the model weights if its L., norm exceeds
1. The reason for the extra tuning and extended training in “SB + Noise” method is that, without
the said modifications, in all three tasks we observed that the model weights quickly drift to infinity
and explodes; even with the weight clipping implemented, the model performance stays at random
level with no signs of improvements if we do not tune down learning rate.

In Table F.3, we also report the sharpness of solutions under different shaprness metrics. First,
the PAC-Bayes Sharpness metric (see equation (53) in [13]) is defined as 1/0? where o is equal to the
smallest ¢ that induces a 0.1 expected sharpness, and reflects the sharpness/flatness parameter used
in studies on generalization gaps under the PAC-Bayes framework (see [23]). Besides, the Mazimal
Sharpness metric (see equation (54) in [13]) is defined as 1/0? where o is equal to the smallest radius
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Table F.4: Results and 95% CI in the experiments with data augmentation.
Test Accuracy SB + Clip Our1 Our 2
CIFARI10, VGGI11 89.5+0.2 90.7+0.1 90.5+0.2
CIFARI100, VGG16  56.3£0.3 65.4+1.2 63.0+2.5
Expected Sharpness SB + Clip  Our 1 Our 2
CIFARI10, VGG11 0.17+£0.005 0.09+0.004 0.10+£0.003
CIFAR100, VGG16  0.86+0.02  0.444+0.05 0.48+0.07

Table F.5: Sharpness of solutions obtained by different methods in CIFAR10/100 tasks with data
augmentation. Numbers reported here are the average of 5 replications.

CIFAR10-VGG11 SB + Clip Our1 Our 2
Expected Sharpness 0.167 0.085 0.096
PAC-Bayes Sharpness 1.31 x 10* 9 x 103 104
Maximal Sharpness 1.66 x 10*  1.29 x 104 1.22 x 104
CIFAR100-VGG16 SB + Clip Our 1 Our 2
Expected Sharpness 0.857 0.441 0.479

PAC-Bayes Sharpness 2.49 x 10* 1.9 x 10*  1.98 x 10*
Maximal Sharpness 2.75 x 104 2.12 x 10* 2.16 x 10*

¢ that makes max), | <5 |L(6" +v)— L(0")| > 0.1, and metrics of form max, <5 |L(0" +v) — L(07)]
can be considered as a proxy for the spectral norm of the Hessian at the solution (see [2]). It worth
noticing that, for all three sharpness metrics, the smaller the value is the ”flatter” the loss landscape
is around the solution. Lastly, for evaluation of the PAC-Bayes Sharpness and Maximal Sharpness
metrics, we conduct binary search as in Algorithm 2 of [13] with ¢; = 0.01,¢, = 0, M; = 10 and
My = 100; in our setting we always evaluate the training loss using one sweep of the entire training
set, so M3 is a case-specific and is equal to the number of batches of the training set under the batch
size for the task at hand.

In Figure F.6, we plot the test accuracy of our method against that of the SGD for all 5 replications
and 3 tasks.

F.4 Details of CIFAR10/100 experiments with data augmentation

For both methods, we train the model for 300 epochs and set the initial learning rate as 0.1. In our
method, the training can be partitioned into two phases. In the first phase (the first 200 epochs), the
learning rate is kept at a constant. In the second phase, for every 30 epoch we reduce the learning rate
by half. Also, an Lo weight decaying with coefficient 5 x 10~ is enforced. As for parameters for heavy-
tailed noises in (5.1), we use ¢ = 0.5 and « = 1.4 in the first phase, and in the second phase we remove
heavy-tailed noise and use SB to update weights. In both methods for the small-batch direction gsp
the batch size is 128, while for grp we evaluate the gradient on a large sample batch of size 1,024.
Under the epoch number 300 and batch size 128, the count of total iterations performed during training
is 1.17 x 10°. To augment the dataset, random horizontal flipping and cropping with padding size 4 is
applied for each training batch. Lastly, gradient clipping scheme is applied for both methods, and we
fix b = 0.5. In other words, when the learning rate is 7 (note that due to the scheduling of learning
rates, n will be changing throughout the training), the gradient is clipped if its Lo norm is larger than
b/n. The scripts are adapted from the ones in https://github.com/chengyangfu/pytorch-vgg-cifarl0.

These results are presented in Table 5.2. Furthermore, in Table F.5 we see that our truncated
heavy-tailed method also manages to find solutions with a flatter geometry.
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https://github.com/chengyangfu/pytorch-vgg-cifar10

	Introduction
	Preliminaries
	Sample Path Large Deviations for Heavy-Tailed Dynamical Systems
	First Exit Analysis for Heavy-Tailed Dynamical Systems

	Global Dynamics of Heavy-Tailed SGDs
	Problem Setting
	Sample Path Convergence

	Simulation Experiments
	Deep Learning Experiments: An Ablation Study
	Technical Lemmas for Theorem 3.2
	Proof of Theorems 3.2 and 3.3
	Proof of Propositions B.1 and B.2
	Properties of the Markov Jump Process Y*|b
	Technical Lemmas for Measures (k)|b and First Exit Analysis
	Details of Experiments
	Details of the R1 simulation experiment
	Details of the Rd simulation experiment
	Details of the ablation study
	Details of CIFAR10/100 experiments with data augmentation


