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Abstract

This paper introduces a novel framework that connects large deviations and metastability anal-
ysis in heavy-tailed stochastic dynamical systems. Employing this framework in the context of
stochastic difference equations X', (z) = X(z) 4+ na(X](x)) + no (X' ()) Z;4+1 and its varia-
tion with truncated dynamics, X?_‘,_bl (z) = X;-”b(x) + v (na(X]mb(x)) + nU(X;-"b(m))ZjH), where
ov(z) = (x/|z]) max{|x|,b}, we first establish locally uniform sample path large deviations and
then translate such asymptotics into a precise characterization of the joint distribution of the first
exit time and exit location. As a result, we obtain the heavy-tailed counterparts of the classi-
cal Freidlin-Wentzell and Eyring-Kramers theorems. Our large deviations asymptotics are sharp
enough to identify how rare events arise in heavy-tailed dynamical systems and characterize the
catastrophe principle. Moreover, it also unveils the discrete hierarchy of phase transitions in the
asymptotics of the first exit times and locations under truncated heavy-tailed noises. Our results
in this paper open up the possibility of systematic analysis of the global dynamics of heavy-tailed
stochastic processes. In the appendix, we also present the corresponding results for the Lévy
driven SDEs.

Contents
1 Introduction

2 Main Results

2.1 Uniform M(S\ C)-Convergence . . . . . . .. ...
2.2 Heavy-Tailed Large Deviations . . . . . . . . . . . .. .. . . ...,
2.2.1 Sample-Path Large Deviations . . . . . .. .. .. ... ... .. ........
2.2.2  Catastrophe Principle . . . . . . . . . ...
2.3 Metastability Analysis . . . . . . .. L
2.3.1 First Exit Times and Locations . . . . . . . . .. .. ... ... ... ...,
2.3.2  General Framework: Asymptotic Atoms . . . . . . ... ... L.

Uniform M-Convergence and Sample Path Large Deviations

3.1 Proof of Theorem 2.2 . . . . . . . . . . . . . e

3.2 Technical Lemmas for Theorems 2.3 and 2.4 . . . . . . . . ... . ... ... ......

3.3 Proofs of Theorems 2.3 and 2.4 . . . . . . . . . . . . . . e
3.3.1 Proof of Theorem 2.3 . . . . . . . . . . . . . oo
3.3.2 Proof of Theorem 2.4 . . . . . . . . . . . .. oo
3.3.3 Proof of Proposition 3.11 . . . . . . .. ... L



4 Metastability Analysis 45

4.1 Proof of Theorem 2.9 . . . . . . . . . . . e 45
4.2 Proof of Theorem 2.6 . . . . . . . . . . . . e e 50
A Results under General Scaling 61
B Results for Lévy-Driven Stochastic Differential Equations 62
B.1 Sample Path Large Deviations . . . . .. . ... .. ... .. . 63
B.2 Metastability Analysis . . . . . . . . L 65
C Properties of Mappings EE(};)T] and Bfg)Tll]) 65
D Technical Results for Metastability Analysis 72

1 Introduction

The analysis of large deviations and metastability in stochastic dynamical systems has a rich history
in probability theory and continues to be a vibrant field of research. For instance, the classical
Freidlin-Wentzell theorem (see [62]) analyzed sample-path large deviations of Ité diffusions, and over
the past few decades, the theory has seen numerous extensions, including the discrete-time version
of Freidlin-Wentzell theorem (see, e.g., [45, 38]), large deviations for finite dimensional processes
under relaxed assumptions (see, e.g., [20, 24, 23, 1, 25]), Freidlin-Wentzell-type bounds for infinite
dimensional processes (see, e.g., [12, 13, 37]), and large deviations for stochastic partial differential
equations (see, e.g., [61, 15, 57, 44]), to name a few. On the other hand, the exponential scaling and the
pre-exponents in the asymptotics of first exit times under Brownian perturbations were characterized
in the Eyring-Kramers law (see [27, 40]). There have been various theoretical advancements since these
seminal works, such as the asymptotic characterization of the most likely exit path and the exit times
for Brownian particles under more sophisticated gradient fields (see [43]), results for discrete-time
processes (see, e.g., [39, 14]), and applications in queueing systems (see, e.g., [60]). For an alternative
perspective on metastability based on potential theory, which diverges from the Freidlin-Wentzell
theory, we refer the readers to [9].

While such developments provide powerful means to understand rare events and metastability of
classical light-tailed systems, they often fail to provide useful bounds when it comes to the heavy-
tailed systems. As shown in [32, 34, 35, 33], when the stochastic processes are driven by heavy-tailed
noises, the exit events are typically caused by large perturbations of a small number of components.
This is in sharp contrast to the light-tailed counterparts where rare events typically arise via smooth
tilting of the nominal dynamics. Due to such a stark difference in the mechanism through which rare
events arise, heavy-tailed systems exhibit a fundamentally different large deviations and metastability
behaviors and call for a different set of technical tools for successful analysis.

In this paper, we build a general framework for asymptotic analysis of heavy-tailed dynamical
systems by developing a set of machinery that uncovers the interconnection between the large devi-
ations and the metastability of stochastic processes. Building upon this framework, we characterize
the sample-path large deviations and metastability of heavy-tailed stochastic difference equations (and
stochastic differential equations in the appendix), thus offering the heavy-tailed counterparts of Frei-
dlin—-Wentzell and Eyring—Kramers theory. More precisely, the main contributions of this article can
be summarized as follows:

e Heavy-tailed Large Deviations: We establish sample-path large deviations for heavy-tailed
dynamical systems. We propose a new heavy-tailed large deviations formulation that is locally
uniform w.r.t. the initial values. We accomplish this by formulating a uniform version of M(S\C)-
convergence [42, 56]. Our large deviations characterize the catastrophe principle (also known
as the principle of big jumps), which reveals a discrete hierarchy governing the causes and



probabilities of a wide variety of rare events associated with heavy-tailed stochastic difference
equations. Moreover, this new formulation of the heavy-tailed large deviations paves the way to
the analysis of local stability and global dynamics.

e Metastability Analysis: We establish a scaling limit of the exit-time and exit-location for
stochastic difference equations. We accomplish this by developing a machinery for local stability
analysis of general (heavy-tailed) Markov processes. Central to the development is the concept of
asymptotic atoms, where the process recurrently enters and asymptotically regenerates. Lever-
aging the locally uniform version of sample-path large deviations over such asymptotic atoms,
we obtain sharp asymptotics of the joint distribution of the (scaled) exit-times and exit-locations
for heavy-tailed processes. Notably, this complements the investigation of the exit times under
the truncated dynamics, which was first analyzed in [35] in the context of Weibull tails.

In a companion paper [64], we show that the above framework is powerful enough to identify a scaling
limit and characterize the global behavior of the heavy-tailed dynamical systems over a multi-well
potential at the process level. In particular, the scaling limit is a Markov jump process whose state
space consists of the local minima of the potential; under the truncated dynamics, the state space
consists of only the widest minima. This demonstrates that the truncation changes the global dynamics
of the dynamical systems qualitatively compared to the untruncated counterparts; see [21, 29]. These
findings systematically characterize a curious phenomena that the truncated heavy-tailed processes
avoid narrow local minima altogether in the limit. As a result, it can be shown that the fraction
of time such processes spend in the narrow attraction field converges to zero as the step-size tends
to zero. Precise characterization of such phenomena is of fundamental importance in understanding
and further improving the curious effectiveness of the stochastic gradient descent (SGD) algorithms
in training deep neural networks.

In this paper, we focus on the class of heavy-tailed phenomena captured by the notion of regular
variation. To be specific, let (Z;);>1 be a sequence of iid random vectors in R™ such that EZ; = 0
and P(||Z;|| > x) is regularly varying with index —a as & — oo for some « > 1. That is, there exists
some slowly varying function ¢ such that P(||Z;|| > z) = ¢(x)x~*. For any n > 0 and x € R™, let
(X;](a:))PO be the solution of the following stochastic difference equation

XJ(z) = =; X (x) = X](x) + na(X] (x) +no (X} (x)) Zj1 Vj>0. (1.1)
Throughout this paper, we adopt the convention that the subscript denotes the time, and the super-
script 7 denotes the scaling parameter that tends to zero. Furthermore, we also consider a truncated
variation of X7, ,(x) which is arguably more relevant when Z;’s are heavy-tailed. Specifically, let
©p(+) be the projection operator from R™ onto the closed ball centered at the origin with radius b.

Define (X;’lb(a:))j>0 with the following recursion:
Xglb(w) =x; X;-]Jlrbl(gc) = X;.”b(a:) + oy (na(X?‘b(w)) + no'(X;-”b(:c))ZjH) Vi >0. (1.2)

In other words, X;-]lb(:c) is a modulated version of X]” (x) where the distance traveled at each step
is truncated at b. Such dynamical systems arise in the training algorithms for deep neural networks,
and their global dynamics has a close connection to the curious ability of SGDs to regularize the
deep neural networks algorithmically. See, for example, [63] and the references therein for more
details. Note that (1.1) and (1.2) can be viewed as discretizations of small noise SDEs driven by Lévy
processes. All the results we establish for (1.1) and (1.2) in this paper can also be established for the
stochastic differential equations driven by regularly-varying Lévy processes through a straightforward
adaptation of the machinery we develop in this paper. Note that although (1.1) and (1.2) are probably
the most natural scaling regime, more general scaling can be considered. In Appendix A, we present



the corresponding results under more general scaling regimes, i.e.,
XJ(x) =z,  X](x)=X] (x) +na(X]  (z)) +no(X] i (x)Z; Vj=1;

xP@) =2,  X"@) = X" () + o (na(Xy',”l(m)) + nva(X;"fl(m))Zj) Vi > 1.
with some > 0. Similar results hold for Lévy-driven SDEs, which are summarized in Appendix B.

At the crux of this study is a fundamental difference between light-tailed and heavy-tailed stochas-
tic dynamical systems. This difference lies in the mechanism through which system-wide rare events
arise. In light-tailed systems, the system-wide rare events are characterized by the conspiracy princi-
ple: the system deviates from its nominal behavior because the entire system behaves subtly differently
from the norm, as if it has conspired. In contrast, the catastrophe principle governs the rare events in
heavy-tailed systems: catastrophic failures (i.e., extremely large deviations from the average behavior)
in a small number of components drive the system-wide rare events, and the behavior of the rest of
the system is indistinguishable from the nominal behavior.

The principle of a single big jump, a special case of the catastrophe principle, has been discussed
in the heavy-tail and extreme value theory literature for a long time. That is, in many heavy-tailed
systems, the system-wide rare events arise due to exactly one catastrophe. This line of investigation
was initiated in the classical works [46, 47]. The summary of the subsequent developments in the
context of processes with independent increments can be found in, for example, [7, 22, 26, 28]. The
principle of a single big jump has been rigorously confirmed for random walks in the form of heavy-
tailed large deviations at the sample-path level in [31]. More recently, [56] established a fully general
catastrophe principle, which goes beyond the principle of a single big jump and characterizes the rare
events driven by any number of catastrophes for regularly varying Lévy processes and random walks.
For example, let D denote the space of cadlag functions over [0, 1], let S; L2214+ Z; denote a
mean-zero random walk, and let S™ £ {S[,s)/m : t € [0,1]} denote a scaled version of S;. Suppose
that Z;’s have a regularly varying tail with index « as above. Then, the sample path large deviations
established in [56] takes the following form: for “general” B € D,

o ... P(S"eB)
0 < Cx(B°) < liminf == (14)
P(S" € B) |

S Hmsup sz s e = CrlBT) <o
where k is the minimal number of jumps that a step function must possess in order to belong to B,
Ci(+) is a measure on D supported on the set of step functions with & or less jumps, and B°® and B~
are the interior and closure of B, respectively. Here, k, as a function of B, plays the role of the infimum
of rate function over B in the classical light-tailed large deviation principle (LDP) formulation. See
also [5] where asymptotic bounds similar to (1.4) were obtained for random walks under more general
scaling.

Note that in contrast to the standard log-asymptotics in the classical LDP framework, (1.4) pro-
vides exact asymptotics. This formulation provides a powerful framework in heavy-tailed contexts; for
instance, this formulation has enabled the design and analysis of strongly efficient rare-event simula-
tion algorithms for a wide variety of rare events associated with S™, as demonstrated in [18]. Moreover,
[56, Section 4.4] proves that it is impossible to establish the classical LDP w.r.t. J; topology at the
sample-path level for regularly varying Lévy processes. On a related note, it is worth mentioning that
by relaxing the upper bound of the standard LDP, an alternative formulation known as ”extended
LDP” was proposed in [8], and such a formulation is also feasible for heavy-tailed processes; see, for
example, [6, 2, 3]. However, the extended LDP only provides log-asymptotics. For regularly varying
processes, it is often desirable and possible to obtain exact asymptotics; for example, the extended
LDP wouldn’t suffice for analyzing the strong efficiency of the aforementioned rare-event simulation
algorithm in [18]. We will also see that exact asymptotics are crucial in Section 2.3 and Section 4
for sharp exit time and exit location analysis. In fact, it demands an even stronger version of (1.4),



which we will introduce in (1.5) shortly. Below, we describe the main contributions of this paper in
greater detail.

Large Deviations for Heavy-Tailed Dynamical Systems. The first contribution of this paper
is to characterize the catastrophe principle for a general class of heavy-tailed stochastic dynamical
systems in the form of a “locally uniform” heavy-tailed large deviations at the sample-path level. This
turns out to be the right large deviations formulation for the purpose of the subsequent metastability
analysis. To be specific, let X[Y(]),1] (x) = {Xft/nj (k) : t € [0,1]} be the time-scaled version of
the sample path of XJ"(:I;) embedded in the continuous time, and note that X [%71] (z) is a random
element in D. As 7 decreases, X[%,u (z) converges to a deterministic limit {y:(x) : ¢ € [0, 1]}, where

dy:(z)/dt = a(y:(x)) with initial value yo(x) = x. Let B C D be a Borel set w.r.t. the J; topology
and A C R™ be a compact set. We establish the following asymptotic bound for each k:

infpea P(X}) )(z) € B)

inf C®(B°; x) < lim inf

k
zcA nl0 (’771P(HZ1|| > ,771)) 5)
sup,c 4 P(X{ ,;(x) € B '
< limsu < P 10.1] ) < sup C™W (B~ x).

P —1 1)\ ¢~
740 (n='P(| Z1]| > n~ 1)) zcA

The precise statement and the definition of C*) can be found in Theorem 2.3 and Section 2.2.1, but
here we just point out that the index k that leads to non-degenerate upper and lower bounds in (1.5)
is the minimum number of jumps that needs to be added to the path of y;(x) for it to enter the set
B given & € A. Such a k dictates the precise polynomial decay rate of the rare-event probability and
corresponds to the infimum of rate function of the classical large deviations framework. Note also that
as the set A shrinks to an atom, the upper and lower bounds in (1.5) become tighter, and hence, (1.5)
is a locally uniform version of the large deviations formulation in (1.4). An important implication of
(1.5) is a sharp characterization of the catastrophe principle. Specifically, Section 2.2.2 proves that
the conditional distribution of X [7(7))1] (z) given the rare event of interest converges to the distribution
of a piecewise deterministic random function X ‘*B(m) with precisely k£ random jumps whose sizes are
bounded from below:

Z(X!

0@ X[ (®) € B) = Z(X[p()).

[0,1

Note that the perturbation associated with Z; is modulated by no (X, (z)). Hence, the jump size
associated with Z; being bounded from below implies that Z; is of order 1/n. This confirms that the

rare event {X [" (x) € B} arises almost always because of k catastrophically large Z;’s, whereas the

0,1
rest of the systen]1 is indistinguishable from its nominal behavior.

The notion of M(S \ C)-convergence, introduced in [42] and further developed in [56], was a key
technical tool behind (1.4). In this paper, we introduce a uniform version of the M(S\ C)-convergence
to establish the uniform asymptotics in (1.5) and prove an associated Portmanteau theorem (The-
orem 2.2) in Section 2.1. These developments form the backbone that supports our proofs of the

uniform sample-path large deviations in (1.5). Furthermore, we also establish the locally uniform
asymptotics for the truncated dynamics X;”b(x) in Theorem 2.4. As Section 2.3 elaborates, such

large deviations of X;-”b(x) leads to exit times and locations with structurally different asymptotic
limits compared to those associated with X7/ (z).

Metastability Analysis. The second contribution of this paper is the first exit-time analysis for
heavy-tailed systems. The first exit time problem finds applications in numerous contexts, including
chemical reactions [40], physics [16, 17], extreme climate events [52], mathematical finance [59], and
queueing systems [60]. A classical result in this literature is the Eyring-Kramers law [27, 40], which
characterizes the exit time of Brownian particles; see also [43]. In the light-tailed context, a rich set
of systematic tools for exit-time analysis are available [49, 10, 11, 9].



Unlike in the light-tailed context where dynamical systems are driven by Brownian noise, the
exit times of the heavy-tailed Lévy-driven SDEs exhibit fundamentally different characteristics, and
their successful analysis is a relatively recent development [32, 33]. These results were extended to
the higher dimensional settings in [34, 50, 21]. More recently, motivated by the discovery of heavy
tails in the stochastic gradient descent algorithms in machine learning literature, stochastic difference
equations driven by a-stable noises are investigated extensively; see, for example, [48, 4]. The exit
times characterized in this line of research is a manifestation of the principle of a single big jump in
the context of the exit times of the stochastic dynamical systems. In contrast, our focus in this paper
is to build a systematic tool that facilitates the analysis of the exit times even when they are driven
by multiple big jump events as in the case of X]mb(x). Indeed, we characterize the asymptotics of the
joint law of the first exit time and the exit location for heavy-tailed processes.

We consider (1.1) with drift coefficients a(-) = —VU(-) for some potential function U € C*(R™).
Specifically, let I C R? be some open and bounded set containing the origin. Suppose that the entire
domain [ falls within the attraction field of the origin in the following sense: for the ODE path
dyi(z)/dt = —VU (ys(x)) with initial condition yo(x) = @, it holds that lim; ,. y:(x) = 0 for all
x € I. As a result, when initialized within I, the deterministic process will be attracted to and be
trapped around the origin. In contrast, under the presence of random perturbations, although X]"(a:)

and X;”b(m) are attracted to the origin most of the times, they will eventually escape from I if one
waits long enough. Of particular interest are the asymptotics of the first exit time as n — oo. Theorem
2.6 establishes that the joint law of the first exit time 77°(x) = min{j > 0 : X;”b(:n) ¢ I} and the

exit location X7”(x) 2 X" (x) admits the following limit (for all € I):

Tnlb ()
(M) -7 @), X7@)) = (B,W)  asnlo (1.6)

with some (deterministic) time-scaling function A/ (n). Here, E is an exponential random variable
with the rate parameter 1, and V}, is some random element independent of E and supported on €.
The exact law of Vj, and the definition of A/ (n)) are provided in Section 2.3.1. Here, we note that A/ ()
is regularly varying with index —[1 + J(a — 1)], where J; is the “discretized width” of domain I
relative to the truncation threshold b; see (2.33) for the precise definition. Intuitively speaking, jbl
is the minimal number of jumps of size b to escape from I, and hence, the wider the domain I is,
the longer the exit time T"‘b(:c) will be asymptotically. Theorem 2.6 also obtains the first exit time
analysis for X]"(:L') by considering an arbitrarily large truncation threshold b ~ oc.

Our approach hinges on a general machinery we develop in Section 2.3.2. At the core of this
development lies the concept of asymptotic atoms, namely, nested regions of recurrence at which the
process asymptotically regenerates upon each visit. Our locally uniform sample-path large deviations
then prove to be the right tool in this framework, empowering us to simultaneously characterize the
behavior of the stochastic processes under all the initial values over the asymptotic atoms.

It should be noted that [35] also investigated the exit events driven by multiple jumps. How-
ever, the mechanism through which multiple jumps arise in their context is due to a different tail
behavior of the increment distribution that is lighter than any polynomial rate—more precisely, a
Weibull tail—and it is fundamentally different from that of the regularly varying case. Along with the
aforementioned results [32, 33, 34] for regularly varying SDEs, [35] paints interesting picture of the
hierarchy in the asymptotics of the first exit times. See [36] for the summary of such hierarchy. Our
results complement the picture and provide a missing piece of the puzzle by unveiling the precise effect
of truncation in the regularly varying cases. In particular, we characterize a discrete structure of phase
transitions in (1.6), where we find that the first exit time 77/°(z) is (roughly) of order 1/n!+J-(e=1)
for small 7). This means that the order of the first exit time 77°(z) does not vary continuously with
b; rather, it exhibits a discrete dependence on b through JbI .

Some of the results in Section 2.3 of this paper have been presented in a preliminary form at
a conference [63]. The main focus of [63] was the connection between the metastability analysis



of stochastic gradient descent (SGD) and its generalization performance in the context of training
deep neural networks. Compared to the brute force approach in [63], the current paper provides
a systematic framework to characterize the global dynamics for significantly more general class of
heavy-tailed dynamical systems.

The rest of the paper is organized as follows. Section 2 presents the main results of this paper.
Section 3 and Section 4 provide the proofs of Sections 2.1, 2.2, and 2.3. Results for SDEs driven by
Lévy processes with regularly varying increments are collected in Appendix B. Results for stochastic
difference equations under more general scaling regimes are presented in Appendix A.

2 Main Results

This section presents the main results of this paper and discusses their implications. Section 2.1
introduces the uniform version of M(S \ C)-convergence and presents an associated portmanteau
theorem. Section 2.2 develops the sample-path large deviations, and Section 2.3 carries out the
metastability analysis. All the proofs are deferred to the later sections.

Before presenting the main results, we set frequently used notations. Let [n] = {1,2,--- ,n} for
any positive integer n. Let N = {0,1,2,-- -} be the set of non-negative integers. Let (S, d) be a metric
space with .5 being the corresponding Borel o-algebra. For any £ C S, let E° and E~ be the interior
and closure of E, respectively. For any r > 0, let E" =2 {y € S: d(E,y) < r} be the r-enlargement
of a set E. Here for any set A C S and any z € S, we define d(4,7) £ inf{d(y,z) : y € A}.
Also, let E, = ((E€)")¢ be the r-shrinkage of E. Note that for any E, the enlargement E" of E is
closed, and the shrinkage F, of E is open. We say that set A C S is bounded away from another set
B C S if infyea,yep d(z,y) > 0. For any Borel measure £ on (S, %), let the support of u (denoted
as supp(u)) be the smallest closed set C' such that u(S\ C) = 0. For any function g : S — R, let
supp(g) = ({z €S: g(z) # 0}) . Given two sequences of positive real numbers (z,,)n>1 and (yn)n>1,
we say that x, = O(y,) (as n — o0) if there exists some C € [0,00) such that =, < Cy, Vn > 1.
Besides, we say that x, = o(y,) if lim, o %, /yn = 0.

2.1 Uniform M(S \ C)-Convergence

This section extends the notion of M(S \ C)-convergence [42, 56] to a uniform version and prove an
associated portmanteau theorem. Such developments pave the way to the locally uniform heavy-tailed
sample-path large deviations.

Specifically, in this section we consider some metric space (S,d) that is complete and separable.
Given any Borel measurable subset C C S, let S\ C be a subspace of S equipped with the relative
topology with o-algebra .5\c = {4 € % : ACS\C}. Let

M(S\ C) £ {v(-) is a Borel measure on S\ C: v(S\ C") < oo Vr > 0}.

M(S\C) can be topologized by the sub-basis constructed using sets of form {v € M(S\C) : v(f) € G},
where G C [0,00) is open, f € C(S\C), and C(S\ C) is the set of all real-valued, non-negative,
bounded and continuous functions with support bounded away from C (i.e., f(z) = 0 Vz € C" for
some r > 0). Given a sequence p,, € M(S\C) and some p € M(S\C), we say that p,, converges to y in
M(S\C) as n — oo if limy, o0 |pin (f) —p(f)| = 0 for all f € C(S\C). See [42] for alternative definitions
in the form of a Portmanteau Theorem. When the choice of S and C is clear from the context, we
simply refer to it as M-convergence. As demonstrated in [56], the sample path large deviations for
heavy-tailed stochastic processes can be formulated in terms of M-convergence of the scaled process
in the Skorokhod space. In this paper, we introduce a stronger version of M-convergence, which
facilitates the analysis of the local stability and global dynamics in the later sections.

Definition 2.1 (Uniform M(S \ C)-convergence). Let © be a set of indices. Let p,, po € M(S\ C)
for eachn >0 and 0 € ©. We say that ) converges to pg in M(S\ C) uniformly in 6 on © asn— 0



if

limsup |ug(f) — pe(f)| =0 VfeC(S\O).
70 gco

If {ug : 0 € O} is sequentially compact, a Portmanteau-type theorem holds. The proof is provided
in Section 3.1.

Theorem 2.2 (Portmanteau theorem for uniform M(S \ C)-convergence). Let © be a set of indices.
Let py, pg € M(S\ C) for each n >0 and 0 € ©. If, for any sequence of measures (fig, )n>1, there
exist a sub-sequence (pg,, )k>1 and some 0* € © such that

o, (f) = po-(f) Y €C(S\C), (2.1)
then the next three statements are equivalent:
(i) py converges to pg in M(S\ C) uniformly in 0 on © asn | 0;
(ii) limy o supgee | (f) — 1o(f)] =0 for each f € C(S\ C) that is also uniformly continuous on S;

(i4i) limsup,, o supgee fg(F) — po(F) < 0 and liminf, o infeco g (G) — pa(Ge) > 0 for all e > 0, all
closed F' C S that is bounded away from C, and all open G C S that is bounded away from C.

Furthermore, any of the claims (i)—(iit) implies the following.

(i) limsup,, o supgee Hy(F) < supgee po(F) and liminf, o infoco g (G) > infgeco p1g(G) for all
closed FF C 'S that is bounded away from C and all open G C S that is bounded away from
C.

Remark 1. To conclude, we provide two additional remarks regarding Theorem 2.2. First, it is not
possible to strengthen statement (iii) and assert that

lim sup sup ) (F) — po(E) <0, liminf inf p)(G) — pe(G) >0 (2.2)
nl0  6e€O nl0  0€O

for all closed F C S bounded away from C and all open G C S bounded away from C. In other
words, in statement (iii) the e-fattening in F€ and e-shrinking in G. are indispensable. Indeed, we
demonstrate through a counterezample that, due to the infinite cardinality of the collections of measures
{ug : 0 € ©} and {po : 0 € O}, the claims in (2.2) can easily fall apart while statements (i)—(ii7)
hold true. Specifically, by setting C =0 and S =R, the M(S\ C)-convergence degenerates to the weak
convergence of Borel measures on R. Set © = [—1,1] and

,U/g £ 69_777 Ho = 697

where 8, is the Dirac measure at x. For closed set F = [—1,0] and any n € (0,2),

sup g (F) = po(F7) 2 8_n/2([=1,0]) = 8,2([~1,0]) by picking 0 = 1/2

_]1{2’7 € [1,0]} 11{727 € [1,0}} =1,

thus implying limsup, | supgeg pg (F) — pg(F) > 1.

Secondly, while statement (iv) holds as the key component when establishing the sample-path large
deviation results, it is indeed strictly weaker than the other claims for one obvious reason: unlike
statements (i)—(iii), the content of statement (iv) does not require i, to converge to pg for any 6 € ©.
To illustrate that (iv) does not imply (i)—(ii1), it suffices to examine the following case where C = ),
S=R, ©=[-1,1], p) =d_¢, and pg = dy.



2.2 Heavy-Tailed Large Deviations

In Section 2.2.1, we study the sample-path large deviations for stochastic difference equations with
heavy-tailed increments. Section 2.2.2 then characterizes the catastrophe principle of heavy-tailed
systems by presenting the conditional limit theorems that reveal a discrete hierarchy of the most
likely scenarios and probabilities of rare events in heavy-tailed stochastic difference equations.

2.2.1 Sample-Path Large Deviations

Let Z,, Z>,. .. be iid copies of some random vector Z taking values in R%, and let F be the o-algebra
generated by (Z;);>1. Henceforth in this paper, all vectors in Euclidean spaces are understood
as column vectors. Let F; be the o-algebra generated by Zi,Z,---,Z; and Fo = {0,Q}. Let
(Q, F,F,P) be a filtered probability space with filtration F = (F;);>0. The goal of this section is to
study the sample-path large deviations for the discrete-time process { X;'(z) : t € N} in R™, which is
driven by the recursion

Xj(x) =z X(x) =X \(x) +na(X] () +no (X[ ()2, V=1 (2.3)

as | 0. In particular, we are interested in the case where Z,’s are heavy-tailed. Heavy-tails are
typically captured with the notion of regular variation. For any measurable function ¢ : (0,00) —
(0,00), we say that ¢ is regularly varying as © — oo with index S (denoted as ¢(z) € RVgs(z) as
x — 00) if lim, o0 (tx)/p(z) = t° for allt > 0. For details of the definition and properties of regularly
varying functions, see, for example, Chapter 2 of [55]. Throughout this paper, we say that a measurable
function ¢(n) is regularly varying as n | 0 with index S if lim, o ¢(tn)/d(n) = t° for any t > 0. We

denote this as ¢(n) € RVs(n) as n ] 0. Besides, we adopt the Ly norm ||(z1,--- ,zx)| = Z?Zl z3
on Euclidean spaces. Let

H(z) 2 P(|Z| > ). (2.4)
For any « > 0, let v, be the (Borel) measure on R with
Vg[x,00) = 7%, (2.5)
Let My 2 {x € R¢: ||z| = 1} be the unit sphere of R%. Let ® : R? — [0,00) x My be

o(e) 2 {(x| ) if @ # 0, 26
(0, (1,0,0,--- ,O)) otherwise.

Since ®(x) will not be applied at = 0 in our proof, ® can essentially be interpreted as the polar
transform on R%. We impose the following multivariate regular variation assumption regarding the
law of Z.

Assumption 1 (Regularly Varying Noises). EZ = 0. Besides, there exist some a« > 1 and a
probability measure S(-) on the unit sphere of R¢ such that

o H(z) e RV_n(z) as v — oo,
e for the polar coordinates (R, ®) = ®(Z), we have (as v — o0)

P((flR, @) ¢ -
H(x)

SvaxS  in M(([O,oo) x 9) \ ({0} x md)). (2.7)



Remark 2. It is worth noticing that the multivariate regular variation condition (2.7) is typically
stated in terms of vague convergence; see, e.g., [54, 30]. While vague convergence is generally weaker
than M-convergence (see Lemma 2.1 of [42]), due to a > 1 we have (v4 X S)(A) < oo for any set A C
(0,00) X Ny bounded away from {0} x Ny. Therefore, it is easy to verify that the M-convergence stated
n (2.7) is equivalent to vague convergence. Furthermore, by equivalent statements of multivariate
regular variation (see [54, 30]), Assumption 1 is equivalent to that H=(x)P(z=*Z € - ) converges
to some Borel measure pu(-) in M(R?\ {0}) and pu(-) admits self-similarity of form p(AA) = A= u(A)
for any Borel set A C R? that is bounded away from the origin.

Next, we introduce the following assumptions on the drift coefficient @ : R™ — R™ and the
diffusion coefficient & : R™ — R™*4 To be clear, the exact meaning of the vecotrized version
of the stochastic difference equation in (2.3) is as follows. By writing a(-) = (a1(-), -+, am(-)),
()= (O'i,j('))ie[m]’je[d], X/ (z) = (XZ1(33)’ e ,Xgm(x)), and Zy = (Z1,-++ . Z1,4), we have

XPi() = X7y (@) +mai (X7 (2) +0 > 00 (X4 (2)Ze;  VE=1,0i€[m]  (28)
JEld]

as a scalar version of the recursion. Henceforth, we adopt the Lo vector norm induced matrix norm
[Al = supgepra; jo=1 [[Az| for any A € RP*?.  Note that the lower bounds for C' and D in
Assumption 2 and 3 are obviously not necessary. However, we assume that C' > 1and D > 1 w.l.o.g.
for the notational simplicity.

Assumption 2 (Lipschitz Continuity). There exists some D € [1,00) such that
lo(@) — o)V la(x) — a()| < Dz —y|| v, yeR™
Assumption 3 (Boundedness). There exists some C € [1,00) such that
la(@)|| V]e(@) <C  vVeeR™

To present the main results, we set a few notations. Let (D[0, T, dlj’l’T]) be the metric space where
D[0,T] = D,,[0,T] is the space of all cadlag functions with domain [0,7] and codomain R™, and

dE?lT = d[0 T] is the Skorodkhod J; metric

dy " (z,y) = /\1€nAfT tebE%pT] IA@®) — ¢V lz(A®) —y(@)] - (2.9)

Here, Ar is the set of all homeomorphism on [0, T]. Throughout this paper, we fix some m and d and
consider X/ () taking values in R™ driven by Z;’s in R%, so we omit the subscript m in D[0, 7] and

"l Given any A C R, let A*T 2 {(t;,--- t) € A¥: t; <ty <--- <t} be the set of sequences
of increasing real numbers with length k£ on A. For any & € N and T > 0, define mapping ﬁf(]f )T] :
R™ x RIXF x R™¥F x (0, T]*" — DI[0, T] as follows. Given any & € R™, W = (wy,--- ,wy,) € R¥*F,
V= (1, v) € R™F and ¢ = (ty, -+, tg) € (0,71, let € = hiy) (@, W, V, ) € D[0,T] be the
solution to

f =z (2.10)
d&s
dS :a(és) VSE [OvT]a 575151,"' 7tk (211)
& =6+ vj+o(l- +vj)w,; if s = t; for some j € [k]. (2.12)

Here, for any £ € D[0,7] and ¢ € (0,T], we use &§_ = limgy & to denote the left limit of £ at ¢, and
we set &g = &. Also, define a mapping hf(li)T] (R™ x R¥XK (0, T)*" — D[0, T as

(o)

o7 (@ W.1) = hy,

[0,T] ($7W7(07-~- 70)at)~ (2.13)
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In essence, the mapping hf ) ](ac,W,t) produces the ODE path perturbed by jumps 'w1, -, W
(with sizes modulated by the drift coefficient o (+)) at times t1,- - , tx, and the mapping h 7 further
includes perturbations v; right before each jump. We adopt the convention that £ = h[o T]( x) is the

solution to the ODE d¢,/ds = a(&s) Vs € [0,T] under the initial condition & = «.

For any t > 0, let £, be the Lebesgue measure restricted on (0,¢) and Ef " be the Lebesgue measure
restricted on (0,¢)*T. Given any T > 0, z € R, and k > 0, let

Clp (- ;) é/n{hgg}ﬂ (2, W,t) € - }((ya x 8) 0 @) (dW) x LET (at). (2.14)

Here, S is the Borel (in fact, probability) measure on the unit sphere 9, characterized in Assumption 1,
VU, 1s specified in (2.5), (Vo X S) o @ is the composition of the product measure v, x S with the polar
transform @, i.e.,

((va x 8) 0 ®)(B) £ (Vo x S)(®(B)) VB C R that is Borel, (2.15)

and ((va x S) o @)k is the k-fold of (v, x S) o ®. In other words, for W = (wy,--- ,wy) € RP*F
k )

we have ((vo x S) o @) (dW) = X (v % S) 0 ®)(dw;). For {X](x) : j > 0}, we define the

time-scaled version of the sample path as

X (@) ={X]), (@) t€[0,T]}, VI >0 (2.16)

with [t £ max{n € Z: n <t} and ]' ] £ min{n € Z: n > t}. Note that X[0 T]( x) is a P[0, T']-valued
random element. ~

For each r > 0 and € R™, let B,.(z) = {y € R™ : ||y — x| < r} be the closed ball with radius
r centered at . For any k€ N, T >0, ¢ > 0, and A C R™, let

D'P[0,7](e) 2 B, (A x R™F x (B,(0))" x (o,T]kT) (2.17)

be the set that contains all the ODE path with & jumps by time T, i.e., images of the mapping B%)T]
defined in (2.10)—(2.12), with small perturbations ||v;|| < € for all j. We adopt the convention that
Dg_l)[O,T](e) £ (). Also, it is easy to see that ]D)Ef) [0,T)(e) C ]D)Ef) [0,T](¢) for any 0 < € < €. Next,
define a scale function
A(n) =0~ H(n™)

with H(xz) = P(||Z|| > =) defined in (2.4). From Assumption 1, one can see that A(n) € RV4_1(n)
asn | 0. For any k > 1 we write \*(n) = ()\(77))]~C In case T = 1, we suppress the time horizon [0, 1]
and write D, dj,, h®), C®, DY (¢), and X"(z) to denote D[0, 1], ", A", CiYy, DYYY[0,1])(e),
and X[o 1]( x), respectively.

Now, we are ready to state Theorem 2.3, which establishes the uniform M-convergence of (the law
of) X[% 7) (x) to C¥)( - :z) and a uniform version of the sample-path large deviations for X[0 T]( x).

Theorem 2.3. Under Assumptions 1, 2, and 3, it holds for any k € N, T > 0, ¢ > 0, and any
compact A CR™ that

AR )P(X[% T]( z)e ) — C[o T]( ;x) in M(]D[O,T] \D%fl)[O,T](e)) uniformly in © on A

as 11 0. Furthermore, for any B € Spo 1) that is bounded away from ]D)ff_l)[o, T](e),
infgpea P(X[%,T} (z) € B)

inf C(k ;) < liminf
22, Co (B @) < i g Ak (1) (2.18)
SqueAP(X[% T}(m) € B) (k) .
< limsu . <supC B ix) < o0
oo P /\"'(77) meg [0, T]( )
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Remark 3. We add a remark on the connection between (2.18) and the classical LDP framework.
Given any measurable B C DI[0,T), there is a particular k that plays the role of the rate function.

Specifically, let Ja(B) £ min{k €e N: BN ]D)(k) [0,T](e) # B}. In great genemlity, this coincides with
the smallest possible value of k € N for which the lower bound infze 4 Cf ](BO x) in (2 18) can be
strictly positive, and \74B)(n) characterizes the exact rate of decay for both infge 4 P(X 0, T]( x) € B)
and supge 4 P(X[%’T] (x) € B) asn | 0. It should be noted these results are exact asymptotics as

opposed to the log asymptotics in classical LDP framework. In case that the set A is a singleton,
T=1,a=0, and o = I,,, (i.e., the identity matriz in R™ ), the process X[0 T]( x) will degenerate

to a Lévy process, and Ja(:) will reduce to J(-) defined in equation (3.3) of [56]. This confirms
that Theorem 2.3 is a proper generalization of the heavy-tailed large deviations for Lévy processes and
random walks in [50].

The proof of Theorem 2.3 will be given in Section 3.3. Interestingly enough, the results are obtained
by first studying its truncated counterpart. Specifically, for any @ € R™, b > 0, and n > 0, on the
filtered probability space (Q, F,F,P), we define

x@) =2, XM(@) = X @)+ o (na (X1 (@) + 0o (X (2))Z0) Ve=1, (2.19)
where the truncation operator ¢.(-) is defined as

A C m
Ye(w) = (m /\1) cw Yw eR™,c>0. (2.20)

Here, u A v = min{u,v} and u Vv = max{u,v}. Note that for any w # 0, we have ¢p.(w) =
(e A JJw]) - Ty~ In other words, the truncation operator wp(w) in (2.19) maintains the direction of
the vector w but rescales it to ensure that the norm would not exceed the threshold value b. For any
T, n, b>0,and x € R, let X[%‘bT]( = {X[]tlfnj () : t €[0,T]} be the time-scaled version of X?Ib(a})
embedded in D[0, T7.

For any b, T € (0,00), and k € N, define a mapping AL R RIXE 5 RMXE (0, Tk —

[0,7]
D[0, T] as follows. Given any & € R™, W = (wy, - ,wg) € R>** V = (vy,--- ,v5) € R™** and
t=(ty, - ,ty) € (0, )", let £ = h(k)ll]’(:c W,V, t) be the solution to
§o = @; (2.21)
d&s
ds :a’(fs) Vs € [OaT]a 57ét17t27"' s ks (222)
& =& +vj+op(0(&— +vj)w;) if s =t; for some j € [K] (2.23)
The mapping h[0 T] can be interpreted as a truncated analog of the mapping h[o ) defined in (2.10)-
(2.12). In other words, h[(]f )Tlfi(:c W, V., t) returns a perturbed ODE path where the impact of the

jumps w; are modulated by o(-) and truncated under b. Similarly, define a mapping h(k)lb R™ x
RF x (0, T)*T — D[0, T as

k)|b k)b
hioy (2, W, 8) 2 b (2, W, (0, ,0),¢). (2.24)
For any b,7 > 0,¢ >0, ACR™ and k € N, let
k)|b (k)|b m = k
D10, 7](e) £ A (A « R™F x (B,(0))* x (o,T]’“T) (2.25)

be a truncated analog of D(k) [0,T](e). We adopt the convention that D( 1)|b[ T)(e) £ 0. We collect
and establish useful properties of mappings hfk) ) hfk)llf and sets ]D)( )[O, T)(e), D k)lb[O, T)(e) in Section

C.
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Given any « € R™, k€ N, b > 0, and T > 0, define a Borel measure by
k
COl(-sz) 2 / ]I{hfg,)}?(w,w,t) c - }((ua x 8) 0 @) (dW) x L& (dt), (2.26)

where S is the probability measure on the unit sphere 91; characterized in Assumption 1 and v, i

»n

specified in (2.5). Note that given & € A, the measure Cf&)ql,?( - ;) is supported on ID)X“)\b[(LT}(O) -
]D)XC)[O,T](O). Again, in case that T = 1, we set X"°(z) £ X[Tz)lﬁ}(w), AL hf(’;)l‘]b’ ]D)X")lb(e) 2

]D)Ef)lb[(), 1](e), and CF)Ib & Cfg)l‘]b. Now, we are ready to state the main result. It is worth noticing

that Assumption 3 (i.e., the boundedness of o(-) and a(-)) is not required in the truncated case. See
Section 3.3 for the proof.

Theorem 2.4. Under Assumptions 1 and 2, it holds for any k € N, any b,T,e > 0, and any compact
A CR™ that

/\_k(n)P(X[%lyl;] (r)e - ) — Cfg’)ilpl]?( SxT) in M(D[O,T] \Dfﬁl)lb[O,T](e)) uniformly in © on A
as 0} 0. Furthermore, for any B € Spo,r) that is bounded away from ]fo_l)lb[(),T](e),

infpen P(X[) () € B)

inf C(k)‘b(Bo;:c) < lim inf

s " M) (227
[b ’
Supgea P(X{\70(x) € B
< lim sup €A ( [O’T]( ) ) < sup Cfg)T'?(B_;m) < 00.
xrEA ’

110 Ak ()

Here, we provide a high-level description of the proof strategy for Theorems 2.3 and 2.4. Specifi-
cally, the proof of Theorem 2.4 and Theorem 2.3 consists of the following steps.

e First, we establish the asymptotic equivalence between X[?Z)‘f)T] () and an ODE perturbed by
the k “largest” noises in (Z;);<7/y,, in the sense that they admit the same limit in terms of
M-convergence as 17 | 0. The key technical tools are the concentration inequalities we developed
in Lemma 3.3 that tightly control the fluctuations in X;"b(:c) between any two “large” noises.

e Then, to complete the proof of Theorem 2.4, it suffices to study the M-convergence of this
perturbed ODE. The foundation of this analysis is the asymptotic law of the top-k largest
noises in (Z;); </, studied in Lemma 3.4.

e Regarding Theorem 2.3, note that for any b sufficiently large, it is highly likely that X;’(x)
coincides with X;”b(r) for the entire period of j < T'/n (that is, the truncation operator ¢} did
not come into effect for a long period due to the truncation threshold b > 0 being large). By

sending b — oo and carefully analyzing the limits involved, we recover the sample-path large
deviations for X;’(:L') and prove Theorem 2.3.

See Section 3.3 for the detailed proof and the rigorous definitions of the concepts involved.

2.2.2 Catastrophe Principle

Perhaps the most important implication of the large deviations bounds is the identification of condi-
tional distributions of the stochastic processes given the rare events of interest. This section precisely
identifies the distributional limits of the conditional laws of XE&T] (z) and X[%‘fiﬂ (x), respectively,
given the rare events.

More precisely, the conditional limit theorem below follows immediately from the sample-path
large deviations established above, i.e., (2.18) and (2.27), and Portmanteau Theorem. While all the
results in Section 2.2.2 can be easily extended to D[0,T] with arbitrary T € (0,00), we focus on
D = DJ[0, 1] for the sake of clarity of the presentation.
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Corollary 2.5. Let Assumptions 1 and 2 hold.

(i) For some bye > 0, k € N, & € R™, and measurable B C D, suppose that B is bounded away
from D({I;l)‘b(e), and CWI(B°; ) = CRIP(B=;2) > 0. Then

C®Ib(.NB;x)
. nlb )
(@) €| X ~ COE 2

n|b
P(X[él»l] 0.1(T) € B) = asn ) 0.

(ii) Furthermore, suppose that Assumption 3 holds. For some k € N, ¢ > 0, x € R™, and measurable

B C D, suppose that B is bounded away from ]D)g;_}l)(e) and C(k)(BO;QI) _ C(’“)(B*;a:) < 0.
Then (k)( |
C¥W(-NnB;x

Remark 4. Note that Corollary 2.5 is a sharp characterization of catastrophe principle for X [%Ibl] (x)

and X/

[0,1] (x). By definition of measures CF) its support is on the set of paths of the form

h(k)lb(w7 (wla T 7wk)7 (ula T auk))a

where the mapping ™I is defined in (2.21)~(2.23), and the norms |w;||’s are bounded from below; see,
for instance, Lemma 3.5 and 3.6. This is a clear manifestation of the catastrophe principle: whenever
the rare event arises, the conditional distribution resembles the nominal path (i.e., the solution of the
associated ODE) perturbed by precisely k jumps. In fact, the definition of C®I® also implies that the
the jump sizes are Pareto (modulated by o(-)) and the jump times are uniform, conditional on the
perturbed path belonging to B. Similar interpretation applies to X[%J] (x) in part (ii).

2.3 Metastability Analysis

This section analyzes the metastability of X'(x) and X;‘b(m). Section 2.3.1 establishes the scaling
limits of their exit times. Section 2.3.2 introduces a framework that facilitates such analysis for general
Markov chains.

2.3.1 First Exit Times and Locations

In this section, we analyze the first exit times and locations of X (x) and X;'lb(sc) from an attraction
field of some potential with a unique local minimum at the origin. Specifically, throughout Section
2.3.1, we fix an open set I C R™ that is bounded and contains the origin, i.e., sup,¢; || < oo and
0 € I. Let y¢(x) be the solution of ODE

dy:(x)
dt

yo(x) = @, = a(yt(m)) vt > 0. (2.28)

We impose the following assumption on the gradient field a : R™ — R™.
Assumption 4. a(0) =0. For all x € I\ {0},

yi(x) € I ¥t >0, tlim y(x) = 0.
Besides, it holds for all € > 0 small enough that a(x)z < 0 Vo € B.(0) \ {0}.

An immediate consequence of the condition lim;_, o y:(x) = 0 Vo € T\ {0} is that a(x) # 0 for
all z € T\ {0}. Of particular interest is the case where a(-) = —VU(-) for some potential U € C}(R™)
that has a unique local minimum at & = 0 over the domain I. In particular, Assumption 4 holds if
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U is also locally C? at the origin, and the Hessian of U(-) at the origin = 0 is positive definite. We
note that Assumption 4 is a standard one in existing literature; see e.g. [51, 34].
Define

™ (x) £min{j >0: X (x) ¢ I}, 7 (2) £ min {j>0: X;”b(w) ¢ 1}, (2.29)

as the first exit time of X7 () and X;ﬂb(w) from I, respectively. To facilitate the presentation of the

main results, we introduce a few concepts. Define the mapping g®)1? : R™ x R¥*F x R"™*F x (0, 00)*T —
R™ as the location of the (perturbed) ODE with k jumps at the last jump time:

GBI (@, WV, (- 1) 2 B ](a:,W,V, (tr,- - ,tk))(tk), (2.30)

where FLE[I;),ZL? is the perturbed ODE mapping defined in (2.21)-(2.23). Besides, define gi®)I® : R™ x

REXF x (0, 00)kT — R™ by

:q/(k)lb(m, Wa t) = g(k)‘b(ma Wv (Oa e 70), t) = h%(l)i)t‘:jul} (:D, W7 t)(tk)a (231)

where t = (t1,...,t) € (0,00)*", and the mapping hfg)T‘b] is defined in (2.24). For k = 0, we adopt the

convention that g(®®(z) = a.
With the mapping §*)|* defined, we are able to introduce (for any £k > 1,b> 0, and € > 0)

G (e) & {—(kl)|b<v1 + oo (v)ws), (wa, - ,wp), (v, - ,vk),t) :
W = (wy,--- ,wg) € RF V = (v, ,v3) € (Be(o))k,t € (o,oo)kT} (2.32)

as the set covered by the £*® jump of along ODE path (with e perburbation before each jump)
initialized at the origin, with each jump modulated by o (-) and truncated under b. Here, the truncation
operator ¢y is defined in (2.20), and B,.(0) is the closed ball with radius 7 centered at the origin. For
€ = 0, we write

g(k:)\b £ g(k)\b(o) = {.\g/(kl)lb<80b(o-(0)w1)v (w27 e awk)vt) W= (wlv e ,’U}k) € Rka3t € (O’OO)kT}

Furthermore, as a convention for the case with k = 0, we set
GO (e) £ B.(0).

We note that G*)1P(¢) is monotone in e, k, and b, in the sense that GFI(e) € GFIP(¢") for all
0<e<é, GWI(e) C GEEDIP(e) and GFIP(e) C g(k)‘b/(e) forall0<b<¥.

The intuition behind our metastability analysis (in particular, Theorem 2.6) is as follows. The
characterization of the k-jump-coverage sets of form G®I® reveals that, due to the truncation of op(+),
the reachable space expands as more jumps are added to the ODE path. Regarding the asymptotics
of the first exit times 77/°(z), this results in an intriguing phase transition for the law 77°(z) (as
74 0) in terms of the minimum number of jumps required for exit. More precisely, let

Jramin{k>1: gMP T £0} (2.33)

be the smallest k£ such that, under truncation at level b, the k-jump-coverage sets can reach outside
the attraction field I. Theorem 2.6 reveals a discrete hierarchy that the asymptotics of T"'b(a:) does
not vary with the truncation level b in a continuous fashion; instead, the order of the first exit time
71%(2) and the limiting law of the exit location X:‘b (x) ¢ I are dictated by this “discretized

o ()
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width” metric ._7b[ of the domain I, relative to the truncation threshold b. Here, the limiting laws will
be characterized through measures

CWwIb( .y 2 /u{§<k—1>b(%(a(w)wl), (ws, -, wp).t) € - }((ua x 8) 0 ®)"(aW) x L1 (at),
(2.34)

where a > 1 is the heavy-tail index in Assumption 1, W = (w1, wa, - -+ ,wy) € R¥>¥F ((z/a X S)O<I>)IC is
the k-fold of (v4, xS)o® defined in (2.15), and £~ is the Lebesgue measure restricted on {(t1,--- ,t;) €
(0,00)F : 0 <t; <ty <--- <t} Section D collects useful properties of the mapping )1 and the
measure CM1b,

Recall that H(-) = P(||Z1]| > -), A(n) =~ H(n™'), and for any k > 1 we write \*(n) = (/\(n))k.
Recall that I, = {y : || —y|| < e = x € I} is the e-shrinkage of I. As the main result of this
section, Theorem 2.6 provides sharp asymptotics for the joint law of first exit times and exit locations
of X;-]lb(:c) and X7'(x). The results are obtained through a general machinery we develop in Section
2.3.2, and here we provide a brief outline of the proof. In Section 2.3.2, we introduce the notion of
asymptotic atoms, where a Markov process recurrently visits and almost regenerates upon each visit.
This recurrence and almost regeneration is characterized through asymptotic limits that are uniform
over the entire region of the asymptotic atom. First, in Theorem 2.9 we show that once the existence
of asymptotic atoms is verified, the precise asymptotic limits for the joint law of the exit times and exit
locations, such as those stated in Theorem 2.6, follow immediately. More importantly, the uniform
M-convergence and uniform sample path large deviations developed earlier prove to be powerful tools
for the identification of asymptotic atoms, particularly in the truncated cases of ijb(a:), where the
truncation of heavy-tailed noises results in a much more complex description of exit paths. The
detailed proof of Theorem 2.6 is provided in Section 4.2.

Theorem 2.6. (First Exit Times and Locations: Truncated Case) Let Assumptions 1, 2, and
4 hold. Let b > 0 such that J! < co. Suppose that I¢ is bounded away from g(JJ—U\b(e) for some

(and hence all) € > 0 small enough, and (v](~7b1)|b(8[) =0. ThenC{ £ (v}(jblﬂb(lc) < 0o. Furthermore,
if C’lf € (0,00), then for any € > 0, t > 0, and measurable set B C I¢,

é(jbl)lb B~
lim sup sup P (len AT (’17)7'7]“7(:13) > t; X;’J}l‘)b(m)(m) € B) < # -exp(—t),
o wel G
e : b CWPb(B°)
hrrr]l&)nf mlrg P (Cl{n AT ()7 () > ¢ X:’,ll‘b(z)(a:) € B> > T - exp(—t).

Otherwise, we must have le =0, and

lim sup sup P(n AT ()T (x) < t) =0 Ve >0, t > 0.
nd0 xel,

In summary, by developing the machinery of uniform M-convergence and asymptotic atoms, we
provide a general framework that connects large deviations and first exit analysis. Applying this
framework for the truncated heavy-tailed dynamics X;"b(a:), we reveal an intriguing phase transition
in terms of the truncation threshold b, where the discretized width jbI dictates the order of the first
exit times and the limiting law of first exit locations. To conclude this section, we note that the first
exit analysis for untruncated heavy-tailed dynamics (see e.g. [32, 33, 51, 34] for similar results in the
existing literature) would follow immediately from Theorem 2.6. Specifically, let

G2 /H{U(O)w € - H(wn x 8) 0 ) (dw). (2.35)
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The exit times and locations for the untruncated dynamics X (x) then follows from the result for
ijb(as) by sending b to 0o, and the limiting laws of the exit location Xﬁn(w)(a:) is characterized by

C( - ), as presented in Corollary 2.7. The proof is straightforward and we collect it in Section D for
the sake of completeness.

Corollary 2.7. (First Exit Times and Locations: Untruncated Case) Let Assumptions 1, 2,
and 4 hold. Suppose that C(0I) = 0. Then CL = C(I¢) < co. Furthermore, if C1, >0, then for any
t > 0 and measurable set B C I¢,

C(B-
lim sup sup P (C’ion AT (x) >t Xf,,](w)(:c) € B> < ¥ -exp(—t),
nd0 xel. Coo
liminf inf P{CLn-An)r"(x) >t; X", _(z)€B) > C(B°) exp(—t)
nl0 xcl, > ' ™ () - Cgo

Otherwise, we must have CL =0, and

lim sup sup P(n AT (x) < t) =0 Ye >0, t > 0.
nl0  xel.

2.3.2 General Framework: Asymptotic Atoms

This section proposes a general framework that enables sharp characterization of exit times and
exit locations of Markov chains. The new heavy-tailed large deviations formulation introduced in
Section 2.2 is conducive to this framework.

Consider a general metric space (S, d) and a family of S-valued Markov chains {{V}"(x) : j > 0} :
n> O} parameterized by 7, where x € S denotes the initial state and j denotes the time index. We use
Voo (@) = {V]},, () : t €[0,T]} to denote the scaled version of {V'(z) : j > 0} as a D[0, T]-valued
random element. For a given set E, let 7j(z) = min{j > 0 : V}'(z) € E} denote {V}'(s) : j > 0}’s

first hitting time of E. We consider an asymptotic domain of attraction I C S, within which V[g 7] (2)

typically (i.e., as n | 0) stays within I throughout any fixed time horizon [0,T] as far as the initial
state z is in I. However, if one considers an infinite time horizon, V."(z) is typically bound to escape
I eventually due to the stochasticity. The goal of this section is to establish an asymptotic limit of the
joint distribution of the exit time 7;.(z) and the exit location VT?C () (®)- Throughout this section, we

will denote V),
e (@)

We introduce the notion of asymptotic atoms to facilitate the analyses. Let {I(¢) C I :¢e > 0} and
{A(e) €S :e> 0} be collections of subsets of I such that (J ., I(€) = I and [, A(e) # 0. Let C(-)
is a Borel measure on S\ 7 satisfying C(0I) = 0 that characterizes the (asymptotics limit of the) exit
location of V."(z). Specifically, we consider two different cases for the location measure C(-):

(z) and V', (I)(m) with V7 (x) and V]’(x), respectively, for notation simplicity.
Ic

(i) C(I°) € (0,00): by incorporating the normalizing constant C'(I¢) into the scale function (),
we can assume w.l.o.g. that C(-) is a probability measure, and C(B) dictates the limiting
probability that P(V7(x) € B) as shown in Theorem 2.9;

(i1) C(I°) = 0: as a result, C(B) = 0 for any Borel set B C I°, and it is equivalent to stating that
C(-) is trivially zero.

Definition 2.8. {{V]”(x) :j > 0} :n > 0} possesses an asymptotic atom {A(e) C S : e > 0}
associated with the domain I, location measure C(-), scale v : (0,00) — (0,00), and covering {I(e) C
I:e> 0} if the following holds: For each measurable set B C S, there exist 6 : (0,00) x (0,00) —
(0,00), eg >0, and T : (0,00) — (0,00) such that

infge e P(T}](€)C(.Z‘) <T/n; VI(x) € B)

y(m)T/n

C(B°) —dop(e,T) < limiionf (2.36)
n
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SUP,ea(e) P (7] oy (x) < T/n; VI(x) € B)

< limsup <C(B7)+4édp(e,T) (2.37)

010 YT /n
suPLere) P(Thion acene (@) > T/n
lim sup — (TGona- ) >T/m) _, (2.38)
010 Y(mT/n
liminf inf P (7" <T/p) =1 2.39
iminf inf (Thio (@) <T/n) (2.39)

for any e < ep and T > Tg(e), where v(n)/n — 0 as n ] 0 and dp’s are such that

lim lim dp(e, T) = 0.
el0 T—oo

To see how Definition 2.8 asymptotically characterize the atoms in V.?(z) for the first exit anal-
ysis from domain I, note that the condition (2.39) requires the process to efficiently return to the
asymptotic atoms A(e). The conditions (2.36) and (2.37) then state that, upon hitting the asymp-
totic atoms A(e), the process almost regenerates in terms of the law of the exit time T?(e)c(x) and exit
locations V(). Furthermore, the condition (2.38) prevents the process V."(x) from spending a long
time without either returning to the asymptotic atoms A(e) or exiting from I(e), which covers the
domain I as € tends to 0.

The existence of an asymptotic atom is a sufficient condition for characterization of exit time and
location asymptotics as in Theorem 2.6. To minimize repetition, we refer to the existence of an asymp-
totic atom—with specific domain, location measure, scale, and covering—Condition 1 throughout the
paper.

Condition 1. A family {{VJ"(JC) :j >0} :n >0} of Markov chains possesses an asymptotic atom

{A(e) €S : e > 0} associated with the domain I, location measure C(-), scale v : (0,00) — (0,00),
and covering {I(e) C I : e > 0}.

Recall that, right before Definition 2.8, we state that for the location measure C(-) we consider two
cases that (¢) C(I¢) = 1 (more generally, C(-) is a finite measure), and (i) C(I¢) = 0. The following
theorem is the key result of this section. See Section 4.1 for the proof of the theorem.

Theorem 2.9. If Condition 1 holds, then the first exit time 7}.(z) scales as 1/v(n), and the distri-
bution of the location V(x) at the first exit time converges to C(-). Moreover, the convergence is
uniform over I(€) for any ¢ > 0. That is,

(1) If C(I¢) =1, then for each € > 0, measurable B C I¢, and t > 0,

C(B°) et <liminf inf P A >t, V' (x) e B
(B°)-et < iminf inf (v(n)7ie () (z) € B)

<limsup sup P(y(n)r/.(z) > ¢, V/(z) € B) <C(B™)-e
0  z€l(e)

(i4) If C(I°) = 0, then for each €,t > 0,

lim sup P(y(n)7].(z) >t) = 0.
MO zer(e)

3 Uniform M-Convergence and Sample Path Large Deviations

Here, we collect the proofs for Sections 2.1 and 2.2. Specifically, Section 3.1 provides the proof
of Theorem 2.2, i.e., the Portmanteau theorem for the uniform M(S \ C)-convergence. Section 3.2
further develops a set of technical tools, which will then be applied to establish the sample-path large
deviations results (i.e., Theorems 2.3 and 2.4) in Section 3.3.
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3.1 Proof of Theorem 2.2
Proof of Theorem 2.2. Proof of (i) = (ii). It follows directly from Definition 2.1.

Proof of (it) = (iii). We consider a proof by contradiction. Suppose that the upper bound
limsup,, o SuPpee g (F) — po(F) < 0 does not hold for some closed F' bounded away from C and
some € > 0. Then there exist a sequence 71, | 0, a sequence 0, € ©, and some § > 0 such that
pg" (F) = g, (F€) > 6 ¥n > 1. Now, we make two observations. First, using Urysohn’s lemma (see,
e.g., lemma 2.3 of [42]), one can identify some f € C(S\ C), which is also uniformly continuous on
S, such that Ir < f < Ipe. This leads to the bound pg" (F) — pe, (F°) < pp" (f) — po,, (f) for each
n. Secondly, from statement (i7) we get lim,, | pgr (f) — we, ( f)| = 0. In summary, we yield the
contradiction

limsup pg" (F) = po,, (F) < limsup pg" (f) = po,, (f) < lim. g™ (f) — pe,, (f)| = 0.

n—roo n— oo

Analogously, if the claim liminf, o infgeco pg(G) — po(G¢) > 0, supposedly, does not hold for some
open G bounded away from C and some € > 0, then we can yield a similar contradiction by applying
Urysohn’s lemma and constructing some uniformly continuous g € C(S\ C) such that I, < g < Ig.
This concludes the proof of (i7) = (iii).

Proof of (iii) = (i). Again, we proceed with a proof by contradiction. Suppose that the claim
lim, 0 Supgee |1g(9) — to(g)] = 0 does not hold for some g € C(S\ C). Then, there exist some
sequences 71, | 0, 8, € © and some § > 0 such that

lug (9) — po, (9)] >0 Vn>1. (3.1)

To proceed, we arbitrarily pick some closed F' C S that is bounded away from C and some open G C S
that is bounded away from C. First, using claims in (i77), we get limsup,,_, o pty" (F)) — g, (F€) <0
and liminf,, o pg" (G) — pe,(Ge) > 0 for any € > 0. Next, due to condition (2.1), by picking a
sub-sequence of 6, if necessary we can find some pg« such that lim,,_, |/J9n (f) — /j,g*(f)| = 0 for
all f € C(S\ C). By Portmanteau theorem for standard M(S \ C)-convergence (see theorem 2.1 of
[42]), we yield limsup,,_,. po, (F¢) < pe«(F¢) and liminf, . p, (Ge) > po-(Ge). In summary, for
any € > 0,

limsup pg" (F) < limsup pg,, (F) + limsup 1" (F) — pe,, (F) < po- (F°),

n— o0 n—oo n—o0

liminf g (G) > liminf g, (Ge) + lim inf pg" (G) = pg,, (Ge) > po- (Ge).

Lastly, note that lim.jg pg~ (F€) = pe~ (F') and lim, o po« (G¢) = po~(G) due to continuity of measures
and (oo F° = F, .o Ge = G. This allows us to apply Portmanteau theorem for standard M(S\ C)-
convergence again and obtain lim,, \uZ: (9)—peo-(g)| = 0 for the g € C(S\C) fixed in (3.1). However,
recall that we have already obtained lim, . |19, (9) — po+ (9)| = 0 using assumption (2.1). We now
arrive at the contradiction

lim | (9) = po, (9)] < lim. |pf" (g) — po- (9)] + lim. |po-(9) — pro,, ()| = 0

n— oo

and conclude the proof of (iv) = (7).

Proof of (i) = (iv). Due to the equivalence of (4), (#), and (4i¢), it only remains to show that (i) =
(4v). Suppose, for the sake of contradiction, that the claim lim sup, | supgeg tg(F) < suppeg po(F) in
(iv) does not hold for some closed F' bounded away from C. Then we can find sequences 7, | 0, 6,, € ©
and some § > 0 such that pg" (F) > supgeg po(F) + 9 Vn > 1. Next, due to the assumption (2.1), by

picking a sub-sequence of 6,, if necessary we can find some g+ such that lim,, | wo, (f)—po- (f )| =0
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for all f € C(S\ C). Meanwhile, (i) implies that lim,_, {/‘9: (f) = o, (f)| =0 for all f€C(S\C).
Therefore,

i (g (f) = po- (£)] < Ym g™ (f) = po, (£)] + lm |pg, () = po-(£)] =0
for all f € C(S\ C). By Portmanteau theorem for standard M(S \ C)-convergence, we yield the
contradiction limsup,,_, fiy" (F) < pg=(F) < supgeg po(F). In summary, we have established the
claim limsup,, |, supgee g (F) < supgeg po(F) for all closed F bounded away from C. The same

approach can also be applied to show liminf, o infgee p1g (G) > infoeco po(G) for all open G bounded
away from C. This concludes the proof. O

To facilitate the application of Theorem 2.2, we introduce the concept of asymptotic equivalence
between two families of random objects. Specifically, we consider a generalized version of asymptotic
equivalence over S\ C, which is equivalent to definition 2.9 in [19].

Definition 3.1. Let X,, and Y, be random elements taking values in a complete separable metric
space (S,d). Let €, be a sequence of positive real numbers. Let C C'S be Borel measurable. X, is said
to be asymptotically equivalent to Y, in M(S\ C) with respect to €, if for any A > 0 and any
B € % bounded away from C,

lim e, 'P(d(X,,Y,)I(Xo € B or Y, € B) > A) =0.

n—oo

In case that C = (), Definition 3.1 simply degenerates to the standard notion of asymptotic equiv-
alence; see Definition 1 of [56]. The following lemma demonstrates the application of the asymptotic
equivalence and is plays an important role in our analysis below.

Lemma 3.2 (Lemma 2.11 of [19]). Let X,, and Y,, be random elements taking values in a complete
separable metric space (S,d) and let C C S be Borel measurable. Suppose that €, P(X,, € -) — u(")
in M(S\ C) for some sequence of positive real numbers €,. If X,, is asymptotically equivalent to Y,
when bounded away from C with respect to €,, then €, P (Y, € -) — u(-) in M(S\ C).

3.2 Technical Lemmas for Theorems 2.3 and 2.4

Our analysis hinges on the separation of large noises among (Z;);>1 from the rest, and we pay special
attention to Z;’s with norm large enough such that 7| Z;|| exceed some prefixed threshold level § > 0.
To be more concrete, for any i > 1 and 1,8 > 0, define the i'" arrival time of “large noises” and its
size as

77%(m) £ min{n > 77 (n) : n|Z;l| >0}, 5°(n) =0
Wi>6(77) = ZT,>5(7])~

For any 6 >0 and £k =1,2,---, note that

P (7o) < [1/n)) < P(7720) =775 n) < L1/m) ¥j € [K])
11/n] _ w L .
= | X0 (- mem) G| < | X )]

< [l/n : H(5/n)r~ (3.4)

Recall the definition of filtration F = (F;);>0 where F; is the o-algebra generated by Zi, Zs,--- , Z;
and Fo = {0,Q}. In the next lemma, we establish a uniform asymptotic concentration bound for the
weighted sum of Z;’s where the weights are adapted to the filtration F. For any M € (0, 00), let T'ps
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denote the collection of families of random matrices V; = (V}ip.q)pe(ml.q c[a taking values in R™*%,
over which we will prove the uniform asymptotics:

Ty 2 {(Vj)jzo is adapted to F : [|V;|| < M Vj > 0 almost surely}. (3.5)

Lemma 3.3. Let Assumption 1 hold.
(a) Given any M >0, N >0, t > 0, and € > 0, there exists dg = do(€, M, N,t) > 0 such that

limn -N sup P ( max 12

WO (Viizo€Ta N\ j<(t/n)A (0 (m)-1)

> e> =0 Ve (0,8).

(b) Furthermore, let Assumption 3 hold. For each i > 1, let

J

b
Ai(n,b,€,0,2) = S ax ] Z o (X (@) Zn|| < ep; (3.6)
n=r28 (n)+1
L(n,6) 2 {j EN: ()41 <5< (70 — 1) A Ll/nJ}. (3.7)

Here we adopt the convention that (under b = oo)

J
Ai(n,00,6,6,) = { max 7 Z o(X,_

Z,ll <e
JEL(n,0) n-1(®))

n=r2"% (n)+1

For any k >0, N >0, ¢ >0 and b € (0,0], there exists 69 = do(e, N) > 0 such that

k
limn~ sup P((ﬂAi(n,b,e,&w)) ) =0 Vo € (0, dp).

70 TER™ i=1
Proof. (a) Choose some f3 such that 57— < 3 < 1. Let

1 N 1 9
z0 2z |z <} 20220 -E2",  z? 2 21|z € (.1},
K2 ,',]ﬂ K2 (2 2 K2 ,,,]ﬁ ,'7

Note that Z Vi_1Z; = El 1 ViaZ,; M 4 Z Vi_ 1Z( ) on j < 7'1>5(77), and hence,
max 1-,1Zi
jSLt/nJA(T”(n)fl

< max i Z( + max Vi_ Z
J<Lt/nJ ! J<Lt/an Z !

< max Vi_ EZ + max i Z + max Vi_ Z(2
J<Lt/an Z ! J<Lf/nJ ! J<Lf/an Z !
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Therefore, it suffices to show the existence of d§ such that for any d§ € (0, dy),

J
€

limsup sup  max Vi EZZ,(l) << 3.8

b0 (Vi)izo€Ta <Lt/ ! Z ot 3 (3.8)

limy ™" sup max VizW| > <) =o, 3.9
n\LO’q (Vi)i>o€l M <J<U/”]J K Z 3 ( )
limp~™  sup max Viaz?|>5S) =0 3.10
a0 (Vner <J<Lt/an Z i 3 (3.10)

For (3.8), first observe that
HEZ}”H —|[EZ1{|Zi]| > 1/°}||  dueto EZ =0
<E[|Z| Iz > 1/7"}]
=E[(1Zl - /0" )1 Zill - 1/0° > 0}] + 1/0° - P(1Zi]) > 1/9°).
Since (|| Z;|| — 1/9®)I{|| Z:|| — 1/® > 0} is non-negative,

B12i - 1/ H1Z - 1/ > 0} = [ P20 - U W2 = 1/} > 2)s
= [Tzl -1 > 0e = [ P(1Z] > w)as
0 1

/n?
Recall that H(z) = P(||Z]] > =) € RV_n(z) as © — oo. Therefore, from Karamata’s theorem,

|E2| < / B2l > sy + 1/n® P(|Z] > 1/7°) € RV (a—1)(n) (3.11)
n

as 1 J 0. Therefore, there exists some 1y = n9(t, M,€) > 0 such that for any n € (0,79), we have
t-M - HEZZQ)’ < ¢/3, and hence for any (V;);>o € Ty and n € (0,10),

< [t/n] ~M-77HEZ§1)H <e¢/3,

J
max v, .EzY
j2lem” Hz_; s

from which we immediately get (3.8).
Next, for (3.9), recall our convention that vectors in Euclidean spaces are understood as row vectors
(unless specified otherwise), and write V; = (Vix)icim) kela)s £t = (Ze;1,+ 5 Zt,a)- Since

m

= Z(izd:‘/z Lk zk:)ga

=1 i=1 k=1

J
> Vio1Z;
=1

to prove (3.9), it suffices to show that

limn=N sup P| max Y .(j;V ; —0 Vieml, keld, 319
n‘wn (Vi)izo€T'm <J<Lt 77| lk( )| 3m [ } [] ( )
where

Yir(i; vV ZV vk Zi g
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To proceed, we fix a sufficiently large p satisfying

2N 2N 2N

>1 >ﬂ > >
Py =5 "7 =18 Ra-DF

B

,p> (3.13)
and some [ € [m], k € [d]. Note that for (V;);>0 € T'ss and n > 0, {Vi_l;l,kz(;lk) ;4 > 1} is a martingale

difference sequence. Therefore, (Yl,k(j ; V))j is a martingale, and

>0

P
E ( max n‘Ylk ],V)D

i<|t/nm
Lt/n) e\
<akE Z (n‘/;—l;l,kzi(;k)>
=1
Lt/n) P/2]
< g MPE Z (nZ( )) due to ||Vs|| < M for all s >0
=1
50 P Y Lt/n] o) P
< crea MPE ’ < P Y arE Z¢ 3.14
< c1e2 <J§1L?/};J Zn > = C1C2 (p — 1> ; n isk ( )
————— =

c!

for some c1,co > 0 that only depend on p and won’t vary with (V;);>o and n. The first and third
inequalities are from the uppper and lower bounds of Burkholder-Davis-Gundy inequality (Theorem
48, Chapter IV of [53]), respectively, and the fourth inequality is from Doob’s maximal inequality. It
then follows from Bernstein’s inequality that for any n > 0 and any s € [0,t],y > 1

Ls/n] ) p Ls/n] ) -
P< S onZill > nZNy> = P( > onZi)| > npyl/”>
j=1 j=1

N|—

(3.15)

R >

SQexp<— —— ~
W g+ Lo B[(Z())7)

Our next goal is to show that % “n?- E[(Zﬂg)ﬂ énl B+E for any 1 > 0 small enough. First, due
to (a+b)? < 2a® + 2b%,

2
B2 ~B((21) - B2())") < 28[(20)") + 2(2())" < 28| 2] + 2| |27 | -

2
Also, it has been shown earlier that E HZF) H € RV(a-1)8(n), and hence [E HZ(l) H } € RVa(a—1)5(n).
From our choice of p > ﬁ in (3.13), we have 1 +2(a — 1)8 > 1 — 8+ 2¥  thus implying

n? Q[EHZ(DH] 171 i

2
for any n > 0 sufficiently small. Next, E[ Zf)H 1=/ 2xP(HZ£1)H > x)dr = fl/n 2¢P(||Z:]| >

x)dz. If a € (1,2], then Karamata’s theorem implies fol/nﬁ 22P([|Z1]| > z)dx € RV_(2_a)(n) as
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1 4 0. Given our choice of p in (3.13), one can see that 1 — (2— )3 > 1—+ %. As a result, for any

2 B
7 > 0 small enough we have 1.772.2]3 HZ(l)H lnl_’e"’ﬂ If o > 2, then lim,, o fol/n 22P (|| Z, || >
x)dx = fo 22P(|| Z1|| > x)dx < co. Also, (3.13) implies that 1 — 8+ 2¥ < 1. As a result, for any

n > 0 small enough we have % -n?. 2E Hle)H < 1771 FHE5 In summary,

t = 1 {_5.2n8
E-n”E[(Zf;lﬁ)Q] <gn P (3.16)

holds for any 1 > 0 small enough. Along with (3.15), we yield that for any 7 > 0 small enough,

Ls/n] p _Lyl/p 3
>n?Ny | < 2exp ﬁ §26xp<—1yl/p) Yy > 1,

P<
j=1

Z nZ_]( l)k

where the last inequality is due to our choice of p in (3.13) that 1 — 8 — % > 0. Moreover, since

t/n] A(l

5" exp (—2y'/P)dy < oo, one can see the existence of some CY < oo such that E‘ ZL_l N2k 2N <

CZ(,l) for all n > 0 small enough. Combining this bound, (3.14), and Markov inequality, for all > 0
small enough,

j p
E[‘max }Zgzl nYix(j, V)’ }
P max nlYiu(; V)| > — < _ W=lt/n)
J<lt/n] 3vVmd? ep/(g\/m)p

¢ MPE| L1 nZ}_l,j’p Ve
< : <
e? /(3v'md?)P ~ e?/(3vVmd?)P

holds uniformly for all (V;);>¢ € I'ps. This proves (3.12) and hence (3.9).
Finally, for (3.10), recall that we have chosen 8 in such a way that a8 — 1 > 0. Fix a constant

J = ]’aﬁ =]1+1, and define I(n) £ #{i < [t/n] : Zi(2) # 0}. Besides, fix 6y = 5355. Forany 6 € (0,4o)

and (V;);>0 € Ty, note that on event {I(n) < J}, we must have gta/xj WHZZ Vi Z; 2)H <
t/m

n-M-J-do/n < MJdy < €/3. On the other hand,

2N

P = 7)< (“7) - (m0m) < @ (H0) " € RV oo s Lo,

Lastly, the choice of J = [aﬁ 7| + 1 guarantees that J(a8 — 1) > N, and hence,

Z‘/Z 12(2)

This concludes the proof of part (a).

MO (V;);>0€T J<t/n] MO (V;);50€T as

)/77 <lim sup P(I(U)ZJ)/UN:O.

lim  sup < max 7

(b) To ease notations, in this proof we write X7 = X" for the cases where b = oco. Due
to Assumption 3, it holds for any & € R™ and any > 0,n > 0 that HO'(Xglb(w))H <

{O'(szb(ic))}izo € I'c. By strong Markov property at stopping times (Tj>5(7]))j>1,

an P(((a0scsm)) <3 o P (a0

xER™ i1 ‘] ®ER™

24



z]:‘/i—lzi

i=1

<k- sup P max n
(Vi)izo€l'c jSLl/nJ/\(Tf‘S(n)—l)

)

where C' < oo is the constant in Assumption 3 and the set I'c is defined in (3.5). Thanks to part (a),
one can find some 6y = Jy (¢, C, N) € (0,0) such that

J

sup P max n
(Vi)izo€Tc (jSLI/WJA(71>5(n)—1) ;

Vio1Z;

> e) =o(n™)

(as ] 0) for any d € (0,dp), which concludes the proof of part (b). O

Next, for any ¢ > 6 > 0, we study the law of (Tj>6(77)) and (Wj>‘5(17)) . conditioned on event

jz1 Jj=1

B () 2 {20 (n) < [1/n) < 28y () m|[W7 ()| > e v € [kl (3.17)

The intuition is that, on event Eg «(1), among the first |1/7| steps there are exactly k “large” jumps,

all of which has size larger than ¢/n. Next, for each ¢ > 0, we consider a random vector W*(c) in
R? with [[W*(c)|| > ¢ almost surely, whose polar coordinates (R*(c), ®*(c)) £ ( W), M)
admit the law

P<(R*(c),®*(c)> c . > = (Zal(ee) X S) (). (3.18)

Here, recall the definition of the measure v, in (2.5) and the measure S in Assumption 1, and note
that o > 1 is the heavy-tail index in Assumption 1. For any ¢ > 0, we set

Val(e,00) () éc“-l/oé( . ﬁ(c,oo)).

to be the restricted and normalized (as a probability measure) version of v, over (¢,00). Let
(Wj"(c))j>1 be a sequence of iid copies of W*(¢). Also, for (U;);>1, a sequence of iid copies of
Unif(0,1) that is also independent of (Wj*(c))jzl’ let Uiy < Uiy < -+ < Ugry be the order
statistics of (Uj)k For any random element X and any Borel measureable set A, let Z(X) be the

Jj=1-
law of X, and Z(X|A) be the conditional law of X given event A.

Lemma 3.4. Let Assumption 1 hold. For any d > 0,c > 6 and k € Z7T,

) P(Eﬁ,k(n))il/ca’“
b=k = m (3:.19)

and
L (nW ), q W3S+ nW () (), (), -+ s ()| B ) )
=2 (W7 (), Wi (e), Wi (0), Uy, U+ Ugkany ) 05 1 4.0,

Proof. Note that (777°(n)) .., is independent of (VVZ->5(77))Z.21. Therefore, P(E2 . (n)) = P(r7°(n) <

i>1
L1/n] <725 (n)) - (P(n W2 ()| > c))k. Recall that H(z) = P(||Z]| > «). Observe that

P(T?(n) <|1/n] < T;Zfl(n)) = P(#{j <(1/n]: n|Z;|> 6} = k)

_ (Lllénj) (1 _H(a/n))u/w—k 05/ 520)
——— —
Zq.(n) Z42(n) 245(n)
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For ¢1(n), note that

g 00 _ (/) (/0] = 1) - (1L/n] —k+ 1) /R 1 (3.21)

70 1/77 1/nk k!
Also, since (|1/n] —k)- H(d/n) = o(1) as n | 0, we have that lim, o g2(n) = 1. Lastly, note that

P(n||WS )| > ¢) = Hic/n) [H(o/n),

and hence,

wn) - (P [ Wi )] > o))’ ) (=) - (B [HOM) (o)

lim = lim = lim — L = 1/c*

o (H(1/n))" o0 (H(1/n))" w0 (H(1/n))

Plugging (3.21) and (3.22) into (3.20), we obtain (3.19).
Next, we move onto the proof of the weak convergence. We use (Rf‘s(n)7 ®1>5(77)) = ( H W1>5(77)

| Wf‘f(n) )
lwe |
to denote the polar coordinates of W;>°(n). Observe the following weak convergence:

P((nR?‘S(nL@f‘S(n)) € - ‘ nR7° () > C)

P (1R (1), ©7°(n) € - N ((¢,00) NN))
P(n W ()] > )

P((nR,@) € - m((c,oo)mmd))/P(nnzn > 5) . 7
- PWIZ] > 0/P0IZ] > 0) v (7€) = (121 7z
P((nR, @) c - N ((c,oo) ﬁ‘ﬁd)> . P(y|Z|| > 1) B P((nR, @) c - N ((c,oo) ﬁfﬁd)> . H(n™Y)
P(nlZ]| >1) P(n|Z|>¢) H(n=1) H(c-n™t)
= (Val(e,00) X S)(-) as 1} 0 by Assumption 1.

As a result, we must have X(an‘s(n), nW5(n),- - ,nW,f‘s(n)‘Egk(n)) — X(W{‘ (c),-, W,:‘(c))
Moreover, one can easily see that, conditioned on the event E‘i . (), the sequences nW™° (), -, nW,.>% ()
and nr°(n), -+ ,n1%(n) are conditionally independent. Therefore, as 7 | 0, the limit of the condi-

tional law $<UW1>5(17), e W (n) ’Ef’k(n)> is also independent from that of.i”(m'f‘s(n), () ’Eik(n)

and it only remains to show that
Z(T]7-1>6(77)7 777-2>6(7] 7 nTk ‘ ) - $<U(1;k)7 R U(k,k)) .

Note that since both {m'f‘;(n) 24 =1,...,k} and {Upy, : i = 1,...,k} are sorted in an ascending
order, the joint CDFs are completely characterized by {t; : ¢ = 1,...,k}’s such that 0 < #; < 5 <

- <t} < 1. For any such (t1,--- ,t) € [0,¢]*, note that
P (072 (n) > by 0750 (0) > o, o 07 n) > | BL4(n))
=P (00 (n) >ty w0 (n) > o, - (n) > | 0 ) < (1) < T2 (n)
P (00 () > b1, 0730 () > o, - n) > s 720 (n) < 1/n) < 72 (n)

P (70 < [1/n) < ()
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and observe that

P(nr70m) > tr, nr3(n) > o, - 070 (m) > s 770) < [1/n) < 725, ()
P( ) < [1/n) < 7 (n)
|E| QQ _ "
@ (77)@(77 |/q1

where E" £ {(31,--- k) €{1,2, [ I/n] =13 ms; >t Vi ELR]; s1<sa < < sk}. Note
that

[1/n]-1 skp—1 sp—1—1 s3—1 so—1

LI YR VA D VD S

se=l L spo=[ B 41 spo=[ B2 41 2= 241 si=[ G4

Together with (3.21), we obtain

lim | E" /Q1 . lim / / / / / d81d32
nw} ‘ nl0 1/77 tho1 Jty_o ta Jta

—P(U(Zk)>t V’LE[

and conclude the proof. O

Next, we present useful results about mappings h deﬁned in (2.10)—(2.13) and h g )Tll]) defined

n (2.21)—(2.24). These results will serve as crucial tools when establishing Theorems 2 3 and 2.4.
First, recall the definitions of the sets ]D)Ef)(r) and ]D)ff)lb(r) in (2.17) and (2.25), respectively. The

first two results reveal useful properties of fo) (r) and Df)lb(r) when Assumptions 2 and 3 hold. As
their proofs mostly rely on arguments and calculations independent of those in the other sections of
our analyses, we collect the proofs of Lemmas 3.5 and 3.6 in Section C.

Lemma 3.5. Let Assumptions 2 and 3 hold. Given some compact A C R™, some B € %, and some

keN, r>0,if B is bounded away from I[))(f_l)(r), then there exist € > 0 and 6 > 0 such that the
following claims hold:

(a) For any @ € A,

(b) dj, (B, DY V(1) > 0.

Lemma 3.6. Let Assumptions 2 and 3 hold. Given some compact A C R™, some B € S, and some

k€N, b,r >0, if B is bounded away from fol)‘b(r), then there exist € > 0 and 6 > 0 such that the
following claims hold:

(a) for any x € A, b> 0, and any (vy,--- ,v;) € R™** with max;e ||v;]| <€,
RO (e, (wr,-- we), (o1, o) t) € BF = |yl > 5 V) € [K];

(b) dg, (B5, DY VP > 0.

The next lemma establishes a convergence result from the measure C*)I® defined in (2.26) to the
measure C*) defined in (2.14). Again, we collect the proof in Section C.
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Lemma 3.7. Let Assumptions 2 and 3 hold. Let k € N, r > 0, and A C R™ be compact. For any
gec(\DY V() and z € A,

lim C(k)‘b(g;:c) = C® (g;x).
b—o0
In Lemma 3.8, we show that the image of h(!) (resp. h(l)‘b) provides good approximations of the

sample path of X7 (x) (resp. X;ﬂb(ac)) up until 77°°(n), i.e. the arrival time of the first “large noise”;
see (3.2),(3.3) for the definition of 7.7°(n), W;>%().

Lemma 3.8. Let Assumptions 2 and 3 hold. Let D,C € [1,00) be the constants in Assumptions 2
and 3, respectively, and let p = exp(D).

(a) For any €,6,n >0 and any x,y € R™, it holds on the event
{ max n ZG(X;Ll(:B))Zj < e}
i<li/min(w2m-1) ||=1

that

sup &= X[,y @) <+ (e llz =yl +nC), (3.23)

te0,1]: t<nT%(n)

where

‘. RO (y, gW 2 (n),nri° () if o () < 1,
hO(y) if nri7° (n) > 1.

(b) For any v,b>0, e € (0,1), 6 € (0,5%), n € (0,%4), and @,y € R™, it holds on the event

{ max Z Xjnlbl Z; §€}Q{UHW1>6(77)||§1/57}

i<[1/n)A (770 () 1)

that
SHup Hgt > SN )H <p-(e+lz -yl +n0), (3.24)
te[0,1]: t<nT{ % (n)
sHup Hgt > S )H <pD - (e+[lz -yl +2nC) -7 (3.25)
te[0,1): t<nt{%(n)
where

ROy W () 0 () if () < 1,
hOP(y) if () > 1.

Proof. (a) Recall that y(z) defined in (2.28) is the solution to ODE dy,(x)/dt = a(y;(x)) under

initial condition yo(x) = 2. By definition of £, we have & = y,(y) for any ¢ € [0,1] with t < n77°(n).
Also, since 777%() only takes integer values, we know that nr7%(n) < 1 <= 77°(n) < |1/n) and
00 (n) > 1= 17%(n) > [1/n).

Let A = {max > =1 o(X!

j71<

‘ n e
i<1/mn (725 (m)=1) 77‘ w))ZJH < e}. Let () be the deterministic

process defined in (C.13). Applying discrete version of Gronwall’s inequality (see, for example, Lemma
A.3 of [41]) we know that on event A,

|27(@) - X)(@)|| < c-expD- [1/n]) <pe i< [1/n] A (70 —1).  (3.26)
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On the other hand, since & = y;(y) for all t < n7°°(n), by applying Lemma C.5 we get

su & = @, @)]| < 1 + I = wl) - (3.27)
te[0,1]: t<nT>5(n)

Combining (3.26) and (3.27), we get

H& Lt/nJ(x)H sp: (6+ z -yl +n0)- (3.28)
te[0,1]: t<777'1>5(77)

(b) Note that for any & € R™ and any t € [0, 1] with ¢ < n77%(n),

hO (@) (t) = B (x)(t) = KO (@, y Wi (n), 1770 (0)) (£) = B (@, W (), 770 (0)) () = e ().

Also, for any w € R? with ||w|| < 6 < 5% and any @ € R™ note that ¢, (na( ) + cr(:c)w) =

na(z) + o(x)w due to nla(x)| < nC < & and [|o(z)|[|w| < C§ < b/2 (recall our choice of
nC < $Aland § < 5%). As aresult, X' (x) = Xjﬁlb(a:) for all z € R™ and j < 77°(n). Tt then

<cwe

i nlb
follows directly from (3.28) that on event {maxiﬂl/n“( 25 (n)—1) 77 HZJ 1 O'(X ()

have

sw & - X[, @) <o (4 2~ yll+nC).

t€[0,1]:t<nT % (n)

A direct consequence is (we write y(u;x) = yy, (@), y(s—;x) = lim,qs yyu(x), and £(t) = & in this
proof)

|yt =) - X @) <o (e+ 2 =yl +0C). (3:29)

Therefore,
b
JeCme2 ) - %2 @)

Yy ()= y) + @ (n ( (n7°(n)—; y))W1>‘5(77))

. nlb
[XTF‘S(W

@) (X2 @) <00 (X0, @)W )) H
< Hy(mf‘s(n)f;y) - X"‘ﬁs(n),l(m)H

(o (w0 )W ) = o (v (X7, () W20 )|
N

(0 (X2 @)W 0)) (e (X (@) o (X2

2,

"

"

First, due to [|py(2) — wu(y)l| < ||z - yl|,

I <n ||W1>6 HU( 777'1 (U)‘%y)) - O'(XZILb«s(n)_l(w)) H

b .
<n||[w’m)|-D- Hy (% (n)—3y) — Xflla(n),l(w)H by Assumption 2

29



< pD(e+llz —yll +0C) -0 [|[W ()] by (3.29)
< pD(e+ [l -yl +n0) -7 on event {77 HW1>5(77)H < 1/67}.

Similarly, we can get Iy < Hna (anfé a:)) H < nC. In summary, on event {77 ||W1>6(77)H < 1/67},
i

(n)*l(

sup &— X[ ( )H < pD(e+ |z —yll +nC) - e +3C
te[0,1]: t§n7'1>5(7])
< pD(e+ |l —yl +2nC) -
This concludes the proof of part (b). O

By applying Lemma 3.8 inductively, the next result establishes the conditions under which the

(k)[b

image of the mapping h approximates the path of X}ﬂb(ac).

Lemma 3.9. Let Assumptions 2 and 3 hold. Let A;(n,b, €, 8, x) be defined as in (3.6). For any k € N,

zeR™, b>0,e€(0,1),5€(0,5), andnG(O,bQACE) it holds on event

(N A bcao) 0 {2 < < i} o oWz < ek v )

i=1

that

nlb k+1
= Xy (@ H (2pD)"" Ve,

te[0,1]
where
f £ h(k)‘b(wv (UW1>5(77)7 e 777Wk>5(77))7 (777'1>5(77)» o 777T]g>6(n))>7

p=-exp(D)>1, D € [1,00) is the Lipschitz coefficient in Assumption 2, and C > 1 is the constant
in Assumption 3.

Proof. Tt is straightforward to see the claim is an immeidate corollary of (3.25) in Lemma 3.8 when
applied inductively (in particular, with v = 2k7 and note that due to our choice of 7, we have 2nC' < ¢).
To avoid repetition, we omit the details. e O

To conclude, Lemma 3.10 provides tools for verifying the sequential compactness condition (2.1)
for measures C*)( - ;) and C®IP( . ;) when we restrict « over a compact set A.

Lemma 3.10. Let Assumptions 2 and 3 hold. Let T,r >0 and k > 1. Let A CR™ be compact.

(a) For any x, € A and =* € A such that lim,_, x,, = x*,

lim CO(f;@,) = CH(f;2%) v ec(D,T]\ DY V0, T)(r).

n—oo
(b) Let b > 0. For any @, € A and x* € A such that lim,_, . &, = x*,

lim COP(fia,) = CWP(f27) i e (Do, 7]\ DY 0, 7)(r).
Proof. For convenience we consider the case T = 1, but the proof can easily extend for arbitrary
T>0.
(a) Pick some f € C(D\ ID)XC_l)(r)), and let ¢(x) £ CH)(f:x). We argue that ¢(-) is a continuous
function using Dominated Convergence theorem. First, from the continuity of f and h(*) (see Lemma
C.4), for any sequence y,, € R™ with lim, o ¥y, = y € R™, we have

lim £ () (g, W,8)) = (B9, W,8) YW e R, te (0,1)"

m— 00
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Next, by applying Lemma 3.5 onto B = supp(f), which is bounded away from ]D)Effl)(r), we find

6 > 0 such that h®) (z, (w1, -+ ,wy),t) € B=> ||w;|| > & Vj € [k]. As a result,
£ (h9) (@, (w1, wr),8) )| < AT o) > 85 € 1]}

Also, note that [I{ |w;| > & Vj € [k]}((va x S) o CID)k(dW) x LT (dt) < 1/6 < cc. This allows us
to apply Dominated Convergence theorem and obtain

lim ¢(z,) = lim CH(f;z,) = CH(f;z*) = ¢(z*),

n—oo n—oo
which the proof of part (a).

(b) The proof is almost identical. The only differences are that we apply Lemma C.3 (resp. Lemma
3.6) instead of Lemma C.4 (resp. Lemma 3.5) so we omit the details. O

3.3 Proofs of Theorems 2.3 and 2.4

In the proofs of Theorems 2.3 and 2.4 below, without loss of generality we focus on the case where
T = 1. But we note that the proof for the cases with arbitrary 7" > 0 is nearly identical. Recall
that, to simplify notations, we write X"(x) = Xf(’) (@) = {XLt/nJ( x): t €[0,1]}, and X"*(x) =

X @) = (X[}, (@) : te 0,1}

3.3.1 Proof of Theorem 2.3

Recall the notion of uniform M-convergence introduced in Definition 2.1. At first glance, the uniform
version of M-convergence stated in Theorem 2.3 and 2.4 is stronger than the standard M-convergence
introduced in [42]. Nevertheless, under the conditions stated in Theorem 2.3 or 2.4 regarding the initial
values of X" or X"® we can show that it suffices to prove the standard notion of M-convergence. In
particular, the proofs to Theorem 2.3 and 2.4 hinge on the following key proposition for X"1?,

Proposition 3.11. Let 1, be a sequence of strictly positive real numbers with lim, 1, = 0. Let
compact set A C R™ and x,,x* € A be such that lim,,_.., x, = x*. Under Assumptions 1 and 2, it
holds for all k € N and b,r > 0 that

P(Xx"P(x, )N ) = CPI () in M(D\ ]D)Xc_l)‘b(r)) as m —+ 0o.

As the first application of Proposition 3.11, in Section 3.3.1 we prepare a similar result for the
unclipped dynamics X" defined in (2.3) and (2.16), which will be the key tool in our proof of Theo-
rem 2.3.

Proposition 3.12. Let 7, be a sequence of strictly positive real numbers with lim,, o1, = 0. Let
compact set A CR™ and x,,x* € A be such that lim,_ . x, = x*. Under Assumptions 1, 2, and 3,
it holds for all k € N and r > 0 that

PX™ (@) € ) /N () = OO (2 in D\ DY) a5 .

Proof. Fix some k=0,1,2,---, r > 0, and some g € C(]D) \ ]D)(k b ( )) By virtue of the Portmanteau
theorem for M-convergence (bee theorem 2.1 of [42]), it suﬁices to show that

: nn k _ (k) (e a
Jim E[g(X"(@n))] /A" (mn) = C™(g; 7).
To this end, we let B = supp(g) and observe that for any n > 1 and any §,b > 0,

)
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E[ (X""(a:n))]I{X”" () € BH
= B[g(X™ (@ )H{r7,(m) < [1/m); X" (@a) € BY]
+ B[g(X" @)L 77 () > [1/n0); X" (w0) € B}

+ B[ @7 0,) < 1] < 728,005 W70 > g5 for some j € [Ks X™(2) < B}

+B| X @I 177 0) < [1/m) < 7280 W72 < 55 % € 1 X (o) € B |,

£1.(n,b,5)

where C' > 1 is the constant in Assumption 3 such that ||a(x)|| V|o(x)|| < C for any x, and 7']->5(77)’s7
Wj>5(77)’s are defined in (3.2) and (3.3). Now, we focus on the term I.(n,b,d). For any n large

enough, we have 1, - Supgegm [la(z)| < 1,C < b/2. As a result,for such n and any 6§ € (0, 5 ), on the
event

Z(nybv ) £ {7'155(7770 < [1/nn] < Tk+1(77n n ||W>6 (n H < 70 Vj € [k]; X™(x,) € B},

the norm of the step-size (before truncation) na(X;ﬂ_b1 (z)) + na(XfE’l(w))Zj of X;-ﬂb is less than b
for each j < |1/1, |, and hence X" (x,,) = X"®(a,). This observation leads to the following upper
bound: Given any b > 0 and ¢ € (0, 20) it holds for any n large enough that

E[g(X™ (@) ] < 9] P (7 () < [1/3a])

Zp1(n,8)
+H9HP( (nn)> Ll/nnJ Xn”( n)gB)
Zpa(n.0)
b .
P (7 0) < L] < 22, )s 0 W72 0] > 55 for some < 4]

A
=p3(n,b,0)

+E[g(X™ " (@,))].

Similarly, given any n large enough, any b > 0 and any § € (0, %), we have the lower bound

E[g(X"" ()| > E[L(n,b,0)]
= E[Q(X""'b(wn))ﬂ(g(n b 5))} due to X" (z,) = X™*(x,,) on A(n,b,0)
> E[g(x™"@,))] ~ g P((A(n.5,0))°)
> B|g(X"(@.)| = gl - [p1(n,8) + pa(n,8) + pa(n, b,)]-

We claim that there exists some 6 > 0 such that

lim py(n,8) /A (n.) =0, (3.30)
lim py(n, 0) /A (n,) = 0. (3.31)
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Furthermore, we claim that for any b > 0,

. k 0 va 1
lim sup ps (b, 8) /X () < s (b) 2 - (D). L. (3:32)
n—oo o 2C b
Note that limj_,o ¥s(b) = 0. Lastly, by Lemma 3.7,
blim CPI (g x*) = CH) (g *). (3.33)
—00

Then by combining (3.30)—(3.32) with the upper and lower bounds above for E[g(X " (z,,))], we see
that for any b large enough (such that % > 0),

_ E[g(X™(z,))] _ E[g(X™ ()] _ . ElgX™(z,))]
A=y ellve() < im —=e T < i =

E|g(X"™(x,,
— ol vaft) + €y <ty BT )]

+ llgll s(b),
< |lgll¢s(b) + CMI(g; 7).

In the last line of the display, we applied Proposition 3.11. Letting b tend to oo and applying the limit
(3.33), we conclude the proof. Now, it only remains to prove (3.30) (3.31) (3.32).
Proof of Claim (3.30):

We show that this claim holds for any § > 0. Applying (3.4), we see that p;(n,d) < (H(%)/vyn)k+1
holds for any 6 > 0 and any n > 1. Due to the regularly varying nature of H(-), we then yield
lim sup,, _, /\IZCL(IL(’;]SZ) < 1/6%0+1) < 0o, Therefore,

lim sup p(n,9) < limsupMo lim A(nn) . lim H(/nm)

< — =
S Nk () = P AR () e A S Sageny T, =0

due to w =) € RVq-1(n) asn 0 and a > 1.
Proof of Claim (3.31):

We claim the existence of some ¢ > 0 such that

k+1
{72°m) > 1/n); X'(@) € B} ( N Ai(n7oo7e,5,w)) =0 Yz eA >0 ne(0

i=1

, C—p) (3.34)

where D,C € [1,00) are the constants in Assumptions 2 and 3 respectively, p = exp(D), and event
A;(n,b, €, 6, x) is defined in (3.6). Then for any ¢ > 0,

k+1 c
lim sup pa(n, 5)/)\k(77n) < limsup supP(( ﬂ A; (M, 00, €, 0, w)) )/)\k(nn).
i=1

n—o00 n—oo €A

Applying Lemma 3.3 (b) with N > k(o — 1), we conclude that claim (3.31) holds for all § > 0 small
enough. Now, it only remains to find € > 0 that satisfies condition (3.34). To this end, we first recall
that the set B = supp(g) is bounded away from fo_l)(r). By Lemma 3.5, there is € > 0 such that
dj, (Bg,]D)Ef*l)(r)) > & W.lo.g. we pick € small enough such that € € (0,r). Next, we show that
(3.34) holds for any € > 0 small enough with (p + 1)e < & To see why, we fix some € A, § > 0
and 7 € (0, 7). Define a process X0 (g) & {X?é(m) : ¢t €[0,1]} as the solution to (under initial
condition X[’ (z) = x)

X )
dtdit(w) = a(X,?«S(:c)) V>0, té¢ {”Tfé(n) L1,

33



Xm0 NOED SSNCIN

nt7%(n

On event (ﬂf:ll A;i(n,00,€,8,.2)) N {r7°(n) > [1/n]}, observe that

dy, (X" (@), X" (@))
< sup | X7 @) - X7, (@)
t Lt/n]
te[0.nro ) U [nr2® )73 (m) ) U0 [0 () e 228, ()
<p-(e+nC) <pe+e<e because of (3.23) of Lemma 3.8.

In the last line of the display above, we applied n < Cip and our choice of (p+ 1)e < €. However,
from the display above, we also learned that on {77°(n) > |1/n]}, we have X19(z) e DX@_I)(E) -
D%V (r); recall that we picked € € (0,7). As a result, on event (N A;(n, 00,€,6,2)) N {77°(n) >
|1/n]} we must have dj, (D} D 1)( ), X"(x)) < € and hence X"(x) ¢ B due to the fact that
dj, (Be,]D)gC 1)( )) > € This verifies (3.34).

Proof of Claim (3.32):

Due to the independence between (777°(n) — 7;71(5))j>1 and (Wi>5(77))j>1,

p3(n,b,d) = P(T,f‘s(nn) < |1/n.] < T,f_fl(nn)) -P(nn HW]->5(nn)H > b for some j € [kz])

2C
b
P (e [W7 > 5¢:)

Mw

< P () < [1/ma] ) -

J

Il
-

)

IS

- (H(ii”"))k.k.H%

3 \

pa(n,b,0)

Due to H(z) € RV_q(x) as * — oo (see Assumption 1), we conclude that limsup,,_, Ny S

e (£)" e = 0300
O

With Proposition 3.12 in our arsenal, we prove Theorem 2.3.

Proof of Theorem 2.3. For simplicity of notations we focus on the case where T' = 1, but the proof
below can be easily generalized for arbitrary T' > 0.
We first prove the uniform M-convergence. Specifically, we proceed with a proof by contradiction.

Fix some r > 0 and k € N, and suppose that there is some f € C(D \ fofl)(r)), some sequence
M > 0 with limit lim,, . 7, = 0, some sequence x,, € A, and € > 0 such that

P () = W (fim)| > e¥n =1 with p() 2 P(X™ (@a) € - ) /X ().

Since A C R™ is compact, by picking a proper subsequence we can assume w.l.o.g. that lim,,_,. , =
x* for some x* € A. This allows us to apply Proposition 3.12 and yield lirnnHoo ‘,u ) (f)—C(k) (fix*)| =

0. On the other hand, using part (a) of Lemma 3.10, we get lim,,_, oo |C (f; ) — CRI(f; m*)} =0.
Therefore, we arrive at the contradiction

lim u() c® fizn)| < lim u(k) f k) (fix")| + hm c —C® fixn)| =0
| (Frw)] < lim [ (f) - 2*) - ¥ (fa,)

n— oo

and conclude the proof of the uniform M-convergence claim.
Next, we prove the uniform sample-path large deviations stated in (2.18). Part (a) of Lemma
3.10 verifies the compactness condition (2.1) for the family of measures {C*)( - ;) : = € A}.
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In light of the Portmanteau theorem for uniform M-convergence (i.e., Theorem 2.2), most claims
follow directly from the uniform M-convergence established above, and it only remains to verify that
sup,e4 C¥) (B~ ) < co. To do so, note that B~ is bounded away from ID)Ef_l)(T). This allows us
to apply Lemma 3.5 and find € > 0, § > 0 such that, for any = € A and t € (0, 1]*T,

hk) (z, (w1, ,wg),t) € B* = ||lw;|| >0 Vj € [k].

Then by the definition of C*) in (2.14),

sugc(’“)(B*;m) = Sug/ll{h(’“) (. (wr, - wy),t) € B*}((ya x 8) 0 ®)* (W) x £ (dtq
xe A

= /H{ lw;l| > 6V € [k]}((Va x 8) 0 @) (aW) x LV (dt) < 1/6* < .
This concludes the proof. .

3.3.2 Proof of Theorem 2.4

Aside from Proposition 3.11, another key tool in our proof of Theorem 2.4 is the following “truncated”
version of the drift and diffusion coefficients a(-), o(-). Given any M > 1, let

() & a(M nwu> if (||| > M, oarla) 2 G‘(M \wu) it flal) > Mo
a(x) otherwise. o(x) otherwise.

That is, we project & onto the closed ball {x € R™ : |z| < M}. For any a(-),o(:) satisfying
Assumption 2, one can see that aps(-), oa () will satisfy Assumptions 2 and 3. Similarly, recall the
definition of the mapping A™!* in (2.21)-(2.23). We also consider its “truncated” counterpart by

defining the mapping ﬁg@l‘b :R™ x RI¥F x R™¥E x (0,1]FT — D as follows. Given any & € R™, W =

(w1, wi) €RPE V= (vy, - ,v)) € R™F t=(tr, -, tx) € (0,1, let € =AY} (2, W, V. ¢)
be the solution to

o = @; (3.36)
%:aM(gt) Vt € [0,1], t #ty,to, - tgs (3.37)
& =& +vj+o(on(& +v))w;) if t = t; for some j € [k]. (3.38)

Define mapping h%?jb :R™ x Rk % (0,1]*T — D by
WP (@, (w1, wi), 1) 2 B (2, (w1, w), (0, ,0), ). (3.39)
Also, recall that B,(z) is the closed ball with radius r centered at x, and set
DY (r) 2 ﬁ;‘;l“’(A x R™F ¢ (B,(0))* x (0, 1]“). (3.40)
In short, the difference between ﬁgvlj) b and R®Ib g that, when constructing Bg@l‘b, we use the truncated
drift and diffusion coefficients a(-) and o (+).

The main idea for our proof of Theorem 2.4 is as follows. For large enough M > 0, one can show
that it is very unlikely for the truncated dynamics X"°(z) to exit from the the ball B,.(0) = {y :
|lyl| < M}. Therefore, it suffices to study the M-convergence and large deviation limits of a modified
version of X"®(z), where we use a; and oy for the drift and diffusion coefficients, instead of a and
o. Since a); and o) automatically satisfy the boundedness condition in Assumption 3, we essentially

reduce the problem to a simpler one, whose proof is almost identical to that of Theorem 2.3 and builds
upon the technical tools developed in Section 3.2 again.

—=
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Proof of Theorem 2.4. First, we argue that the proof is almost identical to that of Theorem 2.3 if
Assumption 3 also holds. In particular, the proof-by-contradiction approach in Theorem 2.3 can be
applied here to establish the uniform M-convergence. The only difference is that we apply Proposition
3.11 (resp., part (b) of Lemma 3.10) instead of Proposition 3.12 (resp., part (a) of Lemma 3.10).
Similarly, the proof to the uniform sample-path large deviations stated in (2.27) is almost identical
to that of (2.18) in Theorem 2.3. The only difference is that we apply part (b) of Lemma 3.10 (resp.,
Lemma 3.6) instead of part (a) of Lemma 3.10 (resp., Lemma 3.5). To avoid repetition we omit the
details.

In the remainder of this proof, we discuss how to extend the proof and cover the case where
Assumption 3 is dropped. To prove the uniform M-convergence claim, we proceed again with a proof
by contradiction. Fix some b,r > 0,k € N, and suppose that there are some g € C(ID\ ID) (k= 1)( )
some sequence 7, > 0 with limit lim,,_, . 1, = 0, some sequence x,, € A, and € > 0 such that

’ug“)(g) - C(k)‘b(g;:cn)’ >eVn>1 with p# () & P(X""‘b(:r,n) € - )/)\k(nn) (3.41)

By the compactness of A, we can pick a sub-sequence if needed and w.l.o.g. assume that lim,,_, @, =
x* for some z* € A. Next, let B = supp(g) and note that B is bounded away from ]D)ff_l)‘b(r).
Applying Corollary C.2, we can fix some My such that the following claim holds for any M > M, :

for any £ = h%?ilb( W, V., t) with t = (t,---,t;) € (0,11, W = (wy,--- ,wy) € R>*k V =
(v, ,v) € R™F with max;e(q [lv;]| <7, and @ € A,

€=, W, Vv, t) = h{) (@, W, V,t)  and  sup ||&] < Mo. (3.42)
t€(0,1]

Here, recall that the mappings h( )‘b and h(k)lb are defined in (3.36)—(3.39). Now, we fix some M >

Moy + 1 and recall the definitions of ay, oy in (3.35). Define the stochastic processes f"'b(:c) 2
[b .
{X[}), @) : te0,1]} by
3 nlb b e 7lb .
X(@) = X (@) + o (nan (X0 @) + o (X1 () 25) Wi =1 (3.43)

under initial condition X nlb () = «. In particular, by comparing the definition of )A(/J" lb(w) with that
of X;-’l (x) in (2.19), one can see that (for any £ € R™,n > 0)

b b
tg%p”HX@‘m (w)H S M = t:}épl]HXftl/nJ(m)H > M, (3.44)
o (Xt @] <00 = X7 @) = X @) (3.85

Now, we observe a few facts. First, define measure
CHI( .. ) é/ﬂ{h%b(:p,w,t) € - }((ya x 8) 0 ®)"(dW) x X (at).
Due to (3.42), we must have
CHPl(. gy =CPl(.;z) VzeA (3.46)

Next, recall that ap; and o satisfy Assumption 3. Then as has been established at the beginning
of the proof, we have the following uniform M-convergence for X"®(x):

)Fk(n)P(f"'b(cc) €)= CWIb(. gy =Cc®I(..z) in M(D\Dféf—l)‘b(ro uniformly in  on A
(3.47)
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as n | 0. By Definition 2.1, for the function g € C(D'\ ]D) (k= 1)( )) fixed above, we now have

lim |u(k) C(k)lb(g;wn)| =0 with 2% () £ P(X/n"lb(mn) € - ) /X (). (3.48)

n— oo

On the other hand, for any n > 1 (recall that B = supp(g))

E[g(X"" (@) | = B (X" (@) { X (@) € B sup | X[ (@n)

m’fb
te[0.1] [t/n]

SM}]
>M}].

(3.49)

+E g(X""‘b(wn))H{X"""b(wn) € B; sup HX""'b )

T
te[0.1] Lt/n]

The following bound then follows immediately from (3.44) and (3.45):

‘E[g(xnnbm))} —E[g<3<“nn'b<wn>)H < ”9”P<t2}é‘,’1 | X @)

> M) (3.50)

Furthermore, we claim that

lim )\_k(nn)P< sup HXft"/lbJ ()

n—00 t€[0,1]

> M) =0. (3.51)

Then observe that

lim sup ’ué’“)(g) — CcWlb(g; wn)}

n—0oo

Slimsup‘u(k) — i (g )( +limsup‘u(’“) —CWl(ga,)
n— oo n— oo

< limsup A~* sup HXftT‘/lbJ (xp)|| >M | +0 due to (3.50) and (3.48)
n— 00 te(0,1]

=0 due to (3.51).

In summary, we end up with a clear contradiction to (3.41), thus allowing us to conclude the proof.
Now, it only remains to prove claim (3.51).

Proof of Claim (3.51):
Let B2 {& € D: sup,cpqlléll > M}. Suppose we can show that E is bounded away from

]D)Ef)lb(r), then by applying the uniform M-convergence established above in (3.47) for X b (z), we get
limsup,, ., P(f’“'b(a)n) € E) /)\k“(nn) < 00, which then implies (3.51). To see why E is bounded
away from ]D)Ef)lb(r), note that by (3.42),

ceDP(r) = sup &) < My< M -1
te[0,1]

due to our choice of M > My + 1 at the beginning. Therefore, we yield d, (]fo)‘b(r),E) > 1 and
conclude the proof. O

3.3.3 Proof of Proposition 3.11

As has been demonstrated earlier, Proposition 3.11 lays the foundation for the sample path large
deviations of heavy-tailed stochastic difference equations. In Section 3.3.3, we provide the proof of
Proposition 3.11. Analogous to the proof of Theorem 2.4 above, we show that it suffices to prove
the seemingly more restrictive results stated below in Proposition 3.13, where we impose the the
boundedness condition in Assumption 3.
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Proposition 3.13. Let 1, be a sequence of strictly positive real numbers with lim, - n, = 0. Let
compact set A CR™ and x,,x* € A be such that lim,,_.o, ®, = x*. Under Assumptions 1, 2, and 3,
it holds for all k € N and b,r > 0 that

P(X"(x,) € ) /A(n,) — CEP( ) in MD\DEVP(r) asn — oo,

Proof of Proposition 3.11. The proof is almost identical to the second half of the proof for Theo-
rem 2.4. Specifically, we fix some M > My + 1 with My specified in (3.42) and we arbitrarily pick
some g € C(D\fol)(r)). Besides, define the stochastic processes X"I¥(z) £ {X[?t‘?nj( ): te[0,1]}
by (3.43). By repeating the arguments in the proof for Theorem 2.4, we yield (3.46) and (3.50)
again. Next, by applying Proposition 3.13 onto )A(/""b(:c)7 we again obtain (3.48) and (3.51) (in
particular, for the claim (3.51), note that at the end of the proof for Theorem 2.4 we have al-
ready shown that {£ € D : bupt,e[o1 €&l > M} is bounded away from ID)( )‘b( )). Now, for
IR IS P(X"lb(z,) € - )/M*(n,), observe that

lim .ugzk) (g) - C(k)‘b(g; ch)
< limsup ‘u(k) — B (g )‘ + lim sup ‘M(k) —c®(g z,)
n— 00 n— 00

< limsup )\k(nn)P< sup HXLt/nJ (zn)| > M) +0 due to (3.50) and (3.48)

n—o00 t€(0,1]

=0 due to (3.51).

By the Portmanteau theorem for M-convergence (see theorem 2.1 of [42]) and the arbitrariness of the
function g € C(D\ fofl)(r)), we conclude the proof. O

The rest of Section 3.3.3 is devoted to establishing Proposition 3.13. In light of Lemma 3.2, one
approach to Proposition 3.13 is to construct some process X115:(%) that is not only asymptotically
equivalent to X"* (as 7 | 0) but also (under the right scaling) converges to C*)I®. To properly
introduce the process X”‘b?(k), we set a few notations. For any j > 1 and n > j let

Jz(e,n) 2 #{z’ cnl: |1Zi] > c}; Z9 () 2 max {c >0: Jz(c|1/n]) > j}. (3.52)

In other words, Jz(c,n) counts the number of elements in {Z; : i € [n]} with a norm larger than c,
and Z)(n) identifies the value of the j*® largest element in {||Z;|| : i < |1/n]}. Moreover, let

) 2 win{k> D) 12220} W) 2 Z0 ) Vi=1205 (353

with the convention that 77 (r) = 0. Note that (r”)(n ) w9y ), c1;) Tecord the arrival time and

size of the top j elements (in terms of Lo norm) of {Z; : i € [n]}. In case that there are ties between
the values of {||Z;|| : i« < |1/n]}, under our definition we always pick the first j elements. Now, for

any j > 1 and any 7,0 > 0,2 € R™, we define X710 (z) £ {X:’lb;(j)(m) : t €[0,1]} as the solution
to
dXZ?\b;(j)(m)
dt
X;"b;(j)(a:) = X;’_‘b;(j)(w) + v (no'(XZ]_‘b;(j)(w))W/;(j)(n)) ift = 777(])( ) for some ¢ € [j] (3.55)

=a(X/" V(@) vie01], t¢ {nr ) i}, (3.54)

with initial condition Xglb;(j)(w) = x. For the case j = 0, we adopt the convention that

dX" O (@) /dt = a (X7 (x)) vt € [0,1]

38



with Xglb;(o) (x) = . First, by definition of the mapping A" in (2.21)-(2.24), we have

X0 @) = B (@, (W ), WP ), (P ), ). (3.56)

Furthermore, the following property is central to our proof: for any n,b > 0, k € N, and x € R™,
on event {T,f‘;(n) < |1/n) <728 (7])}, we have X%®) () = h®Ib (2, yW>2 (n),nT>%(n)))  (3.57)
with W (i) = (W7 (n), -, W2 (i) and 72°(n) = (7 (n), -+ , 77 (n)).

We first state two results that allow us to apply Lemma 3.2.

Proposition 3.14. Let n, be a sequence of strictly positive real numbers with lim,_ .1, = 0. Let
compact set A C R™ and x,,x* € A be such that limy, o T, = x*. Under Assumptions 1, 2, 3,
it holds for all k € N and b,r > 0 that X""(x,,) is asymptotically equivalent to X"%%) (x,) (as

n — 00) in M(]D)\]D)Ef)‘b(r)) w.r.t. A¥(n,).

Proposition 3.15. Let 1, be a sequence of strictly positive real numbers with lim,_ .1, = 0. Let
compact set A C R™ and x,,x* € A be such that lim,,_, x, = x*. Under Assumptions 1, 2, 3, it
holds for all k € N and b,r > 0 that

P(Xnnlb;(k)(wn) c . )/)\k(ﬁn) N C(k)\b( . ;:c*) in M(]D)\]D)Effl)lb(r)) as n — 0o,

where CMI s the measure defined in (2.26).

Proof of Proposition 3.13. In light of Lemma 3.2, it is a direct corollary of Propositions 3.14 and
3.15. 0

Now, it only remains to prove Propositions 3.14 and 3.15.

Proof of Proposition 3.14. Fix some b,r > 0,k € N, and some sequence of strictly positive real
numbers 7, with lim, .. 7, = 0. Also, fix a compact set A C R™ and x,,x* € A such that
lim,, o ¢, = x*. Besides, we arbitrarily pick some A > 0 and some B € . that is bounded away
from I[))Ef_l)lb(r). By Definition 3.1, it suffices to show that

lim P(dJl (X700 (,,), X108 (@, ) T{ X (2,,) or X0 K) (a,) € BY > A)/x\k(nn) =0.

n-r00
(3.58)
By Lemma 3.6, there are some € € (0,7) and § > 0 such that
e for any @ € A and b > 0, and any (v1,--- ,v)) € R™** with max;¢cp ||lv,] <,
ﬁ(k)‘b(a:, (wy,- - ,wg), (v, - ;vk),t) € B¢ = l|lw;|| > 0 Vi € [k]; (3.59)
e furthermore,
ds, (B, DY () > & (3.60)

Meanwhile, for any n,d,¢ > 0 and € A, let
By 2 {X"'b(w) € Bor X" (z) € B; dy, (X" (x), X100 (z)) > A},

By 2 {7zh ) > 1/nl },
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By 2 {r7%(m) < [1/n}},

By 2 {n|W7o(n)]| > 5 for all i € K]},

B, 2 {,7 [WZS()|| < 1/€% for all i € [k:]}.
We have the following decomposition of events:

By =(ByNBf)U(ByN B NBS)U(ByN By NByN BS)
U(BoN By NBysN B3N BS)U (ByN By N ByN BsN By). (3.61)

To proceed, let p = exp(D) and D € [1,00) is the Lipschitz coefficient in Assumption 2. For any € > 0
small enough such that

(2pD)* /e < A, 2pe < E, €€ (0,1), (3.62)

we claim that

lim sup P (BO N BC) / A () = 0, (3.63)
10 zcA
li P(ByNB, NBS)/\(n) = 64
limn sup ( 0oNB1N 2>/>\ (n) =0, (3.64)
lim sup P (BO N BN BN Bg) / A () = 0, (3.65)
10 xcA
lim sup sup P(Bo NB;NByNBsN B4) /)\k(n) <G R ek, (3.66)
nl0 x€A
lim sup P(B0 N BN ByNBsN B4) /Ak(n) =0, (3.67)
10 zeA

if we pick ¢ > 0 sufficiently small. Under such ¢, by the decomposition of event By in (3.61), we yield

lim sup sup P (BO) /)\k( < gk L ek
nl0 x€A

for all € > 0 small enough. Note that § > 0 is the constant fixed in (3.59). Driving € | 0, we conclude
the proof of (3.58). The remainder of this proof is devoted to claims (3.63)—(3.67).
Proof of (3.63):

For any § > 0, (3.4) implies that sup, 4 P(BoNB{) < P(BY) < (7]71H(5n’1))lc+1 =O0(Ntl(n) =
o(Ne(n)).
Proof of (3.64):

It suffices to show that (for all 6 > 0 small enough)

hmsupP(Boﬂ{ >L1/77J})//\k )=0

MO zeA

153 A
[sl}

In particular, we only consider § € (0,0 /\g) with 0 characterized in (3.59) and C' > 1 being the constant
in Assumption 3. On event {r;°(n) > |1/n]} we have #{i € [[1/n]] : n||Zi|| > 6} < k. By the defi-

nition of Z*) () in (3.52) and the definition of W*) (n) in (3.53), we then get min, e 7 HWi(k) (n)H <
§ < 6. In light of (3.56) and (3.59), we yield X% (2) ¢ B on event {7°(n) > |1/n]}. As a result,

BC{X"(x) e Byn{r’(n) > [1/n]} vz e A
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Furthermore, let event A;(n, b, €,d, ) be defined as in (3.6). We claim that
{X"() € BYn {r°(m) > [1/n)} 0 (Mg A, bie,6,2)) =0 (3.68)

holds for all > 0 small enough with n < min{bQ/\—cl, &) all o e (0, 20) and all x € A. Then

k
hmsupP B e ( <hmbupP((ﬂAi(n,b,e,&m)) >//\k(77)
i=1

70 zeA MO zeA

To conclude the proof, one only need to apply Lemma 3.3 (b) with some N > k(a — 1) (recall that
A1) € RVk(a-1)(n) as n ] 0).

Now, we prove claim (3.68) for any n € (0, min I’QA—Cl,% ), 6 € (0 ’20) and & € A. Define the

stochastic process X %9 (z) & {X:’lb;é(w) : t €10,1]} as the solution to

dXvn\b;é oo
“%ﬁlﬁz:aﬂxﬁ&%wﬁ vt € [0,00) \ {n77°(n) = j =1}, (3.69)
X @ =XT @ izl (3.70)

under the initial condition X’glb;é(w) = x. For any j > 1, observe that on event (ﬂ{zlAi(n, b, €, 6, w)) N

{r7°(n) > [1/n]},

dy, (j(n\b;é(m) X"'b(sr:))

< sup H)gnwﬁ X1 H
o 1 (z) — Lt/nJ< )
é e -t
te [0 () U [nr2® ()78 (m) ) U0 [0 228, ()78 ()
<p-(e+nC) <2pe <€ by (3.24) of Lemma 3.8. (3.71)

In the last line of the display above, note that (7) our choices of n < 1’2/}} and § < % allow us to apply

part (b) of Lemma 3.8, and (ii) the inequalities then follow from the choice of n < & above and the
choice of 2pe < € in (3.62). Moreover, recall that we have fixed € < r at the beginning of the proof,
and note that (3.71) confirms (under the choice of j = k) that on event

Xn\b;é( ) c ]D)(k 1)“7( ) C D(k 1)“7( ) and dj, (Xﬂ\b;é(w),Xﬂ\b(x)> < E.

In light of (3.60), this implies that on event (N¥_; A;(n,b,¢,6,)) N {r7°(n) > |1/n)}, we must have
X"b(z) ¢ BE, thus concluding the proof of clalm (3.68).

Proof of (3.65):

On event By N By = {r7°(n) < [1/n] < 7722,(n)}, recall that (3.57) holds. Furthermore, on BS,
there is some i € [k] such that 5 |[[W;**(n)|| < §. Combining (3. 57) with the choice of § in (3.59), we
get that for all & € A, it holds on event By N By N B that X"%(*)(x) ¢ B, and hence

By By N By MBS
C{X"*(x)e B} n {7’,?5(77) < 1/n) <728 (m); n||WiP(m)]| < 6 for some i € [k]}

Furthermore, we claim that for all z € A, § € (0,0 A %) and n € (O,min{bQ/\—Cl, 5}),

{(x(@) € BYn {777(n) < [1/n) < 77, )i m|[W7 ()| < 3 for some i € [k]}

k+1 (3.72)
N < ﬂ Ai(n,b,e,&w)) = 0.

i=1
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Then for any 6 € (0,0 A %),

k+1 .
lim bupP(Bo N B1N DBy ﬁB3>//\k( ) < lim supP(( ﬂ Ai(n,b,e,(s,zc)) )/)\k(n)
i=1

70 zeA O zcA

Applying Lemma 3.3 (b) with some N > k(«a — 1), we conclude the proof of (3.65).

Now, it remains to prove the claim (3.72) for any € A, § € (0,5 A %) and n € (O,min{lg\—cl,g}).
First, on this event, there exists some J € [k] such that 7 ||WJ>5(77)H < 6. Next, recall the definition
of the process X"‘M( ) in (3.69)—(3.70). Applying (3.71) with j = k + 1, we get that ( Nf*!
Ai(nv bv €, 63 :13)) N { k+1( ) > U/WJ }7

dj, (X”lb;‘s(:c),me(w)) < sup HX;’“’?‘s (@) - X" ( )H < 2pe <. (3.73)
te[0,1]
This further confirms that, on the said event, there exists some V = (vy,---,v;) € R™** with

|lvj]| < &< r (recall that we have fixed € < r at the beginning of the proof) such that

X () = ﬁ(’“)“’(% (W02 (n), - Wl (), V, (n7° (), -+ - 7177;?5(77)))7

where the mapping h(®I® is defined in (2.10)-(2.12). Due to 77HWJ>5(77)H < 0, it follows from
(3. 59) that X0 (g ) ¢ BE. Then by (3.60) and (3.73), we must have X"®(x) ¢ B on the event
{T < [1/n] <172 (n); n||[W2(n)|| < 6 for some i € [k]} N (N Nt Ai(n,b,¢,8,2)), thus verify-
ing clalm (3 72).

Proof of (3.66):
Recall that H(z) = P(||Z|| > x). Due to

By N By N By By N BS
Cc {7,56(77) <|1/n] < T,f_fl(n)} N {77 ||Wi>5(17)H >0 Vie[k]; n HWf‘S(n)H > 1/62%@ for some i € [k]}

and the independence between (T'>5(77))i€[k] and (Wi>6(n))ie[k]’ we get

K2

P(By N By N By N B3N BY)

lim sup sup

nJ0 x€A Ak(ﬂ)
— k—1
o1 LY H(on™) H(e ")
<y (1 W(mm) THery O
_ k—1 .
R L (HEY\ HeFag
_lnlw A (m) ( Hn ) K (H(n1)> H(n=1)

_ k—1 L
. (on~") H(e zn) —1pp —1
=k-lim : recall that A(n) =n""H(n
,1) H—(nfl) ( ) ( )

SR ezx due to H(xz) € RV_q4(x) as x — oo; see Assumption 1.
Proof of (3.67):
We only consider § € (0,%). On event By N By = {r7%(n) < [1/n) < Tk+1( )}, Xl k) ()

admits the expression in (3.57). Then by applying Lemma 3.9 we yield that for any @ € A and any
€ (0, %2), the inequality

dy, (Xn\b;(k)(w)7Xn\b($)) < S%pl] Hanb(k)( Xft‘?nj H (2pD)*+1V/e,
te]
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holds on event (ﬂfill Ai(n,b,€, 0, :c)) Due to our choice of (2pD)**1\/e < A in (3.62), we get
(ﬂf:ll A;(n, b€, 6, :c)) N By N ByN Bs N ByN By =0. Therefore,

k+1 .
lim sup sup P(31 N BN B3N Bo)/)\k(n) < limsup sup P (( ﬂ Ai(n,b,e, 9, a:)) )/)\k(n)
i=1

nl0 x€A nl0 =x€A

Again, by applying Lemma 3.3 (b) with some N > k(a — 1), we conclude the proof. O

Recall that (W) (c)) .
jz1 JE[K]
are the order statistics of k samples of Unif(0,1). In order to prove Proposition 3.15, we prepare a
lemma regarding a weak convergence on events E2 , (1)) = {r7°(m) < [1/n] < Tk>f1 (n); n HW]->5(77) | >
¢ Vj € [k]} defined in (3.17).

is a sequence of iid copies of W*(c) defined in (3.18), and (Ug;.x))

Lemma 3.16. Let Assumption 1 hold. Let A C R™ be a compact set. Let bounded function ¥ :
R™ x RYF x (0,1]*T — R be continuous on R™ x R x (0, 1)*T. For any § >0, ¢ > § and k €N,

. E{\I} (33, (nW1>5(77)v T 77]Wk>6(77))7 (777—1>6(77)7 e 77771?5(’7)))11@’,&_(77)} (1/Cak)¢c’k(q;) B
R e o) w7

where Y. () = E{\Il (ar:, (Wi(e), -+ . Wi(0), (Uay, - ,U(k;k)))} )

Proof. Fix some § > 0,¢ > § and k € N. We proceed with a proof by contradiction. Suppose there
exist some € > 0, some sequence x,, € A, and some sequence 7, | 0 such that

)A_k(nn)E[‘I’(wmUan"’vﬁnTn")HEgyk(nn)} - (1/k') : C_ak : ¢c,/€(wn)

>e Vn>1 (3.74)

where W 2 (W0(n),--- ,W7°(n)), ™" 2 (77°(n), -~ ,77°(n)). Since A is compact, by picking a
sub-sequence if needed we can assume w.l.o.g. that @,, — «* for some x* € A. Now, observe that

lim A~*(n,)E [\If (s 1 W 1y 77 ) T s k(nm]

n—oo C,
— | 1 Ak 5 T Mo o e\ |
[nlggc AT ()P (Ec,k(nn))] Jim E[\I/(:vmnnW S T™) Ec,k(nn)]
= (1/k!) - ¢ . Ve (") by Lemma 3.4, ¢, — x*, and continuous mapping theorem.

However, by Bounded Convergence theorem, we see that ). j is also continuous, and hence ¢ i (x,) —
¢c,k(x*). This leads to a contradiction with (3.74) and allows us to conclude the proof. O

We are now ready to prove Proposition 3.15.

Proof of Proposition 3.15. Fix some b,r >0, k€ N, and g € C(ID) \ ]D)(f_l)‘b(r)); ie. g: D —[0,00) is
continuous and bounded with support B 2 supp(g) bounded away from ]D)Ef_l)‘b(r). By Lemma 3.6,
we can fix some € € (0,7) and § > 0 such that

e for any x € A and b > 0,

RO (z, (w, -+ wy), t) € BS = ||lw;| > 6 Vj € [K]; (3.75)

e d;, (B5DY V() > &
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Fix some & € (0,6 A 3)7 and observe that for any n > 0 and « € A,
g(X'n\b;(k')(m))
— g (X0 (@) )17z (n) < [1/n]) } + 9 (X0 @) ) 1{ 727 (n) > L1/n) }

A A
=Ii(nx) =Iz(n,x)

+ g (X0 (@) )Lz () < (1) < 722 )i |[ W ()| <6 for some € [k]}

Sls(n.)
+ (X0 (@) )1(ES,(n)

A
=I4(n,x)

k+1
For I (n,x), it follows from (3.4) that sup,epm E[l1(n, )] < 9] - [% . H(é/n)} . Therefore,

limy, 0 supge 4 E[I1 (7, sc)]/(n_lH(n_l))k < 662‘('5‘411) limy, o0 H(;/") =0 due to H(z) € RV_(x) and
a>1.

Next, for term I(n, ), it has been shown in the proof of (3.64) for Proposition 3.14 that, for
all § € (0,6 A %) and & € A, it holds on event {r°(n) > [1/n]} that X:(k) () ¢ B, and hence
Iy(n,z) =0.

For the term I3(n,x), on event {7°(n) < |1/n] < T,f_fl(n)} the process X71%(*)(z) admits the
expression in (3.57). In particular, since there is some i € [k] such that n HWf‘;(n)H < 6, by (3.75)
we must have X% (x) ¢ B, and hence I3(n, x) = 0.

Lastly, for the term I4(n, ), on event E(‘—;k(n) the process X71%(*) (x) would again admit the form

in (3.57). As a result, for any n > 0 and & € A, we have
E[I4(777 ZI?)] =E \I/(il}, anv nTn)]IEg,k(n)] 3

where W £ (W1>6(77)a T awgé(n))a T £ (7—1>6(n)a T 77156(77))7 and \I](waw7t) = g(h(k)‘b(wawv t))
Besides, let 1(x) = E[\I/ (ac, (Wl*(c), e W (c))7 (U(1;k), e ,U(k;k)))] . First, the continuity of map-

ping ¥ on R™ x R¥*¥ x (0,1)*" follows directly from the continuity of g and h(®)I® (see Lemma C.3).
Besides, |¥] < |lg|| < oo, so ¥(+) is also bounded. By Bounded Convergence Theorem, one can see
that 1(-) is also continuous. Also, ||| < [|[¥|| < |lg]] < co. By Lemma 3.16,

i —k N — 1) .g-ak. =
1771%228 A% (n)E {\If(w,nw T )HEg,k(n)} (1/KN) -6 P(x)| =0.
Meanwhile, due to the continuity of ¢(-), for any x,, x* € A with lim, . ®, = x*, we have

lim,, o0 () = ¥(x*). To conclude the proof, we only need to show that

(1/50‘2% — I (g ). (3.76)

To do so, recall the law of W*(c) in (3.18). By definition of (),
Y(a®) = /g(h(k)lb(:v*,(wlﬁl,n- w0k, (b1, 1) ) T{w; > 6 V) € ]}

k

P(Unw € dir, -+ Ugy € i) x (x <5a - Vo (duw;) X S(dej)))

Jj=1
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By (3.75), we have

g(h(kﬂb(w*, (w101, wi), (t1,- - ,tk)))

= g(h(k)‘b(a:*, (w1607, ,wibg), (L1, ,tk)))ﬂ{wj >6Vje [k]}

Besides, P(U(l;k) € dty, - Upur) € dtk) k0 <t <ty <o <ty < 1LY (dty, -, dty) where

ElfT is the Lebesgue measure restricted on (0,1)*".  As a result,
P(a”)
= k! . 5ok /g(h(k”b(w*’ (w104, - ’wkek)7t)) < >k<1 (Va(dwj) X S(d@-))) X C’fT(dt)
= k!. 5%k . C(k)\b(g; z*) -

by the definition of C®)I® in (2.26), thus verifying (3.76). O

4 Metastability Analysis

In this section, we collect the proofs for Section 2.3. Specifically, Section 4.1 develops the general
framework for first exit analysis of Markov processes by establishing Theorem 2.9. Section 4.2 then
applies the framework in the context of heavy-tailed stochastic difference equations and proves The-
orem 2.6.

4.1 Proof of Theorem 2.9
Our proof of Theorem 2.9 hinges on the following proposition.
Proposition 4.1. Suppose that Condition 1 holds.

(7) If C(:) is a probability measure supported on I¢ (i.e., C(I°) = 1), then for each measurable set
B CS andt >0, there exists 0 p(€) such that

C(B°)-e™t =8, p5(e) < li%i%nfmeigf('é) P(’}/(U)T}?(s)c(x) >t; V] (z) € B)
< limsup sup P(’}/(U)T}](s)c(x) >t; VI (z) € B) <C(B7)-e "+ 6 p(c)
nl0  z€A(e)
for all sufficiently small € > 0, where 6, g(e) — 0 as e — 0.

(i) If C(I°) =0 (i.e., C(-) is trivially zero), then for each t > 0, there exists §:(€) such that

limsup sup P('y(n)T?(E)c(x) >t) < 6(e)
nl0  xz€A(e)

for all e > 0 sufficiently small, where 6;(¢) — 0 as e — 0.

Proof. Fix some measurable B C S and ¢ > 0. Henceforth in the proof, given any choice of 0 < r < R,
we only consider € € (0,ep) and T sufficiently large such that Condition 1 holds with T replaced with

lng, 2§TT, rT, and RT. Let

pl(@) 2 inf {j = plL(2) + [rT/n] : V(@) € Ale)}
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where p{(z) = 0. One can interpret these as the ™ asymptotic regeneration times after cooling period
rT/n. We start with the following two observations: For any 0 < r < R,

P(T?(@c(y) € (RT/n, p’f(y)]) < P(T}’(E)C(y) AP (y) > RT/77>
<P(V(y) e I\ A Vi€ [1rT/n), RT/1))
R—1r
< sup P70 o aqene(2) > ——T/n
et ( (I(\A() 3 )
=T /n-o(1), (4.1)
where the last equality is from (2.38) of Condition 1, and

sup P(VT’Z (y) € B; T}'(E)c(y) < P?(y))
yEA(e)

< sup P(VI(y) € B 7. (y) < RT/n) + sup P(r],.(v) € (RT/n, pl(v)])
yEA(e) yEA(e)

< sup P(VT’Z (y) € B Tre(v) < RT/n) +y(m)T/n - o(1)
yEA(e)
< (C(B7) +dp(e, RT) + o(1)) - v(n)RT/n, (4.2)
where the second inequaility is from (4.1) and the last equality is from (2.37) of Condition 1.
Proof of Case (7).
We work with different choices of R and r for the lower and upper bounds. For the lower bound,
we work with R > r > 1 and set K = [M—‘ Note that for n € (0, (r—1)T), we have [rT/n| > T/n

T/n
and hence pJ.-(x) > K|rT/n] > t/v(n). Note also that from the Markov property conditioning on
Fpn
pi(x)>
- n .y
ielfg‘f(e)P(’y(n)T,(é)c(w) > t; V() € B)
: 7 N () _ " U U :
> inf P(ril (o) > ple(a); Vi) € B) = xelgf(e)j_KP(Tl(s)c(z) € (p)(@). ol (@)]); Vi (2) € B)
: " U U .y
> inf zKP(T,(E)C@c) € (A)(@), pl(@) + T/n); VI(x) € B)
o0
: : " Vel , n "
% w22 uehio P (e ) < T/ Vi(9) € B) - P(rf () > p(2).
> i 7 < ; VI : i 0 1(x)). .
> it P(rflcl) ST/ VIG) € B)- 32 ink P (r () > o)) (43)

From the Markov property conditioning on F, Pl () the second term can be bounded as follows:

o0

> it P(rf. (@) > p)
j=K

e’} K+j e’} K+j
> . f P n . > ui — 1 _ . P n i < Ul
2 jZO (yelf}l(e) (TI(e) (y) > pi (@)) ( sup (TI(E) (y) < pf (y)))

1 (
SUPye a(e) P (T?(e)c (y) < p’f(y)) YEA(e)




t/v(n)
T/n +1

! . <1 — (1+0s(e, RT) + o(1)) ~7(77)RT/T]) . (44

>
~ (14 ds(e, RT) + o(1)) - v(n)RT /7

where the last inequality is from (4.2) with B = S. From (4.3), (4.4), and (2.36) of Condition 1, we
have

o o
hrgﬁ)nfwelrx}‘lze)P( ~(n)T I(G)C(x) >t; V/(z) € B)
> liminf C(B°) —dp(e,T)+ o(1)
m0 (14 ds(e, RT) + o(1)) - R
L C(B°) — 8p(e,T)
1+ ds(e, RT)

STy
: <1 — (14 ds(e, RT) + o(1)) ~’y(n)RT/77>

cexp (= (1+dg(e, RT)) - R+ ).

By taking limit 7' — oo and then considering an R arbitrarily close to 1, it is straightforward to check
that the desired lower bound holds.
Moving on to the upper bound, we set R = 1 and fix an arbitrary r € (0,1). Set k = {%J and

note that

Stj‘r())P(v(n)T}’(e)C(w) >t V!(z) € B) = Sil())P(ﬁ() () > t/v(n); V! (z) € B)
rEA(e reA(e

- zglﬁ)P(n(é) () > t/v(n) = pj(z); V() € B)

@®

+ sy P(rilo.(@) > A(0)s pw) > ey Vi) € B)

(In
We first show that (II) vanishes as n — 0. Our proof hinges on the following claim:

{Thae () > t/30m); pl(@) >t ()} < U{T, 2) Aple) = oy (@) = T/}

Proof of the claim: Suppose that T?(e)c(sc) > t/y(n) and pjl(z) > t/v(n). Let k* = max{j > 1: p(x) <
t/v(n)}. Note that k* < k. We consider two cases separately: (i) pjl. (z)/k* > (t/v(n) — T/n /k* and

(ii) pj. () < t/v(n) —T/n. In case of (i), since p.(x)/k* is the average of {p](x) — p]_,(2) : j =
., k*}, there exists j* < k* such that

t/v(n) =T/n _ kKT/n—T/n — T/

() = pl_y () > LEL 2 > TP

Note that since pl. (z) < pil.(x) < t/v(n) < T?(e)c(x), this proves the claim for case (i). For case (ii),
note that
P i1 (2) AT e (@) = pll(2) = t/v(n) — (t/v(n) = T/n) = T/n,
which proves the claim.
Now, with the claim in hand, we have that

k
(I1) < Z Zg}())P(TI(G)C(x) Apj(z) —pj i (x) > T/n)
j=1%
k
=S ii?)E{P(T?(E)C(x) AP0 = oy (x) 2 T/n| For (I))]
]:1./13 €
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k

<Y sup P(r]. () Apl(y) > T/n)
= 1 YEA(e)

t
= STin

for sufficiently large T’s, where the last inequality is from the definition of k and (4.1). We are now
left with bounding (I) from above.

(D)= sup P(r},.(@) > t/3(n) = ple(); V2 (2) € B) < sup P(rl.(x) > plk(a); V}(z) € B)

Y(m)T'/n - o(1) = o(1)

CEGA( ) z€A(€)
=3 sup P(r].(0) € (o), pls(@)]; V() € B)
k’L‘GA(G

E I{V/(z) € B} - H{TI (x) < ply (2 ‘]—' " x)] H{TI(€)C x) > p?(x)}]

—Z sup E

kaA €) |:

sup E

w E| s P(V0) € B e 0) £ 210)) - (e (0) > )}
kme €

yEA(e

:yi‘ji)P(V (v) € B; e () < p1(0)) S s P (7e(2) > ()

The first term can be bounded via (4.2) with R = 1:
sup P (V1 (y) € B; 7ji).(v) < o))
yEA(e)

< (C(B) 4+ 05(6T) + o1)) AT/ + 5 4T/ o(1)

whereas the second term is bounded via (2.36) of Condition 1 as follows:

> sup P(].(2) > pl(a))

j= —, TEA(e)

00 k+3j 00 k4j
< sup P(T Ec( ) > L?“T/ﬁJ)) = (1— inf P(7 €C( )<rT/n))

j;) (yeA(e) 1) ; yEA(e) ( I(e)

/) g
1 T/n

< .(1— inf P( 7 oye (y)ng/n>

infyeae) P(ﬁhy(l/) <rT/ 77) yeA(©)

= T (1 — 5B(€,TT)1—|— 0(1)) N T/n . <1 — 7. (1 —p(e,rT) + 0(1)) '7(77)T/77)W_

Therefore,

. C(B_>+(SB(6 T)
limsup sup P T se(x) > t; VI(z) € B) < !
nsp sup PO () > 8 Vi) € B) < a5 0

- exp ( —7r-(1=6p(erT)) ~t).
Again, taking T — oo and considering r arbitrarily close to 1, we can check that the desired upper
bound holds.

Proof of Case (ii).
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We work with R =1 and set K = P/qj/(:)—‘ Again, for n € (0, (r — 1)T), we have [rT/n| > T/n
and hence p () > K[rT/n]| > t/v(n). By the Markov property conditioning on Fpi ()

sup P (y(n)7],.(2) <)
z€A(e)

< sup P(T?(E)C(a:) < pﬂ(x)) = sup iP(T}’(e)c(x) € (ﬂ?q(ﬂf),p;'(x)D

zE€A(€) x€A(e) =1
K 7j—1
<), sup <1—P e W) < PV () > - sup P77 (y) < p1(y)
;ya&(e) (7o 1) yeA(©) (7o )
<K sw P(rh ) < Al0) < K (016 T) + o)) 50T/
yeA(e
by (4.2) (with B = I¢) and the running assumption of Case (i) that C(-) =0
2t/(n) | /(1)

S L A7

T/ (6re(e,T) + o(1)) -~(n)T/n for all n small enough under K = |
n

=2t (67(6,T) + o(1)).

T/n ]

Lastly, by Condition 1 (specifically, lim. o limyyoo d7¢ (€, ) = 0 in Definition 2.8), we verify the upper
bounds in Case (i7) and conclude the proof. O

Now, we are ready to prove Theorem 2.9.

Proof of Theorem 2.9. We focus on the proof of Case (i) since the proof of Case (i7) is almost identical,
with the only key difference being that we apply part (ii) of Proposition 4.1 instead of part (7).
We first claim that for any €,¢ > 0, t > 0, and measurable B C S,

o\ | —t _ < . . . . n . n
C(B°)-e 3,B(€) < 111}71¢an;1;€1111(£/)13(7(77) Tl e (@) > 1, V() € B)

< limsup sup P(’y(n) 'T;](E)C(LL') >t, V! (z) € B) <C(B7)-e "+
nl0  zel(e)

(4.5)
where 0, (€) is characterized in part (¢) of Proposition 4.1 such that 6, g(¢) — 0 as € — 0. Now, note
that for any measurable B C I¢,

P(y(n) - . (2) > t, V)(z) € B)

=P ((n) - T]-() > t, V() € B, V(@) € T) + P(y(n) - 77.(2) > 1, V(z) € B, V) () ¢ T)

¢9) (11)
and since
I < P(V;z (z) € I) and () = P('y(n) 7(z) > t, VI(z) € B\ I),
we have that

. . . n n > i : : = n
hr}]lilonf;cel?(fe’) P(’y(n) T (x) > t, V]I(z) € B) > hr?%%nfxel?(fel)P('y(n) (x) >t, V] (x) € B\ I)

>C((B\I)°)-e " =6, pule)
=C(B%) et~ ¢, 8\1(€)
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due to B C I¢, and

limsup sup P(W( ) Tie(x) > t, V] (x )EB)
nd0  zel(e)

< limsup sup P(fy(n) 1 (x) > t, V]I(z) € B\ I) + limsup sup P(VTZ’ (x) € I)
nl0 zel(€) 0 zel(e)

<C((B\I)7)-e "+ pule) +CU) + bo.1(e)
=C(B7) e "+ 6 p\ule) + bo1(e).

Taking € — 0, we arrive at the desired lower and upper bounds of the theorem. Now we are left with
the proof of the claim (4.5) is true. Note that for any x € I,

P(y(n) -7 (x) > t, V! (a) € B)

= B[P () 72(0) > 1, V(@)

@) (Tl @ < T/} + 1), (@) > T/n})} (4.6)
Fix an arbitrary s > 0, and note that from the Markov property,
P(y(n) - 7l(x) > 1, VI (x) € B)

SELg%PGﬂw>U%m—TMJﬁ@ B)-1{r] (@ <TM4+PO%ﬂ)>W®

< swp P(y(n)-7(y) > t =5, VI(y) € B) + P71, (&) > T/n)

for sufficiently small 7’s; here, we applied v(n)/n — 0 as 7 | 0 in the last inequality. In light of part
(7) of Proposition 4.1, by taking T' — co we yield

limsup sup P(fy(n) i (x) > t, V] (x) € B) < C(B7)-e ") 15, p(e)
nd0  zel(e)

Considering an arbitrarily small s > 0, we get the upper bound of the claim (4.5). For the lower
bound, again from (4.6) and the Markov property,

lim inf f P >tV’7 € B
minfinf (v - 72(@) (z) € B)

> liminf inf E f P >t , VI ! )<T
> limist_of, y;&e) W) > 7(0) V() € B) 1z @) < T/n)

> liminf inf P "(y) € B)- inf P <7
= limint (200 72) > 1. V2 € B) 5 Prao @ < T/n)
> C(B%) — 8,.p(e),

which is the desired lower bound of the claim (4.5). This concludes the proof. O

4.2 Proof of Theorem 2.6

In this section, we apply the framework developed in Section 2.3.2 and prove Theorem 2.6. Throughout
this section, we impose Assumptions 1, 2, and 4. Besides, we fix a few useful constants. Recall the
definition of the discretized width metric JbI defined in (2.33). To prove Theorem 2.6, in this section
we fix some b > 0 such that the conditions in Theorem 2.6 hold. This allows us to fix some ¢ > 0
small enough such that

B:A0)C I, a(x)x<0Veec B0))\ {0}, mf{ lz—yl: zel ye g%’*l)lb(a} >0. (4.7)
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Here, B.(x) = {x : ||z| < r} is the closed ball with radius r centered at . An direct implication of
the first condition in (4.7) is the following positive invariance property under the gradient field a(-):
for any r € (0, ¢,

yi(x) € B.(0)  Vx € B,(0). (4.8)

Next, for any € € (0, €), let
I(e) 2 {m el |yl < z} (4.9)

with the ODE y;(x) defined in (2.28). By Gronwall’s inequality, it is easy to see that .7(6) is an open

~

set. Meanwhile, by Assumption 4, given any x € I we must have x € I(¢) for all ¢ > 0 small enough.

~

As a result, the collection of open sets {I(€) : € € (0,€)} provides a covering for I:

U fto=1

€€(0,¢)

Next, recall that we use I. = {y € R" : |lx —y|[| < ¢ = =« € I} to denote the e-shrinkage
of the set I. Given any € > 0, note that I. is an open set and, by definition, its closure I is still
bounded away from I, i.e., || —y| > e for all @ € I_, y € I°. Then from the continuity of a(-) (see
Assumption 2), the boundedness of set I and hence I_ C I, as well as property (4.8), we know that
given any € > 0, the claim

lyr(z)| <€ vVeel-

holds for all T' > 0 large enough. This confirms that given € > 0, it holds for all ¢ > 0 small enough
that

~

IZ CI(€). (4.10)

As a direct consequence of the discussion above, we highlight another important property of the
sets GMIP(¢) defined in (2.32). For any k € N, b > 0, and € > 0, let

G (e) 2 {yy(a) : @ € GO (e), ¢ >0}, (411)

where y.(z) is the ODE defined in (2.28). First, due to (4.10) and the fact that G(% ~DIb(®) is
bounded away from I¢ (see (4.7)), given any e € (0,¢€], it holds for all ¢ > 0 small enough that
Q(jbl_l)‘b(e) C I(€'). Furthermore, we claim that ,C';(jbl_l)‘b(g) is also bounded away from I¢, i.e.,

inf{ le—z||: =€ Q_(Jbl_l)lb(g), z € IC} > 0. (4.12)

Again, this can be argued with a proof by contradiction. Suppose there exist sequences x, €
G =D& and z, ¢ I such that ||@/, — z,|| < 1/n. By definition of G(% ~DIb(¥), there exist se-
quences x,, € g(%’*lﬂb(a and ¢, > 0 such that x], =y, (@) for all n > 1. Furthermore, recall that
we have Q(Jhl’l)“’(g) C I(e) for € > 0 small enough. On the other hand, by the definition of I(¢) in
(4.9) and the property (4.8), it holds for all n > 1 that y,(z,) € B(0) Vt > 1/e. Since z, ¢ I and
B:(0) C I (see (4.7)), we must have t,, < 1/€ for all n. Together with the boundedness of I, by picking
a sub-sequence if necessary, we can w.l.o.g. assume that x, — z* for some x* € (g(jbl_l)‘b)_ clI
and ¢, — t* for some t* € [0,1/¢]. Since * € I, by Assumption 4 we must have y;«(x*) € I. By the
continuity of the flow (specifically, using Gronwall’s inequality) and the fact that I is an open set, we
have z,, =y, (xy) € I for all n large enough. This contradicts our choice that z,, ¢ I for all n, thus
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establishing (4.12). Now, by (4.7), (4.8), and (4.12), we can fix some € > 0 small enough such that
the following claims hold:

B.(0) C I, (4.13)
re(0,¢, € B.(0) = y(x)<c B,.(0)Vt>0, (4.14)
inf{ lz— 2| : xe WD), 2 ¢ Ig} > e (4.15)

Moving on, let
ta(e) 2 inf {t >0: y(z) e Bg(o)}
be the hitting time of the closed ball B.(0) for the ODE y; (), and let
£(e) 2 sup {tm(e) L xe 1;} (4.16)

be the upper bound for the hitting times ¢,(€) over @ € I-. Again, from the continuity of a(-),
the contraction of y:(x) around the origin (see Assumption 4 and its implication (4.14)), and the
boundedness of I and hence I, we have t(e) < oo for any ¢ > 0. Besides, by definition of £(-), we
have

yi(x) € B(0) Ve e I, t > t(e). (4.17)
Furthermore, by repeating the arguments for (4.12), one can show that (for all € > 0)
inf{Hyt(a:)—zH: xel ,t>0, z¢I}>O. (4.18)

Specifically, for the constant € > 0 fixed in (4.13)—(4.15), by (4.18) we can find some ¢ € (0, 1) such
that

{yt(w) cxell, t> 0} C Ie. (4.19)

Recall that we use E~ and E° to denote the closure and interior of any Borel set E. In our analysis
below, we make use of the following inequality in Lemma 4.2. We collect its proof in Section D, together
with the proofs of other useful properties regarding measures C®1°.

Lemma 4.2. Let t,6 € (0,00) be the constants characterized in part (b) of Lemma D.2. Given
A € (0,€), there exists eg = €o(A) > 0 such that for any € € (0,€], T > t, and Borel measurable
B g (Ie)cf

(T ~7) - (CFI(Ba) ~ Eeo)) < int cf{é{'b<(E(e,B,T))o; :c)

@ [|lz]|<e

< sup Cfg§i|b<(E(G,B,T)); :c> <T- ((v}(jbj)lb(BA)—FE(eo))

@ [lzl|<e
where

E(e,B,T) 2 {g €D[0,T]: H<T st &€ B and &, € I(e) Vs € [o,t)}, (4.20)

)2 g] - (T 1. (§) -1 . 2 (4.21)

To see how we apply the framework developed in Section 2.3.2; let us specialize Condition 1 to
a setting where S = R, A(e) = {& € R™ : |z|| < ¢}, and the covering I(e) = I.. Let V'(z) =
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X; ‘b(ac). Meanwhile, for C{ = é(jbl)“’(lc), it is shown in Lemma D.3 that C{ < oo. Now, recall that
H(-) = P(||Z1]| > -) and A\(n) = n~ H(n~'). Recall that in Theorem 2.6, we consider two cases: (i)
Cl € (0,00), and (ii) C{ = 0. We first discuss our choices in Case (i). When C{ > 0, we set

C(ITDIb( . I
o2 S s dl ()7 (1.22)

The regularity conditions in Theorem 2.6 dictate that C(7:)b(9I) = 0, and hence C(I) = 0. Besides,

I
note that C(-) is a probability measure and v(n)T/n = C{T - (/\(n))Jb . Besides, this corresponds to
Case (i) for the location measure in the definition of asymptotic atoms; see the discussion before
Definition 2.8.

The application of the framework developed in Section 2.3.2 (specifically, Theorem 2.9) hinges
on the verification of (2.36)—(2.39). We start by verifying (2.36) and (2.37). First, given any Borel
measurable B C R, we specify the choice of function dg(e, T) in Condition 1. From the continuity of
measures, we get lima o (VJ(JbI)“’((BAHIC)\(B*QIC)) = 0 and lima o (VJ(JbI)“’((BODIC)\(BAOIC)) -

0. This allows us to fix a sequence (A(™),5; such that A+ € (0, A /2) and
G ((BA““ NI\ (B~ N IC)) v G ((B° AT\ (Bae N Ic)> <1/2" (4.23)
for each n > 1. Next, recall the definition of set E(e, B, T) in Lemma 4.2, and let B(e) £ B\ I,. Using

Lemma 4.2, we are able to fix another sequence of strictly decreasing positive real numbers (6("))n21
such that €™ € (0,€ Vn > 1 and for any n > 1, € € (0,€™], we have

N Sﬁﬁ)\gecfﬁ;‘b <(E(e, E(e),T)): :1:) <T- (é(jbl)lb((B \ IG)A(")) + E(e(”))>, (4.24)
if;f'SECEaTéi”((E@é(eﬂ))"; a:) > (T~ 1) (é“b”"’((B VL) e ) E<e<">>). (4.25)

Besides, note that given any e € (0,eM], there uniquely exists some n = n. > 1 such that e €
(e(+1) €M), This allows us to set
55(e,T) (4.26)
—=7.CWDl ((BN"’ NIO\(B~ N IC)) v éUJ)lb((BO NI9\(Baom N 16)) v éUJ)lb((aI)ﬁN"))
+T &™) +£-CUDIP(BoN 1),

where ¢&(+) is defined in (4.21). Also, let dp(e,T) = SB(G,T)/(Cg -T). By (4.23) and (v}(jbl)“’(B\I) <
(vj(jbl)”’(lc) < 00, we get

1 1 ~ (7T (n)
. ~/ (n T b e+A
Jim Op(eT) < o (&) + 5 v EEDE (an) A )|
where n is the unique positive integer satisfying e € (e("H), 6(")]. Moreover, as € | 0 we get n, — oo.
Since 91 is closed, we get Ny~ (0I)" = 01, which then implies lim, o éUJ)lb((aI)’“) = (VJ(JIJI)“’(E)I) =
0 due to continuity of measures. Also, by definition of € in (4.21), we have lim¢jo é¢(¢) = 0. In summary,

we have verified that lim. o limp_,o d5(€e,T) = 0.
Next, in case that C{ = 0, we set

~

Cy=0, A 2am)”,  6p(e.T) 2 Fp(e,T)/T.



The calculations above again verify that lim. o limgy_,o 05(e,T) = 0.
Now, we are ready to verify conditions (2.36) and (2.37). Specifically, we introduce stopping time

(@) 2 min {j > 0: X/"(x) ¢ L}. (4.27)

Lemma 4.3 (Verifying conditions (2.36) and (2.37)). Let t be characterized as in Lemma 4.2. Given
any measurable B C R, any € € (0,€ small enough, and any T >,

P (7" (@) < T/m X, NOE B)
C(B°) —4p(e,T) <liminf inf Te @

(B%) = 9p(e,T) < liminf Izl <e ()T /n
P(Tﬁ“’(w) <T/p; XM (2) e B)

<1 (@)
<limsup sup '
nl0 @ ||z <e YT/

<C(B7)+dp(e,T).

Proof. Recall that

(i) in case that Cf € (0,00), we have v(n)T/n = CLT - ()\(n))jbl, C(-) = CUII( .\ 1)/CL, and
dp(e,T) = 0p(e,T)/(Cy - T);

(ii) in case that Cf =0, we have y(n)T/n =T - ()\(n))JbI, C(-)=0,and dp(¢,T) = gB(e, T)/T.

In both cases, by rearranging the terms, it suffices to show that

P(rg"b(:p) <T/;; X" (x)e B)

nlb - ~
limsup sup JT;] (@) <T- C(Jbl)lb(87 \I)+dp(e,T), (4.28)
no - @ ||lzf|<e (A(m))7"
P(r"(@) < T/n; X", (@) € B) . 5
liminf inf e >T.COII(BONT) = dp(e,T).  (4.29)
0 x: |z <e ()\(n))‘jb

Recall the definition of set E(e, -, T) in (4.20). Let B(e) £ B\ I.. Note that

b b = b 5
{Tg\b(gg) <T/n; X:;‘,,(w)(a:) € B} = {Tg\b(gg) < T/n; X:’E,l”,)(m)(w) € B(e)} = {XEZ)|7T](£B) € E(e,B(e),T)}.
For any e € (0,€) and £ € E(e, B(e),T), there exists ¢ € [0,T] such that & ¢ I(e). On the other hand,
recall that we use B(0) to denote the closed ball with radius e centered at the origin. By part (a) of

Lemma D.2, given € € (0, €], it holds for all £ € Dg{o_)l)lb[O,T](e) that & € I, Vt € [0,T]. Therefore,

the claim

;" (E(e,é(e),T), e 1”b[o,T](e)) > ¢

for all € € (0, €. Next, recall the strictly decreasing positive real number sequence (e(”))nzl specified
in (4.24)-(4.25). For all € > 0 small enough we have ¢ € (0,¢e(!)], so for such € we can set n = n, as
the unique positive integer such that € € (e(”“‘l), e(")]. It then follows from Theorem 2.4 that

P(r @) < T/ns X, (@) € B) o ( (5. o -
limsup sup J; < sup C[o ?F] ((E(G,B(6)7T)) ;:c)
n0  w ||zl|<e (>\(77)) b xz: ||z <e ,
<7 (S (B 1)27) + 8 ).
(4.30)
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where we applied property (4.24) in the last inequality. Furthermore,

é(JJMb((B \ IE)A(")) CWDI(BA™ (19 A‘")) due to (EU F)» C EAUFA

= QDI (BAT U (1A 1) + WD (BAT U (12 )
< é T
< Wb (ga™ \I) n C(Jb)|b<(8]—)e+A(">>

Il

IA
O(

)
(
(
(B2 N\ 1)+ &UDP (192" ()
(
(B

) + W )\b((BA( ™ NI%\ (B~ N IC)) + (Vj(JbI)Ib<(aI)e+A("))

By definition of d5 in (4.26) and the choice of C(-) in (4.22), we can plug this bound back into (4.30)
and yield the upper bound (4.28). Similarly, by Theorem 2.4 and the property (4.25), we obtain (for
all € small enough)

P(r"(x) < T/ X)), (%) € B D f (5 B )
g, om»%” e ((peonn) )
> (1 1) (EP((B\ L) - &™),
(4.31)

Furthermore, from the preliminary bound (E N F)a 2 Ea N Fa we get
CWl ((B \ Ie)A(ﬂ)) > é(jbl)lb((B \ I)A(n)) > é(jbl)‘b(an) N IZ<n>)~
Together with the fact that Ba \ I = Ba N I¢ C (BA N (I°) A) U (IC \ (I°) A), we yield

(VJ(jbI”b((B \ IE)M,)) > éUb’)'b(BA(n) \ 1) — G (IC \ IS (n))

> & Jb)lb(BA( w\ ) Felt42 Ib((@I)A(”))

> éUJ)Ib(BO \I) el ((B° NI\ (Baw N IC)) - éwﬁ)lb((af)ﬁ(")).
Plugging this bound back into (4.31), we establish the lower bound (4.29) and conclude the proof. O

The next two results verify conditions (2.38) and (2.39). Let
R"(2) £ min {j >0 HX;”b(:L')H < e} (4.32)

be the first time X;"b(:c) returns to the e-neighborhood of the origin. Under our choice of A(e) =
{x € R™ : |lz| < €} and I(e) = I, the event {7’ Tna(e)e(€) > T/n} in condition (2.38) means

that X;ﬂb(m) € I\{z : ||z| < €} for all j < T/n. Also, recall the definition of ¢(-) in (4.16) and

I
that y(n)T/n= C{T- (/\(n))‘yb . Therefore, to verify condition (2.38), it suffices to prove the following
result.

Lemma 4.4 (Verifying condition (2.38)). Given k > 1 and e € (0,€), it holds for all T > k - t(e/2)
that

1 b .
I —P(x I\ A{=: <T/n) =
i sup P (X @) € L\ {w: el <}V < T/n)
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Proof. In this proof, we write £(t) = & for any £ € D[0,T], and set B.(0) = {x € R™ : |z| < €}.

Note that {X;’lb(:c) €I\ B(0) Vj<T/n} = {X[%“Z[] z) € E(e)} where

Ele) 2 {g eD[0,T]: &(t) € I\ B.(0) Vte [O,T]}.

Recall the definition of fo)lb[o, T)(e) in (2.25). We claim that E(e) is bounded away from ]ng__l)lb[(), T)(e).
This allows us to apply Theorem 2.4 and conclude that
sup P(X[Ole]( ) € E(e)) =0(N(n)) =o(\""'(n)) asnlo.

zel.

Now, it only remains to verify that E(e) is bounded away from ]D)(Ik,_l)‘b[(), T](e), which can be estab-
lished if we show the existence of some § > 0 such that

d97(Ee)>6>0  vee D0, T)(e), € € Be). (4.33)
First, by definition of E(e), we have &, € I, Vt € [0,T] for any &’ € E(e). Note that inf{||jx —y|| : = €

I,y & Icj2} > €/2. Therefore, if § ¢ I./; for some ¢ < T, we must have dE?I’T] (&,&) > €/2 > 0. Now
suppose that & € I, forallt <T. Dueto { € ID)(k_l)Ib[O T)(e), there is some @ € I, W € RIx(k=1),

V€ (B.(0))"" and (t1, -+ ,tx1) € (0,717 such that € = by ;" (2, W, V., (1, tx_1)). With
the convention that tg = 0 and t; = T, we have
E@) = yi—e,_, (E(tj-1)) Vt € [tj—1,t;). (4.34)

for each j € [k]. Here, y.(z) is the ODE defined in (2.28). Due to the assumption T > k - t(e/2),
there must be some j € [k] such that t; —t;_1 > t(e/2). However, due to the running assumption
that £(t) € I./o Vt € [0,T], we have {(t;_1) € I./2. Combining (4.34) along with property (4.17), we
get limyqy; () € Bej2(0) C B(0). On the other hand, by definition of E(e), we have &'(t) ¢ B(0)
for all t € [0, T], which implies d:"(¢,£") > §. This concludes the proof. O

Lastly, we establish condition (2.39). Note that the first visit time TZ(E) (x) therein coincides with
R?lb(x) defined in (4.32) under our choice of A(e) = {x € R™: |jz| < €}.
Lemma 4.5 (Verifying condition (2.39)). Let t(-) be defined as in (4.16) and

By.c.z) 2 {R?'b(a:) <M X ey e 1< Rzlb«c)}.

It holds for all € € (0,€) that lim, o sup,,c - P((E(n, 6733))0) =0.

Proof. In this proof, we write B.(0) = {x € R™ : ||z| < €} and I(e) = I.. Note that (E(n,e,ac))c C
{X"Ib (@) € Ef(e)U E3(e)}, where

[0,t(e/2)
Ei(e) 2 {s € D{0,8(c/2)] : £(t) ¢ B(0) Vit € [o,t<e/2>1},
Ei(e) 2 {g € D)0, £(e/2)] : 30 < s <t < t(e/2) s.t. £(t) € B.0), &(s) ¢ 1}.

Recall the definition of D )‘b[O T](e) in (2.25). We claim that both Ej(e) and Ej(e) are bounded

away from

DE?)(IS) [0,(e/2)] {{yt te0,t(e/2)]}: we (I(e))_}.
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To see why, note that inf{|lx —y| : « € I(e),y ¢ I(e/2)} > €/2. Meanwhile, properties (4.14) and
(4.17) imply that y¢(c/2)(x) € B/2(0) for all & € (I(¢)) . Therefore,

t(e b * €
s (o, tef2), Bi()) = 5 >0 (435

Meanwhile, by property (4.18), we immediately get

g0t/ (DE?%S)‘ [0,t(e/2)], E;(e)) >90>0. (4.36)

1

This allows us to apply Theorem 2.4 and obtain
c b * *
sup P((E(n, €,x)) > < sup P<X[7(7)7t(€/2)] (z) € Ef(e) U E; (e)> =0 (\(n))
z€(I(e))~ xz€(I(e))~

as 1} 0. To conclude the proof, one only needs to note that A(n) € RV4—1(n) (with @ > 1) and hence
limy o A(n) = 0. =

We conclude this section with the proof of Theorem 2.6.

Proof of Theorem 2.6. First, it is established in Lemma D.3 that Cf < co. Next, since Lemmas 4.3—
4.5 verify Condition 1, Theorem 2.6 follows immediately from Theorem 2.9. O
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A Results under General Scaling

Below, we present results analogous to those in Section 2 under a general scaling. Specifically, through-
out this section we define (X (x));>0 and (X;Ib(a:))jzo with the recursions in (1.3). Here, we consider
v E (ﬁ, o0) where @ > 1 is the tail index in Assumption 1. Let

A(m;v) =0~ H(n™").
We adopt the notations C*Ib, D(:)lb(e), X1P(x), etc., as described in Section 2. First, we present
the sample-path large deviations.
Theorem A.l. Let Assumptions 1 and 2 hold. Let v € (51, 00).

(a) For any k € N, any b,T,e > 0, and any compact A C R™,
_ b k)b . k—1)|b ) )
A k(n;'y)P(X[%lyT] () e ) — CEO,)II’]( Syx) in M(]D)[O,T} \]D)E4 ) [O,T](e)) uniformly in  on A
as 1} 0. Furthermore, for any B € Spo 1) that is bounded away from I[))(:_l)‘b[O,T](e),

infpea P(X[) 7 (2) € B)

inf C(k)‘b(Bo;w) < liminf

€A (0,77 nd0 Ak (’I], ’7)
|b
supges P(X{q(x) € B
< lim sup €4 (k [0.7] ) < sup C%%(B_;w) < 00.
nl0 A ’(77;7) €A ’

(b) Furthermore, suppose that Assumption 3 holds. For any k € N, T, e > 0, and any compact
A CR™ that

_ k . k—1 . ,
A k(n;'y)P(X[%yT] () e ) — CEO,)T]( X)) in M(]D)[O,T} \]D)E4 )[O,T](e)> uniformly in x on A
as 1} 0. Furthermore, for any B € Spo 1) that is bounded away from D%_l)[O,T](G),

infgea P(X[%’T] (z) € B)

inf C¥) (B°: 2) < liminf
2t Oy (B% @) < limin Xe(n:7)
sup,e4 P(X{ .+ (x) € B
< lim sup €A ( [0.7] ) < sup C((;c)T (B™;x) < oo.
nl0 Ak(ﬁﬂ) €A (0,7]

The corresponding conditional limit theorem is identical to Corollary 2.5, under the condition that
v E (ﬁ, o0), so we skip the details. Lastly, we present the metastability analysis. Let I C R™ be
an open set such that 0 € I and Assumption 4 holds. Let the first exit times 77(x) and 77°(z) be

defined as in (2.29). We adopt the notations J;/, GRIb(e), é’“'b, etc., as described in Section 2.3.

Theorem A.2. Let Assumptions 1, 2, and 4 hold. Let v € (5, 00).

2N e’

(a) Let b> 0 such that J < co. Suppose that I¢ is bounded away from g(jbl_l)“’(e) for some (and

hence all) € > 0 small enough, and (VJ(JbI)“’(aI) =0. Then Cf & é(jbl)“’(fc) < 00. Furthermore,
if Cf € (0,00), then for any e >0, t > 0, and measurable set B C I°,

CW)lb(B-)

lim sup sup P (C’;fn AT (n;7) 7" () > t; X" (x) € B> < o -exp(—t),
b

nl0 xel ()
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CW)Ib(Be)

cl -exp(—t).

liminf inf P(Cln- A% (n;y)r"P(x) > t; X" (@) e B) >
0 wel. b ()

Otherwise, we must have Cbl =0, and

lim sup sup P<77 AT (n;'y)Tnlb(a:) < t) =0 Ve >0, t > 0.
nl0 xel.

(b) Suppose that C(dI) = 0. Then CL 2 C(I°) < co. Furthermore, if CL > 0, then for anyt > 0
and measurable set B C I°,

C(B~
lim sup sup P(Cgon Ay )T () > X:’n(:ﬂ)(w) € B) < ( - exp(—t)
nl0 xel. Coo
liminf inf P CLn-Xm;y)7"(x) > t; X7, \(x) € B) > () - exp(—t)
0 zel. ool ALY P (=) - L P .

Otherwise, we must have CL =0, and

lim sup sup P(n A y)T () < t) =0 Ve >0, t > 0.
nl0  mel.

The proofs for results in this section will be almost identical to those presented in the main paper.
We omit the details to avoid repetition.

B Results for Lévy-Driven Stochastic Differential Equations

In this section, we collect the results for stochastic differential equations driven by Lévy processes with
regularly varying increments. Specifically, any one-dimensional Lévy process L = {L; : t > 0} can be
characterized by its generating triplet (cr, o, ) where ¢, € R™ is the drift parameter, the positive
semi-definite matrix Xy € R™*™ is the magnitude of the Brownian motion term in L, and v is the
Lévy measure of the Lévy process L; characterizing the intensity of jumps in L;. More precisely, we
have the following Lévy-It6 decomposition

L Lept+3/°B, +/

z[N([0,t] x dz) — tv(dz)] +/ xN([0,t] x dz) (B.1)
el <1

llz(>1

where B is a standard Brownian motion in R™, the measure v satisfies f(||.313||2 A 1l)v(dx) < oo, and
N is a Poisson random measure independent of B with intensity measure Lo, X v. See Chapter 4 of
[68] for details. We impose the following assumption that characterizes the heavy-tailedness in the
increments of L;.

Assumption 5. EL; = 0. Besides, there exist « > 1 and a probability measure S(-) on the unit
sphere of R% such that

o Hi(x)= V({y eRY: |yl > x}) € RV_qa(z) as x — oo,

e Asr — oo,

(1/ o @;1)(-)

0 —S U, XS in M(([0,00) x M) \ ({0} x md))v

where Ny is the unit sphere of RY, the measure (V ) <I>;1) 1s defined by
(voo () 2v(a7 (),
ice. (o®1)(AxB)=v(® ' (r~'A,B)) for all Borel sets A C (0,00) and B C Ny.
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Consider a filtered probability space (Q, F,F = (F)i>o, P) satisfying the usual hypotheses stated
in Chapter I, [53] and supporting the Lévy process L, where Fy = {0, 2} and F; is the o-algebra
generated by {Ls : s € [0,t]}. For n € (0,1] and 8 > 0, define the scaled process

L"2{L] =nLy;: t >0}, (B.2)
and let Y;"(x) be the solution to SDE
Y@ =, dY(@) = a(¥;" (@))dt + (Y, (@))dL}. (B.3)
Henceforth in Section B, we consider 8 € [0,2 A «) where o > 1 is the tail index in Assumption 5.
Below, we state the results regarding the sample-path large deviations and metastability of Y;"(x).
B.1 Sample Path Large Deviations

Recall the definitions of the mapping hE§7)T] in (2.10)—(2.12) as well as the measure CE&)T]( )

in (2.14). Also, recall the notion of uniform M-convergence introduced in Definition 2.1. Define
Y[g,T] (x) = {Y,"(x) : t € [0,T]} as a random element in D[0,7]. In case that T = 1, we suppress
[0, 1] and write Y(z). The next result characterizes the sample-path large deviations for Y[g_T] (z) by
establishing M-convergence that is uniform in the initial condition . The proofs are almost identical
to those of X7/(z) and hence omitted to avoid repetition. Recall that Hp(x) = v((c0, —z) U (x,00)).
Let

A(m;B) & n P Hr(n™")
where 8 € [0,2 A «) determines the time scaling in (B.2).

Theorem B.1. Under Assumptions 2, 3, and 5, it holds for any B € [0,2 A «a), T,e >0, k € N, and
any compact set A C R™ that

)\Zk(n;ﬂ)P(Y[gyT] ()e - ) — CE(I;'V)T]( cyx) in M(D[O,T] \]D)(j_l)[O,T](e)> uniformly in « on A

as 1 — 0. Furthermore, for any B € Spjo,1) that is bounded away from ]D)Ef_l)[o, T](e),

infpea P(Y[g’T] (z) € B)

inf ¢ B°; x) < liminf
22l Con (B5#) <l X5 (ns B)
supgea P(Y! (x) € B
< lim sup el g [0.7] ) < sup Cféc)ﬂ (B*;:n) < 00.
70 /\L(n;ﬁ) €A ’

Analogous to the truncated dynamics X;"b(:c), we introduce processes Ytnlb(w) that can be seen
as a modulated version of Y, (x) where all jumps are truncated under the threshold value b. More
generally, we consider a sequence of stochastic processes (Ytnlb;(k)(a:)) First, for any & € R™ and

t >0, let

k>0

4y, (@) 2 o (Y, (@))dt + o (Y, (2))d L. (B.4)
Next, building upon the process Ytnlb;(O) (x), we define

O (@) 2 min {t > 0 ||o (¥1" @) AL}

- HAY["Z’;(O) (:c)H > b}, (B.5)
W;,”b;(l)(cc) A Ay 1b(0) (z) (B.6)

T;Ib:(l)(m)
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as the arrival time and size of the first jump in thb;(o)(az) that is larger than b. Furthermore, we
define (for any k > 1)

bs(k bs(k b (k
VI @ 2 YD @)+ (Wi @), (B.7)
ay""® (@) 2 a (VD (@) dt + o (¥, (@)dLy > 0 (@), (B-8)
|b(k+1)(w) 2 min {t - Ib(k)( ) : H (Ynlb(k)( ))AE?H > b}, (B.9)
W (@) £ AV, @) (B.10)
Lastly, for any ¢t > 0,b > 0 and « € R, we define (under convention T”‘b (0)( )=0)
}’tnlb(m) A Zyvtnlb%(k)( ) - H{t c { nlb(k)( ), T;‘b;(k+1)(a:))} (B.11)
k>0
and let Y[g‘;]( )= {Y,;nlb(:c) : ¢t €[0,T]}. By definition, for any t > 0,b> 0,k > 0 and z € R,
Y@ =y Oy e e [ nlbs(k )(w)mg\b;(kﬂ)(w)). (B.12)

In case that T' = 1, we suppress [0, 1] and write Y"7°(x). The next theorem presents the sample path
large deviations for Ytnlb(w). Once again, the proof is omitted as it closely resembles that of X;'lb(:c).

Theorem B.2. Under Assumptions 2 and 5, it holds for any 8 € [0,2 A a), any b,T,e > 0, k € N,
and any compact set A C R™ that

)\Ek(n;ﬂ)P(Y[g‘;]( JE - ) — Cf[];)jlf]’( Six) in M(]D)[O,T] \]D)Ef_l)‘b[(),T](e)> uniformly in © on A

as 7 — 0. Furthermore, for any B € Spjo,1) that is bounded away from D(:fl)‘b[O,T](e),

infgen P(Y(z) € B)

inf C(k)lb( ) < lim inf

wea (0] nlo N} (11: )
sup P €eB
< lim sup vl ( [OT]( z) ) <sup ka)ll]’(B :n) Q.
nd0 )‘L(nvﬁ)

To conclude this subsection, we present the conditional limit results for Y7 and Y"1,

Corollary B.3. Let Assumptions 2 and 5 hold. Let 8 € [0,2 A ).

(i) For some b,e >0, k € N, x € R™, and measurable B C I, suppose that B is bounded away
from ]D)f{’;;l)‘b(e) and CPIY(B°; x) = CWIY(B=: ) > 0. Then
CWb(.NB;x)

GO (B; 2) asn 0.

P(Yl! (x) €| YV (x) € B) =

(ii) Furthermore, suppose that Assumption 3 holds. For some k € N, & € R™, and measurable
B C D, suppose that B is bounded away from ]D)g ' )(e) and C®)(B°;x) = C®)(B~;x) > 0.
Then

C®)(.NB;x)
P(Y[g,u( ) € |Y01]( )EB):iC(’f)(B;x) asn 0.
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B.2 Metastability Analysis

Consider some open set I C R™ such that 0 € I and Assumption 4 holds. Define stopping times
@) 2inf{t>0: Y(@) ¢ I}, @) 2if{t>0: Y,""(x)¢1}.

as the first exit times of Y;"(x) and Ytnlb(ac) from I, respectively. The following result characterizes
the asymptotic law of the first exit times 7(x) and 71\°(x) using the measures C*®)®(.) defined in
(2.34) and C(-) defined in (2.35). We omit the proof due to its similarity to that of Theorem 2.6.

Theorem B.4. Let Assumptions 2, 4, and 5 hold. Let § € [0,2 A ).

a) Let b > 0 such that J! < co. Suppose that I¢ is bounded away fmm Q(JbI* €) for some (and
b

hence all) € > 0 small enough, and CW) b(0I) = 0. Then C{ = cw Ib(1¢) < oo. Furthermore,
if Cf € (0,00), then for any e >0, t >0, and measurable Set B g Ic,

&b p-
lim sup supP(chJb Or B (@) > YL (@ >eB) < S B (o),
nl0  xel (x) Cy
CWIDIb g
liminf inf P( C} )\‘7*’( '5)7’7”1)( ) > t; Ynﬂlﬁ, (x)eB| > ¥ exp(—t)
nd0 =zl () C;

Otherwise, we must have C{ =0, and

lim sup sup P()\ (n; ’y)Tle( ) < t) =0 Ye> 0, t > 0.
nl0 xel.

(b) Suppose that C(dI) = 0. Then cL 2 C(I°) < co. Furthermore, if CL >0, then for anyt >0
and measurable set B C I°,

& B

lim sup sup P(Cio)\L(n;ﬁ)TY( ) > t; Y,;(z)( x) € B> < C( J ) -exp(—t)
nl0 =xel. Coo

liminf inf P CLAL(n; B)ri(x) > t; Y, (x) € B) > S(5°) - exp(—t)
0 zel, AR PITY 7y (@) - CL ne

Otherwise, we must have CL, =0, and

lim sup sup P ()\(Ln;'y)T;}(m) < t> =0 Ve>0, t > 0.
nd0 xel.

C Properties of Mappings BE(];’)T] and BE(;“)T'?

In this section, we collect a few useful results about the mapping EE(;C)T] defined in (2.10)—(2.12) and
B%’)TLZ]’ defined in (2.21)—(2.23), and provide the proof of Lemmas 3.5, 3.6, and 3.7.
For any & € D, let [|€]| = sup,cpo ) [€(1)]]. Also, recall the definition of D(k)lb( ) in (2.25).

Lemma C.1 shows that ||£|| is uniformly bounded for all £ € ID ‘b( ).

Lemma C.1. Let Assumption 2 hold. Given k € N, b,r > 0, and a compact set A C R™, there exists
M = M(k,b,r, A) < 0o such that ||¢| < M V¢ € DPIP(r).
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Proof. Fix some zy € A, and let £*(t) = yi(xo); see (2.28). Let N =1 +sup, ,ea || —yl| Vb and
p =exp(D) > 1 where D € [1,00) is the Lipschitz coefficient in Assumption 2.

By arbitrarily picking an element from ]D)Ef)lb(r), we get some ¢ = hFI(x W,V 1) with = €
A, W = (wy, - ,wy) € RUEV = (vg,-+- o) € R™F ¢ = (t1,-- ,tx) € (0,1]*T. By As-
sumption 2 and Gronwall’s inequality, we get sup;cp ¢, [1§¥(t) — &) < [|& — @ol| - exp(Dt1) < pN.
Since £*(t) is continuous, and ||{(t1) — &(t1—)|| < b+ 7 (see the definition of ¢y in (2.23)), we get
sup; o, 1€7(1) =€) < PN + b+ 1 < 2pN.

Next, we proceed by induction. Adopt the convention that 511 = 1, and suppose that for some
j=1,2,-,k,

sup [|€7() = £(1)]| < (20)/ N
te[0,t5] ——
:M].

Then from Gronwall’s inequality again, we get ||£*(t) — £(¢)|| < pA; for any t € [t;,t;41). Due to the
continuity of £* and the truncation threshold b and the upper bound ||v;|| < r at step (2.23), we have

1€(t54+1) = & )l < pMj + b+ 7 < 2pM;j < M.
Therefore, supycio,,,) 1€°(t) —&(#)[| < Mj41. By induction, we can conclude the proof with M =
M1 + 6% = 2p)" 1N + [l 0
Recall the definitions of ayr, oy in (3.35), the mapping A (" in (3.36)-(3.38), and sets D7, ()
in (3.40). Next, we present a corollary of the boundedness of Df)lb(r) established in Lemma C.1.

Corollary C.2. Let Assumption 2 hold. Let b,r > 0, k € N. Let A C R™ be compact. There exists
My € (0,00) such that for any M > My,
k k)|b
o sup,c; &l < Mo vg € DY) UDY, (r);

o Foranyt=(t, - ,ty) € (0,1, W= (w1, ,wy,) € RE, V= (v, ,v3) € R™F with
max;jerq ;]| <7, and x € A,

RO (@, W, V,t) = B (@, W, V,t).

Proof. The claims follow immediately from Lemma C.1, as well as the fact that h(*)IP(x, W,V t) €

DY (r) and ¢ =AYy (, W, V, 1) e D)7 (r). O
Next, we study the continuity of mappings h[o 7] and h[o T]

Lemma C.3. Let Assumption 2 hold. Given any b,T > 0 and any k € N, the mapping h[o T] 1
continuous on R™ x Rk x RM>k 5 (0, T)kT,

Proof. To ease notations we focus on the case where T' = 1, but the proof is identical for any T > 0.
Arbitrarily pick some b > 0 and k¥ € N, some z* € R™, W* = (w}, -+ ,w}) € R>* V* =
(v}, - ,v}) € R™*F and ¢* = (t1,---,t;) € (0,1)FT. Let & = h®MIb(z* W* V* t*). Also, fix
some € € (0,1). It suffices to show the existence of some ¢ € (0,1) such that dj, (£*,£) < € for
all ¢ = h(’“)“’(w W’ V', t') with ' € R™, W' = (w}, - ,w}) € Rk, V' = (v},---,v}) €
Rkt = (th, -, ) (O,l)kT satisfying

|lz* — &' < 4, VI — 5] < 8 5 e [k]. (C.1)
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We start by setting some constants and notations. First, by Corollary C.2, it follows for any M €
(0,00) large enough that

1€ +1<M  and 1€ +1 <M Ve =P W' V' 1) satisfying (C.1).  (C.2)

By picking an even larger M if necessary, we can ensure that M > 1+ max;cy ij || In this proof,
we write a* = apr, 0 = o) (see (3.35) for definitions). Fix the constant

C*2 sup a)| Vo)) V1< oo
y:llyll<M

We also write h* = ﬁs\lﬂb in this proof; see (3.36)—(3.38) for definitions. The choice of M ensures that
& = h*(z*, W*, V* t*) and, under condition (C.1), ¢’ = h*(z/, W', V' ¢').
Let p £ exp(D) > 1 where D € [1,00) is the Lipschitz coefficient in Assumption 2. Let Ry = 1,

R; £ (71C*+ pRj_1+ 1)(DM + 1)+ C*  Vj>1. (C.3)
We pick some ¢ > 0 small enough such that
20 <1A€ Ri110 < €. (C.4)

Also, by picking § > 0 small enough, it is guaranteed that (under convention tj = t; = 0, t; , =
s = 1)
+1

~ ., —t* ~
§<oV1; max |- T 1] <5 =t ) € (0,1)", max [t} — t7] < 6. (C.5)
J€R | i1q — JE[K]

Now it only remains to show that, under the current the choice of 4, the bound dj, (§,¢’) < € follows
from condition (C.1). To do so, we fix some £ satisfying condition (C.1). Define A : [0,1] — [0,1] as

\ 0 ifu=0
(W) = tr+ ?Hjﬁ/‘ (uw—ty) ifue (t),t),,] for some j =0,1,--- k.

!
J+1 75

For any u € (0,1), let j € {0,1,---, k} be such that u € (¢},#},,]. Observe that

g g
|)\(u)7u\:t;+M~(u7t;)7u:t;—f—Mmf(ert;) with v 2 u —t}
i1 =1 b — 15
< |t =t + w—l‘-v
R AR 72N
J+1 J
<3+3-1<e (C.6)

In summary, we have shown that sup,c(o 1 [Mu) — u| < e. Moving on, we prove that

€ (\u) =€) <e

using an inductive argument. First, Assumption 2 allows us to apply Gronwall’s inequality and get
SUPye (0,65 at1) €7 (0) — §'(w)]] < exp (D- (5 AtY)) |l — a'|| < pé. As a result, for any u € (0,t] At)),

>»<t>1k / *tT *
5(%~u>5@n 5(%~u>£<m

8(f~u)—f%w + pb
1
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< + 1€ (u) = € ()]

|kwxw»s%mul

< ’

S ’




< sup [la*(y)l -
yeR™

< C*+pd=(C*+p)d  dueto (C.5).

;1—1’-u+p5 by (C.2)
1

In case that ¢ < 1], we get sup,e(o.4) |€* (M) — & (w)|| < (C*+ p)d directly. In case that £} < ¢},
due to & = h*(x', W', V', t') as well as the bounds in (C.5)(C.6), for any u € [t},t}) we have

I€'(w) = €@ < sup [la*(y)]] - Ju—t7] < C*3;
y€R™

& (@) =& (M) < sup lla" @)+ Mw) = At < 5C"5.

le* (A(w)) — €' (w)|| < (7C* + p)d. In addition, due to |gp(x) — @p(y)]| <

As a result, sup,co )

I~y
e (rn) — €@l
=&+ 01 (o (6 O0) + o)t ) = €6) — 0t = (0 (€05 + ot Just )|
< [l (A1) = € Gl + o = vl + [l (€ (AH =) + vt Jwp = o (&1 -) + v )i
< e (At1) = € @) + ot = vl + o (" (Mt -) + o7 ) — o (€1-) + 01 )| - i
[l (€16 o) ot —
< [l (A1) = €Wl + 0+ o (6 (At +vi) — o (¢/t1-) +of ) | - M+ C8

<(7TC*+p)0+6+M-D- ( € (A=) = €@ =) + v — i ) +C*5  due to Assumption 2
= (TC* + p)b + 6 + DM((7C* + p)d + 8) + C*§
< [(TC*+p+1)(DM +1) + C*}g by our choice of § < 8 in (C.4)(C.5).

In summary, we yield sup,ep 4 l€*(A(w) = € (w)|| < [(7TC*+p+1)(DM +1) +C*]g = Ry0; see defi-
“(AMw) =€ (u)]
1 187 (M) = €]

Rj+15. To conclude, note that Rj116 < € by our choice of parameters in (C.4).

nitions in (C.3). Now, suppose that for some j = 1,2,--- , k, we have SUDPyc0,t/]
J

R; 5. By repeating the calculations above, one can obtain that sup,co,

O IAIA

Lemma C.4. Let Assumption 2 and 3 hold. Given any k € N and T > 0, the mapping hEO)T] 1
continuous on R™ x R4¥k 5 RM*k 5 (0, T)kT,

VA

Proof. To ease notations we focus on the case where T' = 1, but the proof is identical for any T > 0.
Arbitrarily pick some k € N, * € R™, W* = (w7, - ,w}) € R**F V¥ = (v}, ,v}) € R™** and
t* = (t,---,t5) € (0,1)*T. We claim the existence of some b = b(z*, W*, V*,¢*) > 0 such that for
any § € (0,1), 2’ € R™, W' = (w},--- ,w}) € R** V' = (vf,--- ,v}) € R™k and t' € (0,1)*"
satisfying

l* —2'|| <4, |w) —w}|| V||vf —vf|| V[t —t| <6 Ve [k] (C.7)

we have B(k)(w’,W',Vi, t') = hFb(x/ W', V' ¢). Then the continuity of A(*) follows immediately
from the continuity of A(®I® established in Lemma C.3.
Now, it only remains to find such b > 0. In particular, we can simply set b = C - (

lo(y)|| < C. Indeed,

€ [k]} + 1) where C > 1 is the constant in Assumption 3 satisfying sup,cgm
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given any § € (0,1) and @’ € R™, W' € R>* V' € R™*k and ¢ € (0,1)*" satisfying (C.7), for
¢ =hPlb(x! W' V' t) we have

Ho’(f'(t;—) +vj)w;-|| <C- (max{”w;‘” = [k]}+5) <b Vi € [d].

As a result, the truncation operator @y at step (2.23) is not in effect, and hence ¢ = (¥ (x/, W', V' t').
This concludes the proof. O

Next, we move onto the proofs of Lemmas 3.5, 3.6, and 3.7.

Proof of Lemma 3.5. The claims are trivial if A or B is an empty set. Also, the claims are trivially
true if K = 0 (note that in (b) we would have ]D)E{l)(r) = (). Therefore, in this proof we focus on the
case where A # (), B# 0, and k > 1.

Since B is bounded away from ]D)Ef_l) (r) under d , there exists € > 0 such that d ;, (B€, ]D)Ef_l) (r) >
0 so that part (b) is satisfied. Next, we show that there exists § > 0, which together with € satisfies (a).
Let D € [1,00) be the Lipschitz coefficient in Assumption 2. Besides, recall the constant C' € (1, c0)
in Assumption 3 that satisfies sup,cg [|[o(z)|| < C. Let p = exp(D) and

€

= .
pC +1

(C.8)

Note that § < € To show that the claim (a) holds for such € and §, we proceed with proof by
contradiction. Suppose that there is some t = (t1,--- ,t;) € (0,1]*T, W = (wy, - ,wy,) € R¥*F,

and o € A such that ¢ 2 h(%) (zg, W, t) € B yet |[ws|| < 6 for some J = 1,2,--- , k. We construct
¢ e
when J = k is almost identical but only slightly simpler. Now, recall the definition of h,(,o )() given
below (2.12), and construct & as

71)(7‘) such that dj, (£, €) < € Specifically, we focus on the case where J < k, since the proof

&(s) s€[0,t;)
§'(s) ESRONE (=) (s—ty) SE [ty trs)
£(s) 5 € [tryr,t]

That is, &’ is driven by the same ODE as € on [t;,t541), except that at the beginning of the intervals,
& starts from £(t;—) instead of £(t;). On the other hand, & coincides with £ outside of [tj,t 41)-
To bound the distance between £ and &', note that from Assumption 3, we have [|£(t;) — &(ty—)|| =
llo(&(t;—))wys|| < CO. Then using Gronwall’s inequality, we get

1€(s) = &' (s)ll < exp ((ts41 — ts)D) [I€(ts) — €' (ts )]
< pllg(ts) = &' t-)ll
<pCs < e (C.9)

for all s € [ty,t711). This shows that d, (£,£') < €& However, this cannot be the case since £ € BE,

¢ e ]D)Eqk_l)(r), and we chose € such that d, (BE,]D)(f_l)) > 0. This concludes the proof for the case

with J < k. The proof for the case where J = k is almost identical. The only difference is that &’ is
set to be ¢'(s) = &(s) for all s < ty, and &'(s) = hO (&' (tx—)) (s — tx) for all s € [ty, 1], O

Proof of Lemma 3.6. Similar to Lemma 3.5, all claims hold trivially if A or B is empty, or if k£ = 0.
In this proof, we focus on the case where A # 0, B # 0, and k > 1.
k

We start by fixing some constant. Since B is bounded away from D;_l)‘b(r), we can fix some

€ > 0 such that d, (B€7fo71)‘b(r)) > 0 to conclude the proof of part (b). Next, let D € [1,00) be
the Lipschitz coefficient in Assumption 2. Besides, recall the constant C' € (1,00) in Assumption 3
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that satisfies sup,cp [|o ()| < C. Let p = exp(D). By picking an even smaller € > 0 if necessary, we
can w.l.o.g. assume that

20e<r and  d, (BS,DYV(r) > 208 (C.10)
Let
§2¢€/C. (C.11)

To prove that part (a) holds for such &, we proceed with a proof by contradiction. Arbitrarily
pick some * € A, W = (wy,--+ ,wg) € R*F V = (vy,--+ ,vp) € R™** with max;ep [|v;]| < €
t=(t1, - ,t) € (0,1)F" and b > 0. For & = hMIP(x, W,V t), suppose that & € B yet there is
some J € [k] such that ||w;|| < 6. Next, construct ¢ € D as follows: (recall that y.(z) is the ODE
defined in (2.28))

&v(s) s€0,ty)
£(s) £ S Yo, (E(ts—)) s €[ty ty)
&v(s) s € [try1, 1]

That is, £ is a modified version of &, where the jump at time ¢; is removed, but the two paths coincide
on [0,¢5) U [ts41,1]. Note that by Assumption 3,

I6(t) = &t = 1A& (N < llosll+ | (o ((ts=) +va)w )| < &+ Co.
Applying Gronwall’s inequality, we then yield that for all s € [t;,t;5-1),

1€6(5) — &(s)|I < exp (D(s — 1)) - [l&(ts) — & (t)]
<p-ll&ts) =& where p = exp(D)
< p(e+C8) =2pe  due to (C.11).

This implies that d, (£,&) < 2pé and £ € ]D)(f_l)‘b@pE) C ]D)Ef_l)‘b(r); see (C.10). However, in light
of the condition d ;, (B¢, ID)Ef_l)'b(r)) > 2pé in (C.10), we arrive at the contraction that &, ¢ B€. This
concludes the proof of part (a). O

Proof of Lemma 3.7. The proof relies on the following claim: for any S € .#p that is bounded away
(k—1)
from D (1),

Jim CWIb(s: ) = CH(S; z). (C.12)
—00

Then for any g € C(D\Dfﬁl)(r)), we know that B = supp(g) is bounded away from fol)(r). Also,

given any A > 0, an approximation to g using simple functions implies the existence of some N € N,
i\ N i\ N
some sequence of real numbers (c_ff))i:17 some sequence (B_((,Z))Z.:1 of Borel measurable sets on D that

are bounded away from foﬁl) (r) such that the following claims hold for g2 (-) = Ziil cgi)]l( - € Béi)):
B) CB Vie [N, |9 -g(6)] <A V¥EeD.
Then

limsup |CW1(g; ) — C(’“)(g;w)‘ < limsup (C(k)'b(g;w) - C(’“)“’(gA;w)‘

b—oo b— o0

+ limsup [CWl (g% z) — CP (gA;w)‘

b—o0

+ limsup ‘C(k) (9%;x) — CW(g; w)‘

b—oo
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First, note that CMIP(g2; ) = Zivzl c_g,i)C(k”b(By);a:) and CW) (g2 ) = Zil cgi)C(k)(Bg(,i);m).
Therefore, applying (C.12), we get limsup,_, ., ‘C(k)‘b(gA;w) — C(k)(gA;m)’ = 0. Next, note that
C(’C)‘b(gA;:c)—C(k”b(g;:c)‘ < A-CHI(B;x) and ‘C(k)(gA;:c)—C(k)(g;:c)‘ < A-C®)(B;x). Thanks
to (C.12) again, we get lim sup,_, . ‘C(kw’(g; x) — CH)(g; w)‘ < 2A - CW)(B; x). The arbitrariness of

A > 0 allows us to conclude the proof.
Now, we prove (C.12) using Dominated Convergence theorem. By the definition in (2.26),

C®Ib(s: ) é/]l{h(k)“’(w,w, t) € S} ((va x S) 0 ®)" (W) x £} (at).

where S € ./ is bounded away from ]D)Effl)(r). First, we fix some W € R4* and ¢ € (0,1)*" and
zo € R, and let M £ max;cp, |[|w;||. For any b > MC where C' > 1 is the constant satisfying such
that supgegm |la(z)|| V|o(x)| < C (see Assumption 3), by the definitions of h(*) and h®)I? it is easy
to see that h®I(x, W, ) = h(*)(x, W, t). This implies

lim I{r®P (2, W,t) € S} =T{n¥) (z,W,t) € S} YW e R™* te (0,1]*.

b—o0

In order to apply Dominated Convergence theorem and conclude the proof of (C.12), it suffices to find

an integrable function that dominates ]I{h(k”b(a:,w, t) € S’}. Specifically, since S is bounded away

from fofl)(r), we can find some € > 0 such that d, (S, Dfﬁl)(rp > €. Also, let p = exp(D) where

D € [1,00) is the Lipschitz coefficient in Assumption 2. Fix some § < p%. By part (a) of Lemma 3.6,
we get

]I{h(k)“’(x,W,t) € S} < H{ |lw;|| > 8V € [k]} Vb >0, W e Rk ¢ e (0,1)k,

From [ T{ |[w;|| > 5 Vj € [k]} (e x S)0®)" (dW) x LV (dt) < 1/55 < o0, we conclude the proof. [

The following result will be applied in the proof of Lemma 3.8. Let :cj(x) be the solution to

zl(z) =z, z](x) =] (z)+ na(w;-’_l(a:)) Vi > 1. (C.13)

After proper scaling of the time parameter, w;] approximates y; with small . The next lemma is a
direct result from Gronwall’s inequality and bounds the distance between wI’t /n) (z) and y¢(y). For
the sake of completeness we provide the proof.

Lemma C.5. Let Assumptions 2 and 3 hold. For anyn > 0,t >0 and z,y € R™,

sup [y, (9) = 2,y @) < 1€ + ll2 = yl) exp(D2)

s€[0,t]
where D, C € [1,00) are the constants in Assumptions 2 and 3 respectively.

Proof. For any s > 0 that is not an integer, let &7 (z) £ wl’sj (z) and y?(y) £ ysy(y). Now observe
that (for any s > 0)



Let b(u) = y(y) — (). Tt suffices to show that sup,c(o 4/, 16(W)]| < (nC + ||z — yl|) exp(Dt). To
this end, we observe that (for any s > 0)

1b(s)[I < [lb(Ls DIl + < [lb(ls DIl +nC

n/s a(y;(y))du

Ls]

Ls]

<o [ (i) - al@l@)] dut o=yl +nC

< nD/ Ib(w)||du+ |z —y|| +nC  due to Assumption 3.
0

Apply Gronwall’s inequality (see Theorem V.68 of [53]) to ||b(u)|| on interval [0,¢/n] and we conclude
the proof. O

D Technical Results for Metastability Analysis

We first give the proof for Corollary 2.7. To do so, we provide some straightforward bounds for the
law of geometric random variables.

Lemma D.1. Let a: (0,00) — (0,00), b: (0,00) = (0,00) be two functions such that lim. o a(e) =
0,lim. g b(e) = 0. Let {U(e) : € > 0} be a family of geometric RVs with success rate a(e), i.e.
P(U(e) > k) = (1 —a(e))* for k € N. For any ¢ > 1, there exists ¢g > 0 such that

exp (- Céfﬁ(;)) <P(U(e) > %) <exp (- Ca(be()e)) Ve € (0, o).

Proof. Note that P(U(e) > Wle)) = (1—-a(e) L1/be By taking logarithm on both sides, we have

[1/b0)) ™ (1-009) —a()
1/b(e) —a(e) be)

P (U(e) > %) = [1/6()) 1 (1 = afe)) =

1, we know that for e sufficiently small, we will have —c% < lnP(U(e) >

b(lg)) < - calf(?) By taking exponential on both sides, we conclude the proof. O

. . In(1
Since lim,_sq w =

Proof of Corollary 2.7. That the value of o () and a(-) outside of the domain I has no impact on the
first exit analysis. Therefore, by modifying the value of o(-) and a(-) outside of I, we can assume
w.l.o.g. that

la(z)]| V]o(x)|| < C Va € R™. (D.1)

for some C € (0,00). That is, we impose the boundedness condition in Assumption 3.
We start with a few observations. First, under any n € (0, 5%), on the event {n || Z;|| < 5% Vj < t}

the norm of the step-size (before truncation) na (X;‘,bl (z)) +no (X;’l,bl(w))Zj of X;’lb(:c) is less than
b for each j < t. Therefore, X;’lb(ac) and X7 (z) coincide for such j’s. In other words, for any
n € (0,5%5), on event {n|Z;|| < 55 Vj <t} we have

nlb _ .
X/ (x) = X](x) Vj <t (D.2)
More importantly, given any measurable A C R such that r4 = inf{||z| : & € A} > 0, we claim that

lim CWI(4) = C(A). (D.3)

b—oo
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This claim follows from a simple application of the dominated convergence theorem. Indeed, by
definition of CWIP we get CHIP(A) = [T{p,(a(0)w) € A}((va X S) o ®)(dw). For fy(w) =
I{¢s(o(0)w) € A}, we first note that given w € R™, we have fy,(w) = f(w) £ I{o(0)w) € A}
for all b > |lw| ||e(0)|]. Therefore, limp_oo fo(w) = f(w) holds for all w € R™. Next, due to
ra > 0 and (D.1), we have f,(w) < I{|lw|| > rs/C} for all b > 0 and w € R™. Moreover
JI{ |lw]| > ra/C}((va x S) o ®)(dw) = (C/ra)™ < co. This allows us to apply dominated conver-
gence theorem and establish (D.3). Besides, for all b large enough, we have

ol = CWb(fe) = /]I{gob(a(o)w) e IC}((VQ x S) 0 @) (dw)
= /]I{U(O)w € IC}((VQ x 8) 0 ®)(dw) = C(I°) 2 CL. (D.4)

To see why, we only need to notice that, since I is a bounded set, it holds for all b large enough
enough,

pr(c0w) ¢l =  o0w¢l.

Now, we fix t > 0 and B C I¢. Also, henceforth in the proof we only consider b large enough
such that C’go = le . An immediate consequence of this choice of b is that jbI = 1. We focus on
the case where CL > 0, but we stress that the proof for the case with CZ = 0 is almost identical.
First, note that A(n) = n~*H(n~!) and hence 1 - A(n) = H(n~!). To analyze the probability of event
A, ) = {CLH(n " )r"(x) > t, X!, (x) € B}, we arbitrarily pick some T > ¢ and observe that

()

A, @) = {CLEM ™) (@) € (1T, XD, (@) € ByU{CLHG™)"(@) > T, X1, (@) € B}

™ (@)

24, (n2,T) £ As(n@,T)
(D.5)

Let Ey(n,T) = {n|Z;|| < % vy < CIHL(WI)} To analyze the probability of A;(n,x,T), we further
decompose the event as

Ar(n,@,T) = (A1 (n,2,T) 0 By, T)) U (As(n,2,T) \ By, T) )
First, for all € (0, %),

P(Ai(n,,T) N By(n,T))

P({an . A(n)Tnlb(m) € (t,T], XZJIZ‘),)(Q:)(J:) € B} N Eb(n,T)> due to (D.2) and (D.4)
< P(len AT () € (¢, 77, XjLﬁ’b(w)(a;) € B)

=P (ChnAmr@) > b Xl @) € B) < P(Clu AT (@) > T, X2y () < B
By Theorem 2.6 and observation (D.4), we get

é(l)\b(Bf) é(1)\b(BO)

el -exp(—t) ol -exp(—T). (D.6)

limsup sup P (A1 (n, 2, T) 0 Ey(n, T)) <
nd0 xel,

Meanwhile, supye; P(Ai(n,@,T)\ Ey(n,T)) < P((Ex(n,T))¢) = P(n|Z;|| > % for some j <
%) Applying Lemma D.1, we get

b T b T
li P Z; — i | < ———— ] =1—liminf P H(—— —
nasoup <77 il > 50 for some j < C&H(n‘”) 1r7r]1ﬁ)n (Geom( (77~2C)) > C&H(n—l))
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T-Hn™' - 55)
<1-1li = 30/
= #FSCXP< Cgon—l))

:1—exp(—CT£0.(25)a>. (D.7)

Similarly,
As(n,x,T) C {CioH(n_l)T"(:c) > T}
- ({erarorm@) > T Ben ) o ({cLior e > T B 1))

On {CLH(n Y7 (x) > T} N Ey(n,T), due to (D.2) we have 77 (x) = 7°(x). By Theorem 2.6 and
(D.4)3 again, we get

lim sup sup P ({C’iOH(nl)T”(sc) > T} N Ey(n, T))

nd0 xel,

< lim sup sup P(len M) (x) > T) < exp(-T). (D.8)
n0  wel.

Meanwhile, the limit of sup,e; P(CLH(n=)r"(x) > T} \ Ey(n,T)) as n | 0 is again bounded by
(D.7). Collecting (D.6), (D.7), and (D.8), we yield that for all b > 0 large enough and all T' > ¢,

lim sup sup P (A(n, a;))

nd0 xel,
CWIb(B-) CMIb(Bo) T aca
< e ~exp(—t) — —r ~exp(—T) +exp(—T) +2- {1 — exp (_ o (T) )]

In light of claim (D.3), we send b — 0o and T"— oo, and conclude the proof of the upper bound.
The lower bound can be established analogously. In particular, from the decomposition in (D.5),

nf P(A(n, @)
> 13 P(Ai(n,2,T)) > mf P(Al(n,a: T)N Ey(n,T))

= inf P
xcl,

<{C’b77 M) (x) € (¢,T7, XTTI,?b(w)( ) € B} ﬂEb(n,T)> due to (D.2) and (D.4)
> inf P (C,{n )T (x) € (t,T), X"L?b( (@ )eB) —P((Eb(n,T))c)
(0 (@) >, X, (2 )eB) —EERP<CI{77->\(77)T77“)( ) > T, X', (@ )eB)

n-
—P((Eb(n,T))c).

By Theorem 2.6 and the limit in (D.7), we yield (for all b > 0 large enough and all T' > ¢)

CWIb(Be) COIb(B-) T 20\

<~ 7. — —_— . — — — _ .| — .

1111171ﬁ)nfm12§ P(A( )) < o exp(—t) o exp(=T) {1 exp( o ( 2 ) )]
Sending b — oo and then T — oo, we conclude the proof of the lower bound. O

The remainder of this section collects important properties of the measure (v?(k')“’(-) defined in
(2.34). In particular, the proof of Lemma 4.2 will be provided at the end of this section. Throughout
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the rest of this section, we impose Assumption 2 and 4, and fix some b > 0 such that the conditions
in Theorem 2.6 hold. We fix some € > 0 small enough such that the conditions in (4.13)—(4.15) hold.
Recall that I. = {y : || —y|| <e = x € I} is the e-shrinkage of the domain I, and that I-

is the closure of I.. We first study the mapping §*)!® in (2.31), which is defined based on A"

hiyy defined in (2.21)(2.24).

Lemma D.2. Let Assumptions 2 and 4 hold. Let € > 0 be the constant in (4.13)—(4.15). Let
C € [1,00) be such that sup,c;- ||a(x)||V [|o(x)| < C. (Below, we adopt the convention that to = 0.)

[0, T] b and

(a) Given any T > 0, the claim &(t) € I;- V¢ € [0,T] holds for all § € D%{bl_l)lb[O,T](E).

(b) Let & € (0,1) be the constant fized in (4.19). There exist § > 0 and t > 0 such that the following
claim holds: Given any T > 0 and g € R™ with ||xo|| <€, if

0 ¢ e for some € = Y5 " (w0 + @y (o (@o)wo), Wi (11, sty 1)), t € (0,7
(D.9)

where W= (wy,-- ,wgr_) € R =1 and (t1,-- tgr ) € (0, T] —1T, then

(i) £(t) € Iy for allt € [Othb’—l);
(i) &(tgi 1) & Ie;
(i) 6] 2 & for all £ < b5
(iv) tgi_y <t;
(v) ||w;| > 6 for all j =0,1, -, Jf — 1.

(c) Let T > 0, & € R™, W= (wy, - ,wyr) € RUT (ty,-++ t71) € (0,717, and € € (0,9).
Let

I
EZ hfjb)lb(m W7 (tlv"' 7tJbI))a

= h(Jb l)lb(@b(o'(o)uh), (wa, -+, wgr), (ta =t ts —ty, -+ tgr — tl))-
Ifl€(ti—)|| < € and |Jw,|| < € 270 Vj € [F]], then

sup
te[tl t [

TJf+1
)"

‘5 —£t—t) H <2exp (D(tjbf ~t))-D

where D > 1 is the constant in Assumption 2.

(d) Let ¢ € (0,1) be the constant fized in (4.19). Given A > 0, there exists ¢ = €y(A) €
(0,€) such that the following claim holds: given T > 0, x € R™, W = (wy,--- ’wJJ) €
1
RIS (ty,- - tar) € (0,719, if ||| < ey and max ;e 71 |[w;]| < € 2sz7 then
&(t) ¢ Iz or fv(t) ¢ Iz for some t € [t1,T — 4] = sup ’5 t—1t1) H <A,
tE[t1,tjbz]

where £ and fv are defined as in part (c).
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Proof. Before the proof of the claims, we highlight two facts. First, Assumption 2 and I being a
bounded set (so I~ is compact) imply the existence of C' € (0, 00) such that sup,c;- ||a(z)||V|o(x)] <
C. Without loss of generality, in the statement of Lemma D.2 we pick some C' > 1. Next, one can see
that the validity of all claims do not depend on the values of o () and a(-) outside of I~. Therefore,
throughout this proof below we w.l.o.g. assume that

la@)| V |o(@)] <C Vo eR™. (D.10)

for some C € [1,00). That is, we impose the boundedness condition in Assumption 3.

Y —1)Ib

(a) Arbitrarily pick some T' > 0 and £ € Dg [0,T](€). To lighten notations, in the proof of

part (a) we write k = J!. By the definition of fofl)lb(e) in (2.25), there are some x with |lz|| <€,

some (wy,- - ,wi_1) € R>**~1 some (v, ,vp_1) € R™**~1 with max;cp—1) lvjll < € and
0<t] <ty < -+ <tp_1 < oo such that
= (k—1)[b
§= hEO,T]l)l (w7(w17"' swi—1), (v1, -+ ,vp—1), (t1,- - ,tk71))~
Given any ¢t € [0,T], Let j* = j*(t) = max{j = 0,1,--- ,k — 1 : t; < t}. By definition of the

mapping Efg}]l)lb in (2.21)-(2.23), we have £(t) = yi—¢,. (£(t;+)) where y.(x) is the ODE under the

vector field a(-); see (2.28). By the definition of GFIb(e) and GMIP in (2.32), (4.11), we then yield
£(t) € GF=DIP(2¢). However, by property (4.15), we must have

G=Vlb(2¢) C I C I. (D.11)

and hence £(t) € G*~DI*(2€) C I,e. This concludes the proof.

(b) For simplicity, in the proof of part (b) we write k = J;/. For claim (i), note that due to |zo|| < €,
we have g + @5 (0 (zo)wg) € GWIP(2€). Moreover, for all n = 0,1,--- ,k — 2 (recall our convention
of tg = 0), for the cadlag path ¢ defined in (D.9) we have £(t,) € GHDIb(2¢) € GE-DIP(2¢). As a
result, for all ¢ € [0,¢;_1) we have £(t) € GF~DIP(2€) C Iy due to (D.11). This verifies claim (i).

For claim (ii), we proceed with a proof by contradiction and suppose that £(tx—1) € Iz. By (4.19),
we then get £(t) = yi—t,_, (f(tk_l)) € I for all t € [ty_1,T]. Together with claim (¢), we arrive at
the contradiction that £(t) € Iz for all ¢ € [0, 7.

For claim (éi%), the fact ||€(tx—1)|| > € follows directly from claim (i7) and (4.13). For any j =
1,---,k—1 and any t € [tj_1,t;), we proceed with a proof by contradiction and suppose that
[£(t)|| < & Then we have ||€(t;—)|| < € due to (4.14), and hence &(t;) € GVI(2€). As a result, we
arrive at the contradiction that £(t,_1) € GF=DIP(2€) C I, due to GF-DIP(2¢) € GE-DIP(2¢) and
(D.11). This concludes the proof of claim (ii).

We prove claim (iv) for t £ k - t(€/2) where t(¢) is defined in (4.16). Consider the following proof
by contradiction. If ¢,_q > ¢ = (k —1) - £(¢/2), then there must be some j = 1,2, -+, k — 1 such that
tj —tj_1 > t(e/2). By claim (i), we have {(t;_1) € I,z C Ir/5. Using the property (4.17), we yield
§(tj—) = limypy, £(t) € Bej2(0), which implies [|£(2)]| < € for all ¢ less than but close enough to t; and
contradicts claim (4¢7). This concludes the proof of claim (iv).

Lastly, we prove claim (v) for § > 0 small enough such that

exp(Dt) - O6 < €, C§ < b,

where D > 1 is the Lipschitz coefficient in Assumption 2 and C' > 1 is the constant in (D.10). Again,
we consider a proof by contradiction. Suppose that for the cadlag path ¢ in (D.9) there is some
j=0,1,---  k— 1 such that |jw;|| < J. First, we consider the case where j < k — 2. Then note that
(for the proof of claim (v), we interpret £(0—) as o while, by definition, £(0) = @o + ¢, (o (zo)wo)),
we have

£(t;) — &(tj—) = ou (o (E(t;—)wy),
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and hence [|£(t;) — £(t;—)|| < C6. By Gronwall’s inequality, we then get

ye—e, (E(t;=)) —€@)|| < exp (D(t —1;)) - C6 Vit € [ty,t11).
Recall that we currently focus on the case where j < k — 2. By claim (iv) and our choice of J, we
get exp (D(t — t;)) - Cé < exp (Dt) - C6 < € in the display above. This implies the existence of some
¢ e Dg (é))‘b( €) such that sup,co 7 [|§(t) — €' (¢)[| < €. However, by results in part (a), we must have
&' (t) € I; vt € [0,T], which leads to &(t) € I” Vt € [0,T]. This contradicts the running assumption

of part (b) that £(t) ¢ Iz for some ¢ € [0,T], and allows us to conclude the proof of claim (v) for the
cases where j < k — 2. In case that j = k — 1 by claim (z) we have &(tj—1—) = limypy, , £(¢) € I3

Meanwhile, by definition of the mapping h[O T] ,wehave &(tp—1) = {(tk—1—)+¢ (0' (f(tk_l—))wk_1> .
By ||wg_1]| < & and our choice of § above, we have H<p(a(§(tk_1—))wk_1> H < €and hence £(tp_1) €

I:. Due to the contradiction with claim (i¢), we conclude the proof.

(¢) The proof is almost identical to that of Lemma 3.9 based on an inductive argument. We omit the
details to avoid repetition.

(d) Let t be the constant specified in part (b). We claim that: if £(t) ¢ I or g(t) ¢ Iz for some
t € [0,T], then

’5t—t1 H < <2exp (DP) - D> T Veo € (0, 4. (D.12)

sup
teltrt ]

[I>

p*

As a result, claims of part (d) hold for any €y € (0, €) small enough such that p*ep < A. Now, it only
remains to prove claim (D.12). Due to ||z| = ||£(0)|| < €0 and (4.14), we have ||{(t1—)|| < €o. This
allows us to apply results in part (c) and get (recall our choice of ' =t~ + 1)

sup
te[t17t I

TL+1
‘g ft—t H (2exp (D(t g —t1)) ~D> " e,

Lastly, if £(t) ¢ Ice for some t € [t1,T], then t;r —¢1 < t by claim (iv) of part (b). Likewise, if

£(t) ¢ I for some t € [0, T], then we get tgzr <t. In both cases, we get t7» —¢; < ¢. This concludes
the proof. 0O

The next lemma studies the mass the measure C*)/? charges on the boundary of the domain 1.
Lemma D.3. Under Assumptions 2 and /4, (v?(JbI)‘b(IC) < 00.

Proof. Let € > 0 be such that the conditions in (4.13)—(4.15) hold. Let # and § be the constants
characterized in Lemma D.2. Observe that (we write W = (wy, -+, wz1))

é(db’)\b(jc)
= [ o 0w, (- wgg )ty ) ¢ 7

(va x S) 0 &) (aW) x £Z " (dty - Jdt i _y)
= [HE @ wn e wg ety )) gy ) £ 1

I
(v x ) 0 @)% (aW) x £ (dty, -+ dt 71 )
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< /11{ lw, | > 8Vj € [T tgr 0 <i }((ua x 8) 0 @) (W) x £Z " (dty, - dt g1_,)
by part (b) of Lemma D.2
<1500 < oo,
This concludes the proof. O
To conclude, we provide the proof of Lemma 4.2.

Proof of Lemma 4.2. Let ¢ € (0,1) be the constant fixed in (4.19). By part (e) of Lemma D.2, for
the fixed A € (0,€), we are able to fix some ¢, € (0, % A ¢€) such that the following claim holds:

given T'> 0, z € R™, W = (wy,-- ,wgr) € RIS (ty, - tgr) € (0,777, if ||z|| < € and

1

.
max iz [|[w;l| < € 7, then

£(t) ¢ Ie or £(t) & Ie for some t € [ty, T — t] = sup

te[tl,tjbf]

‘E(t —t) — g(t)H <A, (D.13)

where

Ty)b
€= hiyl) " (2, W, (t1, 1)),
- I_

£= hf(be] l)w(@b(ﬂ(o)’wl), (wa, - wgr), (t2 = t1,t3 —ty, -ty — tl))'

Henceforth in the proof, we fix some € € (0, ¢y] and B C (I.)°. Due to our choice of € < ¢y < e,
we have B C (Iz)¢. To prove the lower bound, let

E= {g €D[0,T]: Tt € [0,T) s.t. &) € Baja, &(s) € Tne Vs € [O,t)}.

For any £ € E and any ¢ with df}’l’T] (£,€) < €, due to € < g < A/2, there must be some ¢’ € [0,T]
such that & (#') € B and ¢'(s) € I. Vs € [0,#'). This implies that & € E(e, B,T), and hence

EC (E(E,B,T)) c (E(67B7T)) .
Therefore, for any € R™ with [|z| < e < €,
- o ~ I
cfgéilb((E(E,B,T)) ; a:) > /u{hﬁflb(aw,t) € E}((ua x 8) 0 ®)7 (dW) x £7 (dt)
:/513(7?1,58)5T(dt1), (D.14)

where L7 is the Lebesgue measure on (0,7), ﬁ? is the k-fold ofq Lebesgue measure restricted on
{(t1,- ,tp) € (0,T)F: t; <ty <--- <t}, and

~ 1
¢B(t1,w) = /H{Ht c [07T] s.t. h%g%%'b<iﬂ,w, (tl,tl +U2,t1 +U3, e ,tl +ujb1))(t) S BA/Z
1
and hf(be;‘b(m,Wa (1t +ug, ty +ug, - +Ujbf))(5) €I Vs € [Oat)}

I I
((va x S) 0 @)™ (aW) x L3, (dus, -+ ,du ).
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Set & = limypy, yi (), and note that

T
hfggﬂﬁlb(w (wl,--~ ,’wjbf),<t1,t1 +ug,t; +us, -, +UJbI))(t1 +S)

=h 67%“ P%b (330 + @b(g(mo)wl)7 (w27 o ,waI)7 (u27 Uz, - 7ujb1)> (S) Vs € [OaT - tl]

Therefore, for any ¢; € [0, 7 —%] and x with ||z|| < €, by property (4.14) we have ||z¢|| < e < ey < A/2,
and

(Ab'B(th I)

> inf /H{Ht S [O,T ] s.t. hf(\)zj)" t)%b(ico +g0b(0'(:130)’wl)7(w2,... ”waI),(UQ’... ’uJbI)> (t) S BA/Q

zo: |lzol| <5
and hiy5 ) (0 + pr(o(@o)wr), (wa, -+ w0), (uz, -+ ugs) ) (s) € o Vs € [o,t)}
Ji-1
((va x ) 0 ®) 7 (AW) x x L M (dug, -+ du )

I_ i _
inf /H{hf{f”Tii]b (:co + wp(o(@o)wr), (w2, wzr), (uz, - »Ujbf))(ujbf) € Bay2; jfeffgll] [[w; | > 5}
b

. A
zo: |loll<T

TJi-1
(va x ) 0 @) 7" (AW) x £ (dus, -+ du )
by claims (i), (i7), and (v) in part (b) of Lemma D.2

inf / {hfg”T t)r’(wo + @p(o(To)wr), (w2, wyr), (uz, - >Ujbf))(ujbf) € Baya;

. A
zo: |loll< T

Y

7L
win sl > 5 ma oyl < |
JG[jb jE[Jb

(va x ) 0 ®) 7" (AW) x £ (dus, - - sdugr)

/ {hf{; o (el (@wn), (wa, - w ), (uz, -+ ugy) ) (ugs) € Bas

Y

—1
min_[lw;|| >0, max [lw;|| <e 76 }
jer selgn 1 0

(Vo x S) 0 @) " (AW) x % T (dus, - - sdu )
by property (D.13)

_ =(Ty —1)|b .
- I 9[07T_t1] (,Ob(O'(O)’LUl),(UQ,"' ,waI)7(U2,"' aujhf) € BAa

i
min ||w;|| > 3§, max [|w;|| <e J"}
i [l > 6, ] <
((va x S) 0 ®)” (AW x cib_; (dug, -+ ,dugr)

by the definition of g*I® in (2.31)

_ ~(TJ{-Db )
- I g[o’Tftl] QOb(O'(O)’LUl%(’LUQ,"' awjbl)u(UQa"' 7ujb1) € BAa
__1_
min_||lw;| > 8, max [Jw;| < e 2’5}
jelzn etz N0

I
(v x S) 0 ®) % (@W) x £ (dus, - , duyr)
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by claim (v) in part (b) of Lemma D.2
(T =1)|b o _
> I 9[07T_t1] (,017(0'(0)1111),(1172,"' ,waI)7(U2,"' aujhf) € BAv IEIE;nI] ||w_]|| >0
J b
I
((ua x 8) 0 @) (aW) x £ (duz, -, du ;)

— 5T I
—/11{ min ||lw;|| >3, max |lw;|| > ¢, 27 }((ua % 8) 0 ®) % (dW) x £ " (duy, -, du ).
G[Jb ]G[.]] b

We focus on the two integrals one the RHS of the last inequality in the display above. It is easy to
see that the latter is upper bounded by

Heo) = T - T @) A
As for the former, using part (b) of Lemma D.2 and the fact that Ba C B C (Iz)¢ again, we yield
/ H{E[(géif]'b<<pb(a(0)w1),(w27~-' W),y ugy)) € Bas min ;] > 6}
(Ve x S) 0 ®)7 ' (AW) x £7 7 (dug, - ydugr)
= [Ha (o @) w0, (ua - ugy)) € Ba)

I
(v x ) 0 @)% (aW) x £Z " (dus, -~ ,du ;)
= CWb(B,).

In summary, for any & € R™ with ||z|| < e and t; € [0,T — ] , we have shown that
op(t, @) > CUDI(By) — &e).
Together with the trivial bound that ¢z (¢, x) >0 for all t; > T — ¢, we have in (D.14) that
THI( (15 °
ci (Blep.1)'s @) = (@ -0 (€1 (Ba) ~ o))

for all € R™ with ||| < e. This concludes the proof of the lower bound. The proof to the upper
bound is almost identical, so we omit the details here. O]
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