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Abstract

The large deviations theory for heavy-tailed processes has seen significant advances in the recent
past. In particular, Rhee et al. (2019) and Bazhba et al. (2020) established large deviation
asymptotics at the sample-path level for Lévy processes and random walks with regularly varying
and (heavy-tailed) Weibull-type increments. This leaves the lognormal case—one of the three
most prominent classes of heavy-tailed distributions, alongside regular variation and Weibull—
open. This article establishes the extended large deviation principle (extended LDP) at the
sample-path level for one-dimensional Lévy processes and random walks with lognormal-type
increments. Building on these results, we also establish the extended LDPs for multi-dimensional
processes with independent coordinates. We demonstrate the sharpness of these results by
constructing counterexamples, thereby proving that our results cannot be strengthened to a
standard LDP under J1 topology and M ′

1 topology.
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1 Introduction

This paper develops the sample-path large deviations for Lévy processes and random walks whose
increment distributions have lognormal-type tails. Let {X(t), t ≥ 0} be a centered Lévy process.
We assume its Lévy measure ν is light-tailed on the negative half-line, and heavy-tailed on the
positive half-line. In particular, we consider the lognormal case, i.e., ν[x,∞) = exp(−r(log x))
where r(x) is a regularly varying function with index γ > 1 as x → ∞. Consider a scaled process
X̄n(t) = X(nt)/n for t ∈ [0, 1]. Similarly, consider a scaled and centered random walk W̄n(t) =
1
n

∑bntc
i=1 (Zi − E [Z1]) where P(Z1 > x) = exp(−r(log x)). This article investigates the sample-

path large deviations of X̄n and W̄n, their multidimensional extensions, and the limitations of the
classical large deviation principle framework.

When the increment distributions are light-tailed, the large deviations of X̄n and W̄n have been
thoroughly studied in probability theory. The classical theory of large deviations provide powerful
tools for analyzing a wide variety of rare events. In particular, the sample-path level LDPs allow
one to systematically characterize how a stochastic system deviates from their nominal behaviors
for a wide variety of rare events. In the heavy-tailed context, the seminal papers Nagaev (1969,
1977) initiated the analysis of the tail aysmptotics of W̄n(1), followed by vigorous research activities
in the extreme value theory literature; see, for example, Borovkov and Borovkov (2008); Denisov
et al. (2008); Embrechts et al. (1997). In particular, Denisov et al. (2008) assumes a very general
class of heavy-tailed distributions in X and describes in detail how fast x needs to grow with n for
the asymptotic relation

P (X(n) > x) = nP (X(1) > x) (1 + o(1)) (1.1)

to hold, as n→∞. If (1.1) is valid, it is said that the principle of one big jump holds. Hult et al.
(2005) generalized this insight to a sample-path level of X. On the other hand, other related works,
including Blanchet and Shi (2012); Foss and Korshunov (2012); Zwart et al. (2004), investigated
the asymptotics of P (f(X) ∈ A) for many functionals f and many sets A using ad-hoc approaches,
revealing that rare events can also be governed by multiple jumps, rather than just one big jump.

More recently, Rhee et al. (2019) and Bazhba et al. (2020) took a systematic approach inspired
by Hult et al. (2005), but for any number of big jumps, rather than a single big jump: they estab-
lished asymptotic estimates of P

(
X̄n ∈ A

)
, with A being sufficiently general set of cádlág functions,

thus facilitating a systematic way of studying rare events defined in terms of continuous functions
of X̄n. They also clarified how the large deviations in the heavy tailed settings are connected to
the standard large-deviations approach. More specifically, Bazhba et al. (2020) examined large
deviations for Lévy measures with Weibull tails, offering the logarithmic asymptotics

− inf
ξ∈A◦

I(x) ≤ lim inf
n→∞

logP
(
X̄n ∈ A

)
log n

≤ lim sup
n→∞

logP
(
X̄n ∈ A

)
log n

≤ − lim
ε↓0

inf
ξ∈Aε

I(x) (1.2)

with the rate function

I(ξ) =

{∑
t:ξ(t) 6=ξ(t−)(ξ(t)− ξ(t−))α if ξ is a non-decreasing pure jump path

∞ otherwise
(1.3)
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For regularly varying Lévy measures, Rhee et al. (2019) established an exact asymptotics

CJ (A)(A
◦) ≤ lim inf

n→∞

P
(
X̄n ∈ A

)
n−J (A)(α−1)

≤ lim sup
n→∞

P
(
X̄n ∈ A

)
n−J (A)(α−1)

≤ CJ (A)(Ā), (1.4)

where α is the index of Lévy measure’s regularly varying tail, J (A) is the smallest number of jumps
for a step function to be contained in A, and CJ (A)(·) is a measure on the space of cádlág functions
with J (A) or less jumps. Both asymptotic bounds imply that the rare events are driven by big
jumps, hence characterizes the catastrophe principle.

Among the arguably most important classes of tail distributions for modeling heavy-tailed
phenomena—regularly-varying, heavy-tailed Weibull, and log-normal distributions—the character-
ization of the catastrophe principle in the log-normal case remains open. This paper addresses this
gap and establishes the sample-path large deviations for Lévy processes and random walks with
lognormal increments.

Specifically, in Section 3.1, we establish the extended large deviation principledev (extended
LDP) for X̄n under the Skorokhod J1 topology:

− inf
ξ∈A◦

I(x) ≤ lim inf
n→∞

logP
(
X̄n ∈ A

)
r(log n)

≤ lim sup
n→∞

logP
(
X̄n ∈ A

)
r(log n)

≤ − lim
ε↓0

inf
ξ∈Aε

I(x) (1.5)

where

I(ξ) =

{
ξ’s number of jumps if ξ ∈ D<∞
∞ otherwise.

(1.6)

Here, γ > 1 is a modeling parameter for the lognormal-type tail, where the standard lognormal
distribution corresponds to the case γ = 2. D<∞ is the space of non-decreasing step functions with
finite number of jumps vanishing at the origin and continuous at 1. We accomplish this by first
establishing the extended LDP for Ĵ6k

n (with respect to n), where Ĵ6k represents, roughly speaking,
the process constructed by taking the k largest jumps of the Lévy process. Then, we argue that the
asymptotic behavior of Ĵ6k

n governs that of X̄n for sufficiently large k’s. This allows us to obtain
the extended LDP for X̄n from that of Ĵ6k

n ’s by leveraging the approximation lemma in Bazhba
et al. (2020).

Extended LDP was first introduced in Borovkov and Mogulskii (2010). Despite its strong-
sounding name, extended LDP is actually a weaker statement than the standard LDP, as the
upper bound in (1.5) involves the ε-fattening Aε of the set A, hence, increasing the value of the
upper bound. We show that the standard LDP cannot be satisfied for the lognormal tails even
under the coarser Skorokhod M ′1 topology. Section 3.4 constructs a closed set in the M ′1 topology
for which the standard LDP upper bound is violated. This contrasts to the conclusion in Bazhba
et al. (2020), where the extended LDP of X̄n under the J1 topology is strenghened to the standard
LDP under the M ′1 topology.

We also derive an extended LDP for random walks in section 3.2, assuming a lognormal-type
tail in its increment distribuion. In contrast to the Lévy process setting, the rate function here
takes finite values for step functions that are discontinuous at time 1. This difference is due to the
fact that rescaled random walk has a jump at the right boundary with a probability bounded from
below. See Theorem 3.3 for the precise statement.

Many applications require modeling multiple sources of uncertainties. In such cases, large
deviations for multidimensional processes provide the means to model such systems. For example,
Bazhba et al. (2019, 2022) analyze the queue length asymptotics for the multiple server queues
and stochastic fluid networks with heavy-tailed Weibull service times based on the large deviations
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results in Bazhba et al. (2020) for multi-dimensional Lévy processes and random walks. Section
3.3 obtains extended LDP for multi-dimensional processes with independent components X̄n =

(X̄
(1)
n , · · · , X̄(d)

n ). Here X̄
(i)
n ’s are centered and scaled 1-dimensional Lévy processes or random

walks independent of each other. As the rate function in (1.6) is not good—i.e., does not have
compact level set—the standard results such as Theorem 4.14 of Ganesh et al. (2004) do not apply

directly in our context, and the derivation of the extended LDP for X̄n from those of X̄
(1)
n requires

careful justification. We take advantage of the discrete nature of X̄n and W̄n’s rate functions to
establish the extended LDP for a d-fold product of probability measures, where each coordinate
satisfies an extended LDP with a rate function that only takes at most countable values.

Section 2 provides preliminaries and Section 4 presents most of the proofs for the results in
Sections 2 and 3.

2 Preliminaries

This section provides preliminary results useful for later sections. All proofs in this subsection
are deferred to Section 4.1. We begin by introducing recurring notations. Let (X , d) denote a
metric space X equipped with a metric d. For a set A let Ac denote the complement of A. Let
d(x,A) , infy∈A d(x, y), Br(x) =∆ {y ∈ X : d(x, y) < r}, Aε =∆ {x ∈ X : d(x,A) ≤ ε}, and A−ε

=∆
((
Ac
)ε)c

denote the distance between x and A, the open ball with radius r centered at x, the

closed ε-fattening of A, and the open ε-shrinking of A, respectively.
We will denote the the space of real-valued càdlàg functions from [0, 1] to R, i.e., Skorokhod

space, with D[0, 1] or simply D when the domain [0, 1] is clear. Let

d‖·‖(ξ, ζ) = ‖ξ − ζ‖ = sup
t∈[0,1]

|ξ(t)− ζ(t)|

denote the uniform metric and recall the J1 metric

dJ1(ξ, ζ) = inf
λ∈Λ
‖λ− e‖ ∨ ‖ξ ◦ λ− ζ‖,

where Λ is the collection of all non-decreasing homeomorphisms on [0, 1], and e is the identity map
on [0, 1]. The M ′1 metric on D[0, 1] is defined as follows. Let Γ(ξ) denote the extended completed
graph of ξ ∈ D. That is,

Γ(ξ) = {(y, t) ∈ R× [0, 1] : y ∈ [ξ(t−) ∧ ξ(t), ξ(t−) ∨ ξ(t)]} (2.1)

with the convention that ξ(0−) , 0. Note that if ξ(0) 6= 0, then one can consider ξ as a path with
a jump at time 0. Roughly speaking, Γ(ξ) is the union of the graph of ξ and the vertical lines
that concatenate the connected pieces. Define an order ‘≺’ on Γ(ξ) as follows: for two points on
Γ(ξ), we say that (y1, t1) ≺ (y2, t2) if either t1 < t2, or t1 = t2 and |ξ(t1−) − y1| < |ξ(t2−) − y2|.
A continuous, nondecreasing (w.r.t. ≺), and surjective function (u, r) : [0, 1] → Γ(ξ) is called a
parametrization of Γ(ξ). Let Π(ξ) denote the collection of all parametrizations of Γ(ξ). The M ′1
metric is

dM ′1(ξ, ζ) = inf
(u1,r1)∈Π(ξ)
(u2,r2)∈Π(ζ)

‖u1 − u2‖ ∨ ‖r1 − r2‖. (2.2)

We will often consider multiple paths in D and work with their extended completed graphs as
subsets of R × [0, 1]. We use the `∞ distance in this space, i.e., d

(
(x, t), (y, s)

)
= |x − y| ∨ |t − s|

for (x, t), (y, s) ∈ R × [0, 1]. See Bazhba et al. (2020) for the full details of M ′1 metric on D[0, 1]
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and Puhalskii and Whitt (1997) or Whitt (2002) for M ′1 metric on D[0,∞). It is obvious from
their definitions that d‖·‖ ≥ dJ1 . Note also that the M ′1 distance is upper bounded by the M1

distance, and hence, Theorem 12.3.2 in Whitt (2002) implies that dJ1 ≥ dM ′1 . The next two simple
observations are useful for bounding the M ′1 distances from below.

Lemma 2.1. Suppose that ξ, ζ ∈ D. Then for any (u, r) ∈ Γ(ξ),

dM ′1(ξ, ζ) ≥ d
(
(u, r),Γ(ζ)

)
.

Lemma 2.2. Suppose that ξ, ζ ∈ D. If there exists s, t ∈ [0, 1] and δ > 0 such that |ζ(t)−ζ(s−)| ≥
2δ, and ξ is constant on [s− δ, t+ δ] ∩ [0, 1], then

dM ′1(ξ, ζ) ≥ δ.

Throughout this paper, we consider the following subsets of D:

D↑ =∆ {ξ ∈ D : ξ is a non-decreasing, pure jump function};
D=j =∆ {ξ ∈ D↑ : ξ(0) = 0, ξ(1) = ξ(1−), ξ has j jumps};
D6j =∆ ∪ji=0D=i, D<∞ =∆ ∪∞j=0D6j ;

D̃=j =∆ {ξ ∈ D↑ : ξ(0) = 0, ξ has j jumps};
D̃6j =∆ ∪ji=0D̃=i, D̃<∞ =∆ ∪∞j=0D̃6j ;

D̂=j =∆ {ξ ∈ D↑ : ξ(0) ≥ 0, ξ has j jumps};
D̂6j =∆ ∪ji=0D̂=i, D̂<∞ =∆ ∪∞j=0D̂6j .

It’s clear that D=j ⊂ D̃=j ⊂ D̂=j for any j ∈ N, and hence, D<∞ ⊂ D̃<∞ ⊂ D̂<∞. It can be verified

that D6j , D̃6j and D̂6j are closed subsets of (D, dJ1). In Lemma 4.2, we show that D̂6j is closed in
(D, dM ′1) as well.

We conclude this section with a brief review of the formal definition of extended large deviation
principle (extended LDP) introduced in Borovkov and Mogulskii (2010). Extended LDP is often
useful in heavy-tailed contexts where the standard LDP fails to hold.

Definition 2.1. A sequence of measures {µn}n≥1 satisfies the extened LDP with speed an on
(X , d) if there is a rate function I : X → R+ and a sequence {an}n≥1 with an →∞ such that, for
any open set G and any closed set F , the following inequalities hold:

− inf
x∈G

I(x) ≤ lim inf
n→∞

logµn(G)

an
and lim sup

n→∞

logµn(F )

an
≤ − lim

ε↓0
inf
x∈F ε

I(x). (2.3)

For a sequence of X -valued random variables {Xn}n≥1, we say that Xn satisfies the extended
LDP on (X , d) if {P (Xn ∈ ·)}n≥1 satisfies the extended LDP on (X , d). The rate function I in
Definition 2.1 is uniquely determined; see Borovkov and Mogulskii (2010).

We present a couple of tools that are useful for establishing extended LDPs:

Lemma 2.3. Let {Xn}n≥1 be a sequence of càdlàg stochastic processes. Let E ⊂ D be a closed set
such that P (Xn ∈ E) = 1 for all n ∈ N. If {Xn}n≥1 satisfies the extended LDP on (E, d) with the
rate function I and speed an. Then {Xn}n≥1 satisfies the extended LDP on (D, d) with the same
speed sequence and the rate function given by

I ′(x) =

{
I(x) x ∈ E
∞ x /∈ E
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Proposition 2.1 (Proposition 2.1 of Bazhba et al. (2022)). Let {Xn}n≥1 and {Y k
n }n≥1 for each

k ∈ N be sequence of random objects in a metric space (X , d). Let I and Ik for k ∈ N be non-
negative lower-semicontinuous functions. Suppose that the following conditions hold:

(1) For each k ∈ N, the sequence {Y k
n }n≥1 satisfy the extended LDP with the rate function Ik

and the speed {an}n≥1.

(2) For each closed set F ,
lim
k→∞

inf
x∈F

Ik(x) ≥ inf
x∈F

I(x). (2.4)

(3) For each δ > 0 and each open set G, there exists ε > 0 and K ≥ 0 such that k ≥ K implies

inf
x∈G−ε

Ik(x) ≤ inf
x∈G

I(x) + δ. (2.5)

(4) For every ε > 0, it holds that

lim
k→∞

lim sup
n→∞

1

an
logP

(
d(Xn, Y

k
n ) > ε

)
= −∞. (2.6)

Then {Xn}n≥1 satisfy the extended LDP with the rate function I and speed an.

When the sequences {Y k
n }n≥1 and the rate functions Ik’s do not change with k, the above

proposition directly implies the following corollary.

Corollary 2.1 (Corollary 2.1 of Bazhba et al. (2022)). Assume both the sequence {Xn}n≥1 and
{Yn}n≥1 take values in a metric space (X , d) and the following relation holds:

lim sup
n→∞

logP (d(Xn, Yn) > ε)

an
= −∞. (2.7)

If {Xn}n≥1 satisfies the extended LDP with the rate function I and speed {an}n≥1, then {Yn}n≥1

satisfies the extended LDP with the same rate function and speed.

3 Main Results

This section presents the main results of the paper. Section 3.1 establishes the extended LDP
at the sample-path level for one-dimensional Lévy processes, while Section 3.2 establishes it for
one-dimensional random walks. Section 3.3 establishes the extended LDP for multi-dimensional
processes with independent coordinates. Section 3.4 constructs a counterexample that shows our
extended LDPs cannot be strengthened to a standard LDP. Section 3.5 illustrates the applicability
of our results with a boundary crossing problem.

3.1 Extended LDP for Lévy processes

According to the Lévy-Ito decomposition (see, for example, Chapter 2 of Sato (2013)), the Lévy
process with triplets (a, b, ν) has the following distributional representation: for t ∈ [0,∞)

X(t) = bt+ aB(t) +

∫
|x|<1

x
(
N̂([0, t]× dx)− tν(dx)

)
+

∫
|x|≥1

xN̂([0, t]× dx), (3.1)
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where a and b are scalars, B is the standard Brownian motion, and ν is a Lévy measure, i.e., a
σ-finite measure supported on R\{0} that satisfies

∫
min(1, |x|2)ν(dx) <∞. N̂ is a Poisson random

measure on [0,∞)× (0,∞) with mean measure LEB× ν, where LEB is the Lebesque measure on
R. Throughout the rest of this paper, we make the following lognormal-type tail assumption on
the Lévy measure ν:

Assumption 1. ν and P(Z1 ∈ ·) are supported on R+= {x ∈ R : x ≥ 0}, and

ν[x,∞) = exp(−r(log x)) (3.2)

for a regularly varying function r(·) with index γ > 1.

Remark 1. Note that such ν is always heavier than Weibull tails, and the case γ = 2 corresponds
with the standard lognormal tail, whereas γ ≤ 1 corresponds with the power law tails or even
heavier tails.

Consider a scaled process

X̄n(t) =
1

n

(
X(nt)− bnt− nt

∫
|x|≥1

xν(dx)

)
. (3.3)

The main result of this section is the following extended LDP for X̄n.

Theorem 3.1. The sequence {X̄n}n≥1 of scaled processes defined in (3.3) satisfies the extended
LDP in (D, dJ1) with the rate function

IJ1(ξ) =

{∑
t∈[0,1] 1{ξ(t) 6= ξ(t−)} if ξ ∈ D<∞

∞ otherwise
(3.4)

and speed r(log n).

As we will see in Section 3.4, this result cannot be strengthened to the standard LDP w.r.t.
the J1 topology. However, one may naturally wonder if the standard LDP holds w.r.t. weaker
topologies. For example, Bazhba et al. (2020) establishes the standard LDP w.r.t. the M ′1 topology,
while showing that the standard LDP w.r.t. the J1 topology is impossible in the heavy-tailed
Weibull case. It turns out that the counterexample in Section 3.4 proves that even w.r.t. the M ′1
topology, the standard LDP cannot be satisfied. Here we also mention that the rate function IJ1

fails to be lower-semicontinuous under the M ′1 topology. To see this, consider ξ = 1([0, 1]) and
ξn = 1([1/n, 1]) for n ∈ N. It’s straightforward to verify that ξn → ξ under the M ′1 topology, but
limn→∞ I

J1(ξn) < IJ1(ξ).
Although the standard LDP cannot be satisfied, the extended LDP can be established w.r.t.

the M ′1 topology with a slightly different rate function, however. The next theorem establishes the
extended LDP for X̄n w.r.t. the M ′1 topology. It should be clear from the proof of Theorem 3.2 that
the M ′1 extended LDP in the theorem doesn’t provide any new useful bounds other than those that
are already implied by the J1 counterpart in Theorem 3.1. However, we state the next theorem
here and prove it in Section 4.2 for the purpose of completeness.

Theorem 3.2. The sequence {X̄n}n≥1 defined in (3.3) satisfy the extended LDP in (D, dM ′1) with
the rate function given by

IM
′
1(ξ) =

{∑
t∈[0,1] 1{ξ(t) 6= ξ(t−)} ξ ∈ D̂<∞

∞ otherwise
(3.5)

and speed r(log n).
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3.2 Extended LDP for random walks

Let Zi’s be i.i.d. random variables, and consider the random walk W (t) =
∑btc

i=1 Zi embedded in
D. Throughout the rest of the paper, we make the following assumption on the tail distributions
of Zi’s:

Assumption 2. Zi’s takes non-negative values with probability 1 and satisfies

P (Zi > x) = exp(−r(log x)) (3.6)

for a regularly varying function r(·) with index γ > 1.

Here we emphasize again that Zi’s with standard lognormal distribution satisfies the above assump-
tion with γ = 2. This section establishes the extended LDP for the scaled processes:

W̄n(t) =
1

n

bntc∑
i=1

(Zi − E [Z1]). (3.7)

Unlike the Lévy process X̄n in section 3.1, the random walks W̄n’s have jump at t = 1. This
makes the rate function finite on D̃<∞, not just D<∞. To recall the definitions of D<∞ and D̃<∞,
see section 2. The following is the main result of this subsection.

Theorem 3.3. The sequence of random walk {W̄n}n≥1 satisfies the extended large deviation prin-
ciple on (D, J1) with the rate function

Ĩ(ξ) =

{∑
t∈[0,1] 1{ξ(t) 6= ξ(t−)} if ξ ∈ D̃<∞

∞ otherwise
(3.8)

and speed r(log n).

3.3 Extended LDP for multi-dimensional processes

This section establishes the extended LDP for multi-dimensional Lévy processes and random walks,
each of whose coordinates are independent, and their increment distributions are lognormal-type.
We accomplish this by building on the one-dimensional results in Section 3.1 and 3.2. Note that
since we are working with extended LDPs—as opposed to standard LDPs—and the rate functions
that controls our extended LDPs are not good, standard results such as Theorem 4.14 of Ganesh
et al. (2004) cannot be directly applied in our context. However, the discrete nature of our rate
function enables us to adapt some key proof ideas in Theorem 4.14 of Ganesh et al. (2004) to
establish the same result in our context in Proposition 3.1 without resorting to the goodness of the
rate function. Theorem 3.1 is formulated in general metric spaces. Specifically, we consider the
following sequence of random variables:

Xn = (X(1)
n , · · · , X(k)

n )

where for each i = 1, . . . , k,

(i) X
(i)
n is a random object taking value in the metric space (X (i), d(i)).

(ii) {X(i)
n }n≥1 satisfies the extended LDP with the rate function I(i) and speed an
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(iii) I(i) takes at most countable distinct values in R+ with no limit point.

Proposition 3.1. Suppose that {Xn}n≥1 satisfies conditions (i), (ii), and (iii) above. Then
{Xn}n≥1 satisfies the extended LDP on the product space

(∏k
i=1X (i),maxki=1 d

(i)
)

with the rate

function Ī =
∑k

i=1 I
(i) and speed an.

Moving back to Lévy processes, for i = 1, · · · , d, let X(i) be an independent one-dimensional
Lévy process with generating triplet (ai, bi, νi). Each νi satisfies Assumption 1 with regularly
varying ri(x) = log cxβ − λi logγ x with a common γ > 1. Consider the scaled and centered
processes

X̄(i)
n (t) =

1

n

[
X(i)(nt)− bint− nt

∫
[1,∞)

xνi(dx)
]

for t ∈ [0, 1]. (3.9)

Theorem 3.1 ensures that each {X̄(i)
n }n≥1 on (D, dJ1) satisfies the extended LDP with the rate

function IJ1
λi

, which only takes values in {kλi : k ∈ N}. Hence those d Lévy processes meet
requirements (i), (ii) and (iii), and this directly leads to the following implication of Proposition 3.1:

Theorem 3.4. On
(∏d

i=1 D,
∑d

i=1 dJ1

)
, the multidimensional Lévy process with independent co-

ordinates X̄n = (X̄
(1)
n , · · · X̄(d)

n ) satisfies the extended LDP with the rate function Id :
∏d
i=1 D→ R

and speed r(log n).

Id(ξ1, · · · , ξd) =∆
d∑
i=1

IJ1
λi

(ξi) (3.10)

Here IJ1
λi

(·) is defined in (3.4).

Likewise, the extended LDP for the multidimensional random walks follows directly from Propo-
sition 3.1.

Theorem 3.5. On
(∏d

i=1 D,
∑d

i=1 dJ1), the vector-valued sequence {S̄n = (S̄
(1)
n , · · · S̄(d)

n )}n≥1 with

independent coordinates satisfies the extended LDP with speed logγ n and the rate function Ĩd :∏d
i=1 D→ R+:

Ĩd(ξ) =∆

{∑d
i=1 λi ·

∑
t∈[0,1] 1{ξi(t) 6= ξi(t−)} if ξ ∈

∏d
i=1 D̃<∞

∞ otherwise
(3.11)

3.4 Nonexistence of standard LDPs

In subsection 3.1, we established the extend LDP for Lévy processes under the J1 topology and
M ′1 topology. A natural question is whether it is possible to strengthen those results and establish
the standard LDPs. Theorem 3.6 below constructs a counterexample to confirm that the extended
LDPs can not be strengthened to the standard LDPs.

Theorem 3.6. Recall X̄n given in (3.3) and assume that its Lévy measure ν is supported on R+ and
satisfies ν[x,∞) = cxβe−λ logγ x. That is, ν[x,∞) = exp(−r(log n)) with r(x) = log cxβ − λ logγ x
and γ > 1. Then X̄n cannot satisfy an LDP in the M ′1 topology. In particular, there exists a set
F ⊆ D such that

lim sup
n→∞

logP
(
X̄n ∈ F

)
r(log n)

> − inf
ξ∈F̄

IM
′
1(ξ), (3.12)

where the closure F̄ of F is w.r.t. the M ′1 metric. Since the M ′1 metric is bounded by the J1 metric,
this also implies that the X̄n cannot satisfy an LDP in the J1 topology.
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Before proving Theorem 3.6, we set some notations and state two lemmata, Lemma 3.1 and
3.2. The proofs these lemmata are deferred to Section 4.5. Consider the following mapping:

π : D̂<∞ −→ D̂62

ξ 7−→ π(ξ) =

{
ξ ξ ∈ D̂62

a11[t1,1] + a21[t2,1] otherwise
, (3.13)

where a1 and a2 are the first and second largest jump sizes of ξ, and t1 and t2 are the earliest times
for those jumps. Consider the following sets:

An =∆
{
ξ =

2∑
i=1

zi1[vi,1] : z1 ∈ [log n,∞), z2 ∈
[ 1

n1/3
,∞
)
, z1 ≥ z2, v1 ∈

(1

4
,
1

2

]
, v2 ∈

(3

4
, 1
]}

(3.14)

Bn =∆ π−1(An) (3.15)

Cn =∆
{
ξ ∈ D : d‖·‖(ξ, −µ1ν1e) ≤

1

3

1

n1/3

}
(3.16)

Fn =∆
{
η ∈ D : η = ξ1 + ξ2, ξ1 ∈ Bn, ξ2 ∈ Cn

}
(3.17)

For some N such that logN − 1
2ν1µ1 − 1

3N
− 1

3 > 1, we further define

F =∆ ∪∞n=NFn (3.18)

The following two lemmata are key to Theorem 3.6.

Lemma 3.1. On (D, dM ′1), the set F defined in (3.18) satisfies F̄ ∩ D̂61 = ∅.

Lemma 3.2. The set F defined in (3.18) satisfies

lim sup
n→∞

logP
(
X̄n ∈ F̄

)
r(log n)

> −2, (3.19)

Proof of Theorem 3.6. Lemma 3.1 implies that

− 2 ≥ − inf
ξ∈F̄

IM
′
1(ξ). (3.20)

The conclusion follows from (3.20) and Lemma 3.2.

3.5 Example: boundary crossing with regulated jumps

This section illustrates an application of Theorem 3.1 to analyze the large deviation probabilities
associated with level crossing events. Specifically, we consider the probability

P
(

sup
t∈[0,1]

X̄n ≥ b, sup
t∈[0,1]

|X̄n(t)− X̄n(t−)| ≤ c
)
. (3.21)

This probability is closely related to the insolvency risk of reinsured insurance lines in actuarial
science. To facilitate the use of extended LDP, we introduce the mapping

φ : D −→R2

ξ 7−→
(

sup
t∈[0,1]

ξ(t), sup
t∈[0,1]

∣∣ξ(t)− ξ(t−)
∣∣), (3.22)
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which captures the maximum value of a function ξ and its largest jump. The probability in (3.21)
can be rephrased as follows:

P
(
φ(X̄n) ∈ [b,∞)× [0, c]

)
. (3.23)

The Lipschitz continuity of φ (as discussed in Section 4 of Bazhba et al. (2020)) enables us to apply
the contraction principle (Lemma B.3 in Bazhba et al. (2022)) to the extended LDP of {X̄n}n≥1

established in Theorem 3.1. Consequently, we deduce that {φ(X̄n)}n≥1 satisfies the extended LDP
with the rate function given by

Iφ(x, y) = inf

{
IJ1(ξ) : sup

t∈[0,1]
ξ(t) = x, sup

t∈[0,1]
|ξ(t)− ξ(t−)| = y

}
=

⌈
x

y

⌉
.

That is,

− inf
(x,y)∈([b,∞)×[0,c])◦

⌈
x

y

⌉
≤ lim inf

n→∞

logP
(
φ(X̄n) ∈ [b,∞)× [0, c]

)
r(log n)

≤ lim sup
n→∞

logP
(
φ(X̄n) ∈ [b,∞)× [0, c]

)
r(log n)

≤ − lim
ε↓0

inf
(x,y)∈([b,∞)×[0,c])ε

⌈
x

y

⌉
.

If b/c is not an integer, this yields a tight asymptotic limit

lim
n→∞

logP
(
φ(X̄n) ∈ [b,∞)× [0, c]

)
r(log n)

= −
⌈
b

c

⌉
,

whereas if b/c is an integer, we get a lose asymptotic limit

−b
c
− 1 ≤ lim inf

n→∞

logP
(
φ(X̄n) ∈ [b,∞)× [0, c]

)
r(log n)

≤ lim sup
n→∞

logP
(
φ(X̄n) ∈ [b,∞)× [0, c]

)
r(log n)

≤ −b
c
.

4 Proofs

4.1 Proofs for Section 2

Proof of Lemma 2.1. Fix a (u, r) ∈ Γ(ξ). Let (v1, s1) ∈ Π(ξ) and (v2, s2) ∈ Π(ζ) be given arbitrar-
ily. There exists a t0 such that v1(t0) = u and s1(t0) = r.

d
(
(u, r), Γ(ζ)

)
≤ d
((
v1(t0), s1(t0)

)
,
(
v2(t0), s2(t0)

))
=
∣∣v1(t0)− v2(t0)

∣∣ ∨ ∣∣s1(t0)− s2(t0)
∣∣ ≤ ‖v1 − v2‖ ∨ ‖s1 − s2‖.

Since the choice of (v1, s1) and (v2, s2) was arbitrary, we arrive at the conclusion of the lemma by
taking the infimum over (v1, s1) ∈ Π(ξ) and (v2, s2) ∈ Π(ζ).

Proof of Lemma 2.2. Since (ζ(t), t) and (ζ(s−), s) belong to Γ(ζ), it is enough, in view of Lemma
2.1, to show that

d
(
(ζ(t), t),Γ(ξ)

)
∨ d
(
(ζ(s−), s),Γ(ξ)

)
≥ δ. (4.1)

To see that this is the case, note first that either

|ζ(t)− ξ(t)| ≥ δ or |ζ(s−)− ξ(s)| ≥ δ.
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Suppose that |ζ(t) − ξ(t)| ≥ δ. Note also that for any (u, r) ∈ Γ(ξ), either u = ξ(t) or |t − r| ≥ δ.
Then,

d
(
(ζ(t), t), (u, r)

)
= |ζ(t)− u| ∨ |t− r| ≥ δ.

Taking infimum over (u, v) ∈ Γ(ξ), we get d
(
(ζ(t), t),Γ(ξ)

)
> δ. Similarly, d

(
(ζ(s−), s),Γ(ξ)

)
> δ if

|ζ(s−)− ξ(s)| ≥ δ. Therefore, we have (4.1).

Proof of Lemma 2.3. Since E is a closed set, it is clear that newly defined function I ′ is lower-
semicontinuous on D. For any open set G in D, G ∩ E is open in E and I take ∞ value on G ∩ Ec.
Therefore,

lim inf
n→∞

logP (Xn ∈ G)

an
= lim inf

n→∞

logP (Xn ∈ G ∩ E)

an
≥ − inf

x∈G∩E
I(x) = − inf

x∈G
I ′(x)

Also, for any closed set F in D, (F ∩ E)ε ⊂ F ε, hence

lim sup
n→∞

logP (Xn ∈ F )

an
= lim sup

n→∞

logP (Xn ∈ F ∩ E)

an
≤ − lim

ε↓0
inf

x∈(F∩E)ε
I(x) ≤ − lim

ε↓0
inf
x∈F ε

I ′(x)

Since the upper and lower bounds for the extended LDP are all satisfied with the lower-semicontinuous
function I ′, the lemma is proved.

4.2 Proofs for Section 3.1

This section proves Theorem 3.1 and Theorem 3.2. Before describing the structures of the proofs,
we introduce some notations. Rearranging the terms in (3.1), we can decompose X̄n as follows:

X̄n = Ȳn + R̄n (4.2)

where

Ȳn(t) =∆
1

n

∫
[1,∞)

(x− µ1)N̂([0, nt]× dx), (4.3)

R̄n(t) =∆
aB(nt)

n
+

1

n

∫
(0,1)

x
(
N̂([0, nt]× dx)− ntν(dx)

)
+
µ1N̂

(
[0, nt]× [1,∞)

)
n

− tν1µ1 (4.4)

for t ∈ [0, 1], where ν1 = ν[1,∞) and µ1 =
∫

[1,∞) x
ν(dx)
ν1

.

Since N̂ has a finite mean measure on [1,∞) × [0, n], the process Ȳn is a compound Poisson
process. Before being centered and normalized by µ1 and 1/n, respectively, the jump sizes of Ȳn
are independent and identically distributed (i.i.d.) with the distirbution ν|[1,∞)/ν1. Let Z1, Z2, · · ·
be i.i.d. random variables with distribution ν|[1,∞)/ν1 and let N(t)=∆ N̂([0, t] × [1,∞)). Then, Ȳn
has the following distributional representation:

Ȳn(t)
D
=

1

n

N(nt)∑
i=1

(Zi − µ1). (4.5)

We further decompose (4.5) into two parts: the k largest jumps and the rest. Let Pn(·) be the
random permutation of the indices {1, 2, · · · , N(n)} of Zi’s such that Pn(i) is the rank of Zi in the
decreasing order among Z1, Z2, · · · , ZN(n). Then
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Ȳn(t)
D
=

1

n

N(nt)∑
i=1

Zi1{Pn(i) ≤ k}︸ ︷︷ ︸
J̄6k
n (t)

+
1

n

N(nt)∑
i=1

(
Zi1{Pn(i) > k} − µ1

)
︸ ︷︷ ︸

H̄6k
n (t)

(4.6)

Note that J̄6k
n is the process that consists of the k largest jumps in Ȳn, whereas H̄6k

n is the centered
process that consists of the remaining jumps. Let Yi’s be i.i.d. exponential random variables with
mean 1, and Γi, Y1 + · · · + Yi. Let Ui’s be i.i.d. uniform random variables on [0, 1], independent
from the Yi’s. Let

Qn(·) , nν[·,∞) and Q←n (y) , inf{s > 0 : nν[s,∞) < y}. (4.7)

According to the argument presented in Lindskog et al. (2014) (p.305) and Resnick (2007) (p.163),
a coupling with respect to Yi, Ui and N̂ can be constructed by

N̂([0, n]× (0,∞)) =

∞∑
i=1

ε(n·Ui, Q←n (Γi)) (4.8)

Here ε(x,y) denotes the Dirac measure at (x, y). The sequence {Q←n (Γi), i ≥ 1} record the second

coordinate value of point masses of N̂ with decreasing order. The coupling in (4.8) facilitates a
further decomposition of J̄6k

n into Ĵ6k
n + J̌6k

n ,where

Ĵ6k
n (t) =∆

1

n

k∑
i=1

Q←n (Γi)1[Ui,1](t), (4.9)

J̌6k
n (t) =∆ − 1

n
1{Ñn < k}

k∑
i=Ñn+1

Q←n (Γi)1[Ui,1](t). (4.10)

In (4.10), Ñn=
∑∞

i=1 I[0,n]×[1,∞)

(
(n · Ui, Q←n (Γi))

)
counts the number of point masses of N̂ on the

set [0, n]× [1,∞). Intuitively, Ĵ6k
n is composed by the k largest jumps in X̄n, but if some of those

jumps are of size smaller than 1 before the 1/n normalization, they are offset in J̌6k
n .

We arrive at the distributional representation

X̄n
D
= Ĵ6k

n + J̌6k
n + H̄6k

n + R̄n (4.11)

where Ĵ6k
n , J̌6k

n , H̄6k
n and R̄n are respectively defined in (4.9), (4.10), (4.6) and (4.4). This

representation provides a clear road map for demonstrating the main result of this subsection:
Theorem 4.4 proves the extended LDP satisfied by the jump sizes of Ĵ6k

n . That principle helps
to derive the extended LDP of Ĵ6k

n , which is summarized in Proposition 4.1. Note that (4.11) is
valid for k ∈ N. It turns out that, for large k, X̄n’s is predominantly determined by Ĵ6k

n ’s, hence
the extended LDP of the later, through applying Proposition 2.1, implies the extended LDP of
the former. To meet the conditions of Proposition 2.1, several intermediate results are shown with
respect to J̌6k

n , H̄6k
n and R̄n.

The proof of Theorem 3.1 hinges on Proposition 4.1 and Lemma 4.1 below, whose proofs are
provided in Section 4.2.1 and Section 4.2.2, respectively.

Proposition 4.1. {Ĵ6k
n }n≥1 satisfies the extended LDP on (D, dJ1) with the rate function

Îk(ξ) =∆

{∑
t∈(0,1] 1{ξ(t) 6= ξ(t−)} if ξ ∈ D6k

∞ otherwise
(4.12)

and speed r(log n).
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Lemma 4.1. Recall H̄6k
n defined in (4.6). We conclude

lim
k→∞

lim sup
n→∞

logP
(
‖H̄6k

n ‖ > ε
)

r(log n)
= −∞

With these in hand, we are ready to prove Theorem 3.1.

Proof of Theorem 3.1. We apply Proposition 2.1, with X̄n and Ĵ6k
n being Xn and Y k

n in the Propo-
sition. To apply Proposition 2.1, we need to verify the following four conditions:

(1) For each k ∈ N, the sequence {Ĵ6k
n }n≥1 satisfies an extended LDP with rate Îk and speed

{r(log n)}n≥1.

(2) For any closed set F ,
lim
k→∞

inf
ξ∈F

Îk(ξ) ≥ inf
ξ∈F

IJ1(ξ). (4.13)

(3) For ∀δ > 0 and any open set G, there exists ε > 0 and K ≥ 0 such that when k ≥ K

inf
ξ∈G−ε

Îk(ξ) ≤ inf
ξ∈G

IJ1(ξ) + δ. (4.14)

(4) For ∀ε > 0,

lim
k→∞

lim sup
n→∞

logP
(
dJ1(X̄n, Ĵ

6k
n ) > ε

)
logγ n

= −∞. (4.15)

Condition (1) holds due to Proposition 4.1. Condition (2) is direct as Îk ≥ Ī for any k ∈ N. For
the condition (3), we verify a stronger equality that replace (4.14):

inf
ξ∈G−ε

Îk(ξ) = inf
ξ∈G

IJ1(ξ). (4.16)

To verify (4.16), we consider two cases:

• If infξ∈G I
J1(ξ) = ∞, it implies that G ∩ D<∞ = ∅. Therefore, infx∈G−ε Îk(x) = ∞ for any

k ∈ N;

• If 0 ≤ infξ∈G I
J1(ξ) = m <∞, the following inequalities hold for any ε > 0

inf
ξ∈G−ε

Îk(ξ) ≥ inf
ξ∈G

Îk(ξ) ≥ inf
ξ∈G

IJ1(ξ) = m

Additionally, infξ∈G I
J1(ξ) = m suggests the existence of some η ∈ G ∩ D=m. Given that G

is open, there exists ε > 0 such that Bε(η) ⊂ G, implying η ∈ G−ε. Therefore, for k > m, we
have

inf
ξ∈G−ε

Îk(x) ≤ Îk(η) = m

These two inequalities together confirm that infξ∈G−ε Îk(ξ) = infξ∈G I
J1(ξ) for k > m.

For the condition (4), by X̄n’s representation in (4.11), we have

P
(
dJ1(X̃n, Ĵ

6k
n ) > ε

)
≤ P

(
‖X̃n − Ĵ6k

n ‖ > ε
)

≤ P
(
‖H̄6k

n ‖ >
ε

3

)
+ P

(
‖J̌6k

n ‖ >
ε

3

)
+ P

(
‖R̄n‖ >

ε

3

)
.
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Therefore,

lim
k→∞

lim sup
n→∞

logP
(
dJ1(Ȳn, Ĵ

6k
n ) > ε

)
r(log n)

≤ lim
k→∞

lim sup
n→∞

logP
(
‖Ȳn − Ĵ6k

n ‖ > ε
)

r(log n)

≤ lim
k→∞

lim sup
n→∞

log
(
P
(
‖H̄6k

n ‖ > ε
3

)
+ P

(
‖J̌6k

n ‖ > ε
3

)
+ P

(
‖R̄n‖ > ε

3

) )
r(log n)

≤ max
{

lim
k→∞

lim sup
n→∞

logP
(
‖H̄6k

n ‖ > ε
3

)
r(log n)︸ ︷︷ ︸

(I)

, lim
k→∞

lim sup
n→∞

logP
(
‖J̌6k

n ‖ > ε
3

)
r(log n)︸ ︷︷ ︸

(II)

, lim sup
n→∞

logP
(
‖R̄n‖ > ε

3

)
r(log n)︸ ︷︷ ︸

(III)

}
.

(4.17)

Among the three terms in (4.17), (I) = −∞ by Lemma 4.1. For term (II), by the definition of J̌6k
n

(4.10), we have

(II) = P

 sup
t∈[0,1]

∣∣∣− 1

n
1{Ñn < k}

k∑
i=Ñn+1

Q←n (Γi)1[Ui,1](t)
∣∣∣ > ε

3

 ≤ P
(
Ñn < k

)

Since Ñn can be treated as n independent summation of Poisson random variables with mean

ν[1,∞), Sanov’s theorem concludes that P
(
Ñn < k

)
∼ e−n·C for some constant C. This implies

(II)= −∞. For term (III), R̄n is a Lévy process such that R̄n(1) has a finite moment generating
function. Theorem 2.5 of Mogulskii (1993) confirms that term (III) increases at a linear rate, thus
(III)= −∞. Hence condition (4) is satisfied and the proof is finished.

Now we move on to the proof of Theorem 3.2. Before providing the proof, we establish the
following lemma.

Lemma 4.2. For any j ∈ N, D̂6j is closed w.r.t the M ′1 topology.

Proof. Note that D\D̂6j = A ∪B ∪ C ∪D where

A , {η ∈ D : η(0) < 0}
B , {η ∈ D : η(0) ≥ 0, η is not a non-decreasing function}
C , {η ∈ D : η(0) ≥ 0, η is non-decreasing, but not a pure jump function}
D , {η ∈ D : η(0) ≥ 0, η is a non-decreasing pure jump function with more than j jumps}

We argue that any given η /∈ D̂6j is bounded away from D̂6j by considering η’s in A, B, C, and D
separately.

Suppose that η ∈ A. For any ξ ∈ D̂6j , (u, v) ∈ Γ(ξ) implies that u ≥ 0, and hence,
d
(
(η(0), 0), Γ(ξ)

)
≥ |η(0)|. This along with Lemma 2.1 implies that dM ′1(η, ξ) > |η(0)| > 0. Since

ξ was arbitrarily chosen in D̂6j , we conclude that dM ′1(η, D̂6j) > |η(0)| > 0.
Suppose that η ∈ B. Then, there exists δ > 0 and t1, t2 ∈ [0, 1] such that t2 − t1 > 4δ and

η(t1)− η(t2) > 4δ. We claim that for any ξ ∈ D̂6j , dM ′1(η, ξ) > δ, and hence, dM ′1(η, D̂6j) > δ. To

see why, suppose not. That is, suppose that there exists ξ ∈ D̂6j such that dM ′1(η, ξ) ≤ δ. Then,

due to Lemma 2.1, there are (u1, s1), (u2, s2) ∈ Γ(ξ) such that d
(
(η(t1), t1), (u1, s1)

)
≤ 2δ where
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u1 ∈ [ξ(s1−), ξ(s1)], and d
(
(η(t2), t2), (u2, s2)

)
≤ 2δ where u2 ∈ [ξ(s2−), ξ(s2)]. Note that these

imply
s1 ≤ t1 − 2δ < t2 + 2δ ≤ s2

and
ξ(s1) ≥ u1 ≥ η(t1)− 2δ ≥ η(t2) + 2δ ≥ u2 ≥ ξ(s2−),

which is contradictory to ξ being non-decreasing. This proves the claim.
Suppose that η ∈ C. Then there exists an interval within [0, 1] on which η is continuous and

strictly increasing. By subdividing the increment over this interval into the ones with small enough
increments, one can find a sufficiently small δ > 0 and more than j non-overlapping subintervals
of the form [s − δ, t + δ] such that t − s > 2δ and η(t) − η(s) > 2δ. For any ξ ∈ D̂6j , it needs to
be constant on at least one of these intervals. From Lemma 2.2, we see that dM ′1(η, ξ) ≥ δ. Again,

since this is for an arbitrary ξ ∈ D̂6j , we conclude that dM ′1(η, D̂6j) ≥ δ.
Suppose that η ∈ D. Then η =

∑k
i=1 zi1[t1,1] some k > j and 0 ≤ t1 < t2 < · · · < tk ≤ 1.

Set Ti , [ti − δ, ti + δ] ∩ [0, 1] and pick δ > 0 small enough so that Ti’s are disjoint and 2δ ≤
mini=1,··· ,k

(
η(ti)−η(ti−)

)
. Then, any path ξ ∈ D̂6j is constant on at least one of Ti’s, and η jumps

at ti with jump size no smaller than 2δ. From Lemma 2.2, we have that dM ′1(ξ, η) ≥ δ/2. Since ξ

is arbitrary in path in D̂6j , we conclude that dM ′1

(
η, D̂6j

)
> δ.

Proof of Theorem 3.2. Since IM
′
1 is obviously non-negative, and the sublevel set Ψ

IM
′
1
(α) = D̂6bαc

of IM
′
1 is closed for any α ≥ 0 due to Lemma 4.2, IM

′
1 is a rate function.

Consider closed set F and open set G under the M ′1 topology. They are also closed and open
under the J1 topology, respectively. Due to Theorem 3.1, we have:

− inf
x∈G

IJ1(x) ≤ lim inf
n→∞

logP
(
X̄n ∈ G

)
r(log n)

and lim sup
n→∞

logP
(
X̄n ∈ F

)
r(log n)

≤ − inf
x∈F ε,J1

IJ1(x) (4.18)

In the above inequalities, we use extra the super-script in F ε,J1 to clarify that it is the ε-fattening
w.r.t. J1 topology. Likewise, we will denote the ε-fattening w.r.t. M ′1 topology with F ε,M

′
1 .

Note that the M ′1 metric is bounded by the J1 metric, hence F ε,J1 ⊂ F ε,M ′1 . Moreover, IM
′
1 ≤ IJ1

obviously from their definitions. Hence

lim sup
n→∞

logP
(
X̄n ∈ F

)
r(log n)

≤ − inf
x∈F ε,J1

IJ1(x) ≤ − inf
x∈F ε,M

′
1

IM
′
1(x) (4.19)

which proves the upper bound for the extended LDP on (D,M ′1).
We claim that for any open set G with respect to the M ′1 topology, the following holds:

− inf
x∈G

IM
′
1(x) = − inf

x∈G
IJ1(x) (4.20)

The ’>’ direction is trivial as IM
′
1 ≤ IJ1 . To see the ’6’ direction, we assume − infx∈G I

M ′1(x) = −m
for some integer m. Otherwise, − infx∈G I

M ′1(x) = −∞ makes the lower bound inequality of
extended LDP holds automatically. Under this assumption, G contains some ξ ∈ D̂=m, which can
be categorized into one of the following two scenarios:

• If none of the jump of ξ occur happen at 0 or 1. This implies ξ ∈ D=m and

− inf
x∈G

IJ1(x) ≥ −IJ1(ξ) = −m = − inf
x∈G

IM
′
1(x)
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• If jumps of ξ occur at 0 or 1, or both. We can construct a new path ξ′ ∈ D=m by copying ξ’s
jump sizes but only perturbing ξ’s jump location at 0(1) to δ(1−δ). By choosing δ arbitrarily
small, dM ′1(ξ, ξ′) ≤ δ, hence ξ′ ∈ G due to G is an open set. This implies

− inf
x∈G

IJ1(x) ≥ −IJ1(ξ′) = −m = − inf
x∈G

IM
′
1(x)

Combining the conclusions from both scenarios confirm the equality (4.20), which further imlies

− inf
x∈G

IM
′
1(x) = − inf

x∈G
IJ1(x) ≤ lim inf

n→∞

logP
(
X̄n ∈ F

)
r(log n)

(4.21)

This proves the lower bound for the extended LDP on (D,M ′1) and finishes the proof.

4.2.1 Proof of Proposition 4.1

Proposition 4.1 hinges on the extended LDP for
(
Q←n (Γ1)/n, · · · , Q←n (Γk)/n

)
, which is established

in Proposition 4.4. We divide the proof of Proposition 4.4 into the extended LDP lower bound
(Proposition 4.2) and upper bound (Proposition 4.3). The following lemma is useful in the proof
of Proposition 4.2.

Lemma 4.3. Suppose that x = (x1, . . . , xk) ∈ Rk↓+ and and ι = Ǐk(x). Let

E(x; δ) , {y ∈ Rk+ : yi ∈ Ej(x, y; δ)}

where

Ej(x, y; δ) =



(
Qn(n(x1 + δ), Qn(n(x1 − δ)

)
for j = 1;(

Qn(n(xj + δ)−
∑j−1

i=1 yi, Qn(n(xj − δ)−
∑j−1

i=1 yi
)

for j = 2, . . . , ι;(
Qn(nδ)−Qn(n(xι + δ)), ∞

)
for j = ι+ 1;[

0,∞
)

for j > ι+ 1.

Then y ∈ E(x; δ) implies that(
Q←n (y1)

n
, · · · , Q

←
n (y1 + · · ·+ yk)

n

)
∈

ι∏
i=1

[xi − δ, xi + δ]× [0, δ](k−ι) , D(x; δ).

Proof of Lemma 4.3. Note that by the construction of Ej(x, y; δ), it is straightforward to check by
induction that if yi ∈ Ei(x, y; δ) for i = 1, . . . , j, then

j∑
i=1

yj ∈
(
Qn(n(xj + δ)), Qn(n(xj − δ))

)
(4.22)

for j ≤ ι, and
j∑
i=1

yj ∈ [Qn(nδ),∞) (4.23)

for j > ι. The conclusion of the lemma follows from the fact that c ∈
(
Qn(b), Qn(a)

]
if and only if

Q←n (c) ∈ [a, b) for any c and b > a ≥ 0.
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Recall that

µ̌n(·) =∆ P
((Q←n (Γ1)

n
, · · · , Q

←
n (Γk)

n

)
∈ ·
)

for n ∈ N,

where Γi = Y1 + · · ·+ Yi, and Yi’s are iid Exp(1). Therefore, Lemma 4.3 implies∫
D(x;δ)

µ̌n(dx) >

∫
E(x;δ)

e−
∑k
i=1 yidy1 · · · dyk. (4.24)

We are ready to prove the lower bound of Proposition 4.4.

Proposition 4.2. For any open set G ⊂ Rk↓+ ,

− inf
x∈G

Ǐk(x) ≤ lim inf
n→∞

log µ̌n(G)

r(log n)
(4.25)

Proof. Fix an arbitrary x ∈ G and let ι = Ǐk(x). We first observe that for any given x ∈ G, we can
find x′ ∈ G such that Ǐk(x

′) = ι = Ǐk(x) and x′1 > x′2 > · · · > x′ι > 0. Therefore, for the purpose of
establishing (4.25), we can assume w.l.o.g. that

x1 > . . . > xι > xι+1 = 0. (4.26)

Note that we can find a continuous function f : Rk↓+ → [0, 1] such that f(x) = 1 and f(y) = 0 for

y ∈ Gc since Rk↓+ is a completely regular topological space. Further, define fm(·) = m(f(·) − 1).
Since fm is −m on Gc and at most 0 elsewhere,∫

Rk↓+
er(logn)fm(s)µ̌n(ds) ≤ e−mr(logn)µ̌n(Gc) + µ̌n(G),

and hence,

lim inf
n→∞

log
∫
Rk↓+

er(logn)fm(s)µ̌n(ds)

r(log n)
≤ lim inf

n→∞

log
(
e−mr(logn) + µ̌n(G)

)
r(log n)

= max

{
−m, lim inf

n→∞

log µ̌n(G)

r(log n)

}
. (4.27)

On the other hand, we claim that the following holds:

− Ǐk(x) ≤ lim inf
n→∞

log
∫
Rk↓+

er(logn)fm(s)µ̌n(ds)

r(log n)
. (4.28)

Combining (4.27) and (4.28), then taking the limit m→∞ and the infimum over x ∈ G, we arrive
at the conclusion of the proposition.

Now we are left with the proof of the claim (4.28). Recall the neighborhood D(x; δ) =
∏ι
i=1[xi−

δ, xi + δ]× [0, δ](k−ι) of x defined in Lemma 4.3. Pick an arbitrary ε > 0. Since G is open and fm
is continuous, assumption (4.26) allows us to choose a small enough δ = δ(x, ε) so that

(i) [xi − δ, xi + δ] ∩ [xj − δ, xj + δ] = ∅ for any i and j such that i < j ≤ ι;

(ii) fm(y) > −ε for y ∈ D(x; δ).
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From (ii) and (4.24)

lim inf
n→∞

log
∫
Rk↓+

er(logn)fm(x)µ̌n(dx)

r(log n)
≥ lim inf

n→∞

log
(
er(logn)(−ε) ∫

D(x;δ) µ̌n(dx)
)

r(log n)

≥ −ε+ lim inf
n→∞

log
∫
E(x;δ) e

−
∑k
i=1 yidy1 · · · dyk

r(log n)
(4.29)

From the forms of E(x; δ) and Ei(x, y; δ)’s in Lemma 4.3, we see that the integral in (4.29) can be
decomposed as follows:

log

∫
E(x;δ)

e−
∑k
i=1 yidy1 · · · dyk

= log

∫
E′(x;δ)

e−
∑ι
i=1 yidy1 · · · dyι + log

∫ ∞
Qn(nδ)−Qn(n(xι+δ))

e−xdx+
k∑

i=ι+2

· log

∫ ∞
0

e−xdx

= log

∫
E′(x;δ)

e−
∑ι
i=1 yidy1 · · · dyι︸ ︷︷ ︸
(I)

−
(
Qn(nδ)−Qn(n(xι + δ))

)
(4.30)

where E′(x; δ) = {y ∈ Rι+ : yi ∈ Ej(x, y; δ) for j = 1, . . . , ι}. To bound (I), note first that the
integrand is bounded from below due to (4.22):

e−
∑ι
i=1 yi ≥ e−Qn(n(xι−δ)) on E′(x; δ)

and the length of the domain of integral in ithcoordinate is Qn(n(xj − δ))−Qn(n(xj + δ)) for each
i ≤ ι, and hence, ∫

E′(x;δ)
dyι · · · dy1 =

ι∏
i=1

(
Qn(n(xj − δ))−Qn(n(xj + δ))

)
.

Therefore,

(I) =

∫
E′(x;δ)

e−
∑ι
i=1 yidyι · · · dy1 ≥ e−Qn(n(xι−δ))

∫
E′(x;δ)

dyι · · · dy1

= e−Qn(n(xι−δ)) ·
ι∏
i=1

(
Qn(n(xi − δ))−Qn(n(xi + δ))

)
. (4.31)

From (4.29), (4.30), and (4.31),

lim inf
n→∞

log
∫
Rk↓+

er(logn)fm(x)µ̌n(dx)

r(log n)

≥ −ε+ lim
n→∞

−
(
Qn(nδ)−Qn(n(xι + δ))

)
r(log n)

+ lim
n→∞

−Qn(n(xι − δ))
r(log n)

+

ι∑
i=1

lim
n→∞

log
(
Qn(n(xi − δ))−Qn(n(xi + δ))

)
r(log n)

= −ε− ι,

where the last equality is from (4.89) and (4.91). Taking ε → 0, we arrive at (4.28), proving the
desired claim. This concludes the proof of Proposition 4.2.
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We move on to the extended LDP upper bound for
(
Q←n (Γ1)/n, · · · , Q←n (Γk)/n

)
.

Proposition 4.3. For any closed set F ⊂ Rk↓+ ,

lim sup
n→∞

log µ̌n(F )

r(log n)
≤ − lim

ε↓0
inf
x∈F ε

Ǐk(x) (4.32)

Proof. Let ι , infx∈F ε Ǐk(x). Then, it is straightforward to see that there exists r > 0 such that
xι > r for all x ∈ F . Therefore,

lim sup
n→∞

log µ̌n(F )

r(log n)
= lim sup

n→∞

logP
((

Q←n (Γ1)
n , Q

←
n (Γ2)
n , · · · Q

←
n (Γk)
n

)
∈ F

)
r(log n)

≤ lim sup
n→∞

logP ({Q←n (Γι) ≥ nr})
r(log n)

= lim
n→∞

logP ({Γι ≤ Qn(nr)})
r(log n)

= −ι,

where the last equality is from (4.92).

With Proposition 4.2 and Proposition 4.3 in hand, the proof of Proposition 4.4 is straightfor-
ward.

Proposition 4.4. {µ̌kn}n≥1 satisfies the extended LDP on Rk↓+ with the rate function

Ǐk(x) =∆
k∑
i=1

1{xi 6= 0} for x = (x1, · · · , xk) ∈ Rk↓+ (4.33)

and the speed r(log n).

Proof of Proposition 4.4. Proposition 4.2 and 4.3 establish the upper and lower bounds of the
extended LDP. We are left with showing that the rate function Ǐk(·) is lower semi-continuous. To see
the lower semi-continuity, consider an α < k (since the case α ≥ k is trivial) and the corresponding
sublevel set ΨǏk

(α) , {x ∈ Rk+ : Ǐk(x) ≤ α}. Note that ΨǏk
(α) = {x ∈ Rk+ : xbαc+1 = 0}. This is a

closed set, because for any y in ΨǏk
(α)c, we have ybαc+1 > 0, and hence, B(y; δ) with δ = ybαc+1/2

is a neighborhood of y within ΨǏk
(α)c. This proves the lower semicontinuity of Ǐk(·) and concludes

the proof of the proposition.

We are now ready to prove Proposition 4.1.

Proof of Proposition 4.1. We first prove the extended LDP on (D6k, dJ1), then lift it to the larger
space (D, dJ1) via Lemma 2.3. Note that the conditions in Lemma 2.3 are satisfied as P

(
Ĵ6k
n ∈

D6k
)

= 1, and D6k is closed.

To see that Îk is a legitimate rate function, note that ΨÎk
(c) = D6bcc∧k for any c ∈ R+, which

is closed, and hence, Îk is lower-semicontinuous. To verify the lower bound, we show that

lim inf
n→∞

logP
(
Ĵ6k
n ∈ G

)
r(log n)

≥ −Îk(ξ) (4.34)

for any open set G ⊂ D6k and any ξ ∈ G. Fix a ξ ∈ G and set j , Îk(ξ) ≤ k. Then
ξ =

∑j
i=1 xi1[ui,1], where x1 ≥ · · · ≥ xj > 0 and ui ∈ (0, 1) for i = 1, . . . , j. We construct a
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neighborhood of ξ in D6k by perturbing ξ’s jump sizes and times. Specifically, for some w∗ ∈ (0, 1)
that does not align with ξ’s jump time, consider

Cδ := {
k∑
i=1

yi1[wi,1] ∈ D6k : yi ∈ Yi and wi ∈Wi for i = 1, · · · , k}

where Yi’s and Wi’s are defined as:

Yi =

{
(xi − δ, xi + δ) i = 1, · · · j
[0, δ) i = j + 1, · · · , k

, Wi =

{
(ui − δ, ui + δ) i = 1, · · · j
(w∗ − δ, w∗ + δ) i = j + 1, · · · , k

It is evident that dJ1(ξ, η) < kδ for any η ∈ Cδ. Indeed, we could find a suitable time homeomor-
phism ρ such that η ◦ ρ’s first j jumps and ξ’s jumps have aligned locations. Then the uniform
metric between ξ and η ◦ ρ is bounded by k accumulation of size δ. We can choose δ small enough
so that (1) Cδ ⊂ G; (2)for p ≤ j, the p-th largest jump of η happens on (up − δ, up + δ) with size
in range (xp − δ, xp + δ). Such a choice of δ allows for the following derivation::

P
(
Ĵ6k
n ∈ G

) due to (1)

≥ P
(
Ĵ6k
n ∈ Cδ

)
= P

(
k∑
i=1

Q←n (Γi)

n
1[Ui,1] ∈ Cδ

)
due to (2)

= P

((Q←n (Γ1)

n
, · · · , Q

←
n (Γk)

n

)
∈
( k∏
i=1

Yi
)
∩ Rk↓+ , (U1, · · · , Uk) ∈

( k∏
i=1

Wi

))

= P

((Q←n (Γ1)

n
, · · · , Q

←
n (Γk)

n

)
∈
( k∏
i=1

Yi
)
∩ Rk↓+

)
· Const

= µ̌kn(
( k∏
i=1

Yi
)
∩ Rk↓+ ) · Const.

Note that
∏k
i=1 Yi and

∏k
i=1Wi represent the product space of Yi’s and Wi’s, respectively. Given

that
(
Πk
i=1Ai

)
∩ Rk↓+ is an open set, the extended LDP of {µ̌kn}n≥1 as unraveled by Theorem 4.4

implies

lim inf
n→∞

logP
(
Ĵ6k
n ∈ G

)
r(log n)

≥ lim inf
n→∞

log µ̌kn(
(∏k

i=1 Yi
)
∩ Rk↓+ )

r(log n)
+ lim inf

n→∞

log Const

r(log n)

≥ − inf
x∈
(

Πki=1Yi

)
∩Rk↓+

Ǐk
(
x
)

+ 0

= −j = −Îk(ξ).

This establishes inequality (4.34), and, consequently, the lower bound of extended LDP is proved.
Then, we verify the upper bound of extended LDP: for a closed set F ⊂ D6k:

lim sup
n→∞

logP
(
Ĵ6k
n ∈ F

)
r(log n)

≤ − lim
ε↓0

inf
ξ∈F ε

Îk(ξ) (4.35)

Note that F ε in the above inequality is the fattening set of F restricted to D6k. If F contains the
zero function, then limε↓0 infξ∈F ε Îk(ξ) = 0, and the upper bound (4.35) holds trivially. For the rest
of the proof, we assume F does not contain the zero function. Define the index iF as follows:

iF = max{j ∈ {0, 1, 2, · · · k − 1} : dJ1(F,D6j) > 0}+ 1 (4.36)
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The definition of iF has two implications:(i) F ε∩D6iF−1 = ∅ for sufficiently small ε; (ii) F ε∩D6iF 6=
∅ for any ε > 0. Therefore,

lim
ε↓0

inf
ξ∈F ε

Îk(ξ) = iF (4.37)

Given that dJ1(F,D6iF−1) > 0, there exist an r > 0 such that any path ξ in F has its iF -th
largest jump greater than r. Therefore, F is a subset of C ′, with C ′ defined as:

C ′ := {
k∑
i=1

yi1[wi,1] :y1 ≥ y2 ≥ · · · ≥ yk ≥ 0, yiF > r,

wi ∈ (0, 1) for i = 1, · · · , k}

The set inclusion F ⊂ C ′ implies

P
(
Ĵ6k
n ∈ F

)
≤ P

(
Ĵ6k
n ∈ C ′

)
= P

(
k∑
i=1

Q←n (Γi)

n
1[Ui,1] ∈ C ′

)

= P
(
Q←n (ΓiF )

n
> r

)
= P (ΓiF ≤ Qn(nr)) .

Taking the limit of both sides and employing limit result (4.92), we deduce

lim sup
n→∞

logP
(
Ĵ6k
n ∈ F

)
r(log n)

≤ lim sup
n→∞

logP (ΓiF ≤ Qn(nr))

r(log n)
= −iF (4.38)

In view of the inequalities (4.38) and (4.37), the upper bound (4.35) is established, thus concluding
the proof.

4.2.2 Proof of Lemma 4.1

Lemma 4.4 and 4.5 below are useful in Lemma 4.1.

Lemma 4.4. Consider a random variable Z supported on [0,∞) belonging to the class LN(λ, γ).
Let Zi’s be i.i.d. random variables following Z’s distribution and construct Y n

i as Y n
i := Zi1{Zi ≤

nδ} for some given δ > 0. Then given any ε > 0 and M ∈ N, the following inequality holds

lim sup
n→∞

log max
j=1,··· ,M ·n

P
(∑j

i=1

(
Y n
i − E [Z]

)
> nε

)
r(log n)

< − ε

2δ
(4.39)

Proof. The truncated random variable Y n
i differs from Zi in that it has a bounded moment gener-

ating function. This allows for the application of the Cramér-Chernoff method to derive an upper
bound for the probability term in (4.39). For s > 0, we have

P

(
j∑
i=1

(
Y n
i − E [Z]

)
> nε

)
= P

(
exp

{
s

j∑
i=1

Y n
i

}
> exp

{
nsε+ jsE [Z]

})

≤ exp
{
− nsε− jsE [Z]

}
E

[
exp

{
s

j∑
i=1

Y n
i

}]

= exp
{
− nsε− jsE [Z] +

j∑
i=1

logE [exp(sY n
i )]
}

(4.40)
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To further analyze E [exp(sY n
i )] for s > 1

nδ , we decompose its integration domain into three
parts:

E
[
esY

n
i
]

=

∫
[0,1/s]

esydP (Z ≤ y) +

∫
(1/s,nδ]

esydP (Z1 ≤ y) +

∫
(nδ,∞)

1dP (Z1 ≤ y) (4.41)

Given the inequality ex ≤ 1+x+x2 on x ∈ [0, 1], the first integration term in (4.41) can be bounded
as: ∫

[0,1/s]
esydP (Z ≤ y) ≤

∫
[0,1/s]

(1 + sy + s2y2)dP (Z ≤ y) ≤ 1 + sE [Z] + s2E
[
Z2
]

This bound is valid since the expected value E [Z] and the second moment E
[
Z2
]

are well-defined
for a random variable Z satisfying Assumption 2.

We apply integration by parts to the second term in (4.41),∫
(1/s,nδ]

esydP (Z ≤ y) = esyP (Z ≤ y)
∣∣nδ
1/s
− s

∫ nδ

1/s
esyP (Z ≤ y) dy

= esnδP (Z ≤ nδ)− eP (Z ≤ 1/s)− s
∫ nδ

1/s
esydy + s

∫
[1/s,nδ]

esyP (Z > y) dy

≤ eP (Z > 1/s) + s

∫
[1/s,nδ]

esyP (Z > y) dy

In this context, ∆ > 0 is chosen so that e∆snδP (Z > nδ) > P (Z > 1/s) for large n. Therefore, for
y ∈ [1/s, nδ],

esyP (Z > y) ≤ esnδP (Z > y) · e
∆snδP (Z > nδ)

P (Z > y)
= e(1+∆)snδP (Z > nδ)

This leads to an upper bound for the second term in (4.41),∫
(1/s,nδ]

esydP (Z ≤ y) ≤ eP (Z > 1/s) + snδ · e(1+∆)snδP (Z > nδ)

The final term in (4.41) is P (Z > nδ). Since P (Z > nδ) ≤ P (Z > 1/s) ≤ s2E
[
Z2
]
, combining

all three integration terms in (4.41) yield

E
[
esY

n
i
]
≤ 1 + snδ · e(1+∆)snδP (Z > nδ) + sE [Z] + s2(e+ 2)E

[
Z2
]

By inserting the above bounds into (4.40), and utilizing the inequality log(1 +x) ≤ x for x > 0,
we obtain

P

(
j∑
i=1

(
Y n
i − E [Z]

)
> nε

)
≤ exp{−nsε− jsE [Z] + j log

(
1 + snδ · e(1+∆)snδP (Z > nδ) + sE [Z] + s2(e+ 2)E

[
Z2
] )
}

≤ exp{−nsε− jsE [Z] + j
(
snδ · e(1+∆)snδP (Z > nδ) + sE [Z] + s2(e+ 2)E

[
Z2
] )
}

≤ exp{−nsε+ j
(
snδ · e(1+∆)snδP (Z > nδ) + s2(e+ 2)E

[
Z2
] )
}.

23



Maximizing over j = 1, · · · ,M · n and applying the logarithm, and choosing some λ′ < λ and

s = λ′ logγ(nδ)
nδ > 1

nδ , we derive:

log max
j=1,··· ,M ·n

P

(
j∑
i=1

(
Y n
i − E [Z]

)
> nε

)
≤ −nsε+M · n

(
snδ · e(1+∆)snδP (Z > nδ) + s2(e+ 2)E

[
Z2
] )

= −λ′ logγ(nδ) · ε
δ

+Mnλ′ logγ(nδ)e(1+∆)λ′ logγ(nδ)P (Z > nδ) +
Mλ′2 log2γ(nδ)

nδ2
(e+ 2)E

[
Z2
]
.

The third term in the last line above approach to zero as n → ∞. Select ∆ < 1 small enough
such that λ′(1 + ∆) < λ. With this choice, and because P (Z > nδ) ∼ e−λ logγ(nδ), the second term
diminishes to zero as well. Hence

lim sup
n→∞

log max
j=1,··· ,M ·n

P
(∑j

i=1

(
Y n
i − E [Z]

)
> nε

)
r(log n)

≤ lim
n→∞

−λ′ logγ(nδ) · εδ
r(log n)

= − ε
δ
· λ
′

λ
< − ε

(1 + ∆)δ
< − ε

2δ
.

This finishes the proof of the lemma.

Lemma 4.5. Consider a random variable Z supported on [0,∞) satisfying Assumption 2. Let Zi’s
be i.i.d. random variables following Z’s distribution and construct Y n

i as Y n
i := Zi1{Zi ≤ nδ} for

some given δ > 0. Then given any ε > 0 and M ∈ N,

lim sup
n→∞

log max
j=1,··· ,M ·n

P
(∑j

i=1

(
E [Z]− Y n

i

)
> nε

)
r(log n)

= −∞ (4.42)

Proof. Define Y := Z1{Z ≤ nδ}. The term P
(∑j

i=1

(
E [Z]− Y n

i

)
> nε

)
satisfies

P

(
j∑
i=1

(
E [Z]− Y n

i

)
> nε

)

= P

(
j∑
i=1

(
E [Y n

i ]− Y n
i

)
> nε− j · (E [Z]− E [Zi1(Zi ≤ nδ)]

)

= P

(
j∑
i=1

(
E [Y n

i ]− Y n
i

)
> nε− j · E [Z1(Z > nδ)]

)
.

Since Z satisfies Assumption 2, it has the first moment, thus large n, M · E [Zi1(Zi > nδ)] < ε/2.
For such n and j = 1, · · · ,M · n, we have

P

(
j∑
i=1

(
E [Z]− Y n

i

)
> nε

)
≤ P

(
j∑
i=1

(
E [Y n

i ]− Y n
i

)
>
nε

2

)
(4.43)

We claim the following two properties about the random variable E [Y n
i ]− Y n

i :
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• E [Y n
i ]− Y n

i ≤ E [Y n
i ] ≤ E [Z]. This is true due to Y n

i is a non-negative random variable.

• Given δ, we can choose large n such that E [Z1(Z > nδ)] < 1, hence

Var [E [Y n
i ]− Y n

i ]

= Var [Y n
i ] = E

[
(Y n
i )2
]
− (E [Y n

i ])2

≤ E
[
Z2
]
− (E [Z])2 + (E [Z])2 − (E [Y n

i ])2

= Var [Z] + (E [Z] + E [Y n
i ])(E [Z]− E [Y n

i ])

≤ Var [Z] + 2E [Z] · E [Z1(Z > nδ)]

≤ Var [Z] + 2E [Z]

The two properties of E [Y n
i ]− Y n

i shown above make us ready to apply the Bernstein’s inequality
(see Lemma 4.14 in appendix Section 4.6.2), and this yields

P

(
j∑
i=1

(
E [Y n

i ]− Y n
i

)
>
nε

2

)

≤ exp
{
− n2ε2/4

2(
∑j

i Var [E [Y n
i ]− Y n

i ] + nεE[Z]
6

}
≤ exp

{
− n2ε2/4

2(j(Var [Z] + 2E [Z]) + nεE[Z]
6

}
.

Since the exponential term in the above last line increases as j increases, and combining with (4.43),
for large n,

log max
j=1,··· ,M ·n

P

(
j∑
i=1

(
E [Z]− Y n

i

)
> nε

)
≤ − n2ε2/4

2(M · n(Var [Z] + 2E [Z]) + nεE[Z]
6

(4.44)

In view of the ratio in (4.42), the numerator has upper bound (4.44), which decrease with speed
−n. Thus the lemma is proved by running n→∞.

With Lemma 4.4 and 4.5 in hand, we are ready to prove Lemma 4.1.

Proof of Lemma 4.1. For any fixed k ∈ N, chose δ > 0 such that kδ < ε/2. We begin by analyzing
‖{H̄6k

n ‖ > ε} conditioning on the event {N(n) ≥ k, ZP−1
n (k) ≤ nδ} and its complement. This leads
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to the following probability upper bound:

P
(
‖H̄6k

n ‖ > ε
)

= P

 sup
t∈[0,1]

∣∣N(nt)∑
i=1

(
Zi1(Pn(i) > k)− µ1

)∣∣ > nε


≤ P

(
max

j=1,··· ,N(n)

∣∣ j∑
i=1

(
Zi1(Pn(i) > k)− µ1

)∣∣ > nε, ZP−1
n (k) ≤ nδ,N(n) ≥ k

)
+ P

(
{ZR−1

n (k) ≤ nδ,N(n) ≥ k}c
)

≤ P

(
max

j=1,··· ,N(n)

j∑
i=1

(
Zi1(Pn(i) > k)− µ1

)
> nε, ZP−1

n (k) ≤ nδ,N(n) ≥ k

)
(4.45)

+ P

(
max

j=1,··· ,N(n)

j∑
i=1

(
µ1 − Zi1(Pn(i) > k)

)
> nε, ZP−1

n (k) ≤ nδ,N(n) ≥ k

)
(4.46)

+ P
(
ZP−1

n (k) > nδ
)

+ P (N(n) < k) . (4.47)

We proceed with investigating the terms (4.45) and (4.46) separately. Given that {Pn(i) > k} is
a subset of {Zi ≤ nδ} under the condition ZP−1

n (k) ≤ nδ and N(n) ≥ k, the sum
∑j

i=1

(
Zi1(Zi ≤

nδ) − µ1

)
includes more positive Zi’s than

∑j
i=1

(
Zi1(Pn(i) > k) − µ1

)
. Therefore, we can upper

bound the probability (4.45) as

(4.45) ≤ P

(
max

j=1,··· ,N(n)

j∑
i=1

(
Zi1(Zi ≤ nδ)− µ1

)
> nε, ZP−1

n (k) ≤ nδ,N(n) ≥ k

)

≤ P

(
max

j=1,··· ,N(n)

j∑
i=1

(
Zi1(Zi ≤ nδ)− µ1

)
> nε

)

≤ P

(
j = 1, · · · , n(bν1c+ 1)max

j∑
i=1

(
Zi1(Zi ≤ nδ)− µ1

)
> nε

)
+ P (N(n) > n(bν1c+ 1)) .

(4.48)

To evaluate (4.46), note that 1(Zj ≤ nδ)−1(Pn(j) > k) = 1 if and only if Zj is among the k-largest

value of Zi’s and Zj ≤ nδ, hence
∑j

i=1 Zi
(
1(Zi ≤ nδ)− 1(Pn(i) > k)

)
≤ knδ for any j. This leads

to the following bound for (4.46):

(4.46) = P
(

max
j=1,··· ,N(n)

j∑
i=1

(
µ1 − Zi1(Zi ≤ nδ)

)
+

j∑
i=1

Zi
(
1(Zi ≤ nδ)− 1(Pn(i) > k)

)
> nε,

ZP−1
n (k) ≤ nδ,N(n) ≥ k

)
≤ P

(
max

j=1,··· ,N(n)

j∑
i=1

(
µ1 − Zi1(Zi ≤ nδ)

)
> n(ε− kδ), ZP−1

n (k) ≤ nδ,N(n) ≥ k
)

≤ P
(

max
j=1,··· ,N(n)

j∑
i=1

(
µ1 − Zi1(Zi ≤ nδ)

)
>
nε

2

)
≤ P

(
max

j=1,··· ,n(bν1c+1)

j∑
i=1

(
µ1 − Zi1(Zi ≤ nδ)

)
>
nε

2

)
+ P (N(n) > n(bν1c+ 1)) (4.49)
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Having established the upper bounds (4.48) and (4.49) for (4.45) and (4.46), and considering
the additional terms in (4.47), we can conclude that

P
(
‖H̄6k

n ‖ > ε
)
≤ 2P

(
max

j=1,··· ,n(bν1c+1)

∣∣∣ j∑
i=1

(
Zi1(Zi ≤ nδ)− µ1

)∣∣∣ > nε

2

)
+ P

(
ZP−1

n (k) > nδ
)

+ P (N(n) < k) + 2P (N(n) > n(bν1c+ 1)) . (4.50)

For the third and fourth terms in (4.50), since N(n) is distributed as the sum of n i.i.d.
Poisson(ν1) random variables and by Sanov’s theorem (see, for example, theorem 6.1.3 in Dembo
and Zeitouni (2010)), those two terms decay as e−n·const. Consequently,

lim sup
n→∞

logP (N(n) < k)

r(log n)
= −∞ and lim sup

n→∞

log 2P (N(n) > n(bν1c+ 1))

r(log n)
= −∞

For the second term in (4.50), the k-th largest Zi’s is distributed as Q−1
n (Γk). By leveraging the

limit result (4.92) in appendix, this term satisfies

lim sup
n→∞

logP
(
ZP−1

n (k) > nδ
)

r(log n)
= lim sup

n→∞

logP (Q←n (Γk) > nδ)

r(log n)
≤ lim sup

n→∞

logP (Γk ≤ Qn(nδ))

r(log n)
= −k

For the first term in (4.50), we employ Etemadi’s inequality (see Lemma 4.13 in appendix Section
4.6.2 ) to externalize the maximum from the probability. Then, invoking Lemma 4.4 and Lemma
4.5 from the appendix, we analyze the term as follows:

lim sup
n→∞

log 2P
(

max
j=1,··· ,n(bν1c+1)

∣∣∣∑j
i=1

(
Zi1(Zi ≤ nδ)− µ1

)∣∣∣ > nε
2

)
r(log n)

≤ lim sup
n→∞

log 6 max
j=1,··· ,n(bν1c+1)

P
(∣∣∣∑j

i=1

(
Zi1(Zi ≤ nδ)− µ1

)∣∣∣ ≥ nε
6

)
r(log n)

≤ 0 + max
{

lim sup
n→∞

log max
j=1,··· ,n(bν1c+1)

P
(∑j

i=1

(
Zi1(Zi ≤ nδ)− µ1

)
> nε

7

)
r(log n)

,

lim sup
n→∞

log max
j=1,··· ,n(bν1c+1)

P
(∑j

i=1

(
µ1 − Zi1(Zi ≤ nδ)

)
> nε

7

)
r(log n)

}
≤ − ε

14δ
.

Returning to (4.50), for each fixed k, we can choose δ small enough such that −ε/14δ < −k.
Therefore, we obtain

lim sup
n→∞

logP
(
‖H̄6k

n ‖ > ε
)

r(log n)
≤ max{− ε

14δ
,−k,−∞,−∞} = −k

The conclusion of the lemma follows by considering k →∞.

Let Rk↓+ =∆ {(x1, · · · , xk) ∈ Rk : x1 ≥ x2 ≥ · · · ≥ xk ≥ 0}. Consider the sequence of measures on

Rk↓+ defined below: for n ∈ N,

µ̌kn(·) =∆ P
((Q←n (Γ1)

n
, · · · , Q

←
n (Γk)

n

)
∈ ·
)

(4.51)
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In view of (4.9), note that µ̌kn(·) is the distribution of the jump sizes of Ĵ6k
n .

Proposition 4.2 and 4.3 below will be used in Theorem 4.4, and they prove the sequence of mea-
sure {µ̌n}n≥1 (defined in (4.51) and reviewed below) satisfies the upper and lower bound inequality
for extended large deviation, respectively. We start with the following observation.

Define Hk
6i=

∆ {x ∈ Rk↓+ , xi+1 = 0} for i ∈ {0, 1, 2, · · · , k − 1} and Hk
6k = Rk↓+ . Note that each

Hk
6i is closed.

4.3 Proofs for Section 3.2

Instead proving the above theorem directly, we consider the process S̄n defined below, whose jumps,
except for the last one, are uniformly distributed on [0, 1]:

S̄n =∆
1

n

n−1∑
i=1

(
Zi − E [Z]

)
1[Ui,1] +

1

n
(Zn − E [Z])1{1} (4.52)

Here Z is a generic random variable of the same distribution as Z1. U1, · · · , Un−1 are i.i.d. random
variable uniform on [0, 1].

Similar to (4.9) and (4.10), where jumps in a Lévy process is presented in the order of their
size, we can list the jumps in S̄n on [0, 1) as {Q̃←(V(i)), i = 1, · · · , n − 1}. Here Q̃(x)=∆ P (Z ≥ x)

and Q̃←(x)= inf{s ≥ 0 : Q̃(s) < x}. V1, V2, · · · , Vn−1 are i.i.d. random variables uniform on [0, 1],
with V(1), V(2), · · · , V(n−1) being their order statistics in the descending order. Taking this ordered

jump representation into consideration, S̄n has the same distribution with S̃n =∆ J̃kn + H̃k
n where for

t ∈ [0, 1]:

J̃kn(t) =∆
1

n

k∑
i=1

Q̃←(V(i))1[Ui,1](t) +
1

n
Zn1{1}(t) (4.53)

and

H̃k
n(t) =∆

1

n

n−1∑
i=k+1

Q̃←(V(i))1[Ui,1](t)−
1

n
E [Z]

n−1∑
i=1

1[Ui,1](t)−
1

n
E [Z]1{1}(t) (4.54)

We have the following three lemmas as intermediate results:

Lemma 4.6. For any k ∈ N, recall that Rk↓+ = {(x1, · · · , xk) ∈ Rk : x1 ≥ x2 ≥ · · · ≥ xk ≥ 0}. The

sequence of measures {µ̃n}n≥1 on Rk↓+ defined by

µ̃n(·) =∆ P

((Q̃←(V(1))

n
, · · · ,

Q̃←(V(k))

n

)
∈ ·

)
(4.55)

satisfies the extended LDP with the rate Ĩk : Rk↓+ → R given by:

Ĩk(x) =∆
k∑
i=1

1{xi 6= 0} with = (x1, · · · , xk) ∈ Rk↓+ (4.56)

and speed r(log n).

Lemma 4.7. The sequence {J̃kn}n≥1 defined in (4.53) satisfies the extended LDP on (D, dJ1) with
rate function Ĩk : D→ R given by:

Ĩk(ξ) =∆

{∑
t∈(0,1] 1{ξ(t) 6= ξ(t−)} if ξ ∈ D̃6k

∞ otherwise
(4.57)

and speed r(log n).
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Lemma 4.8. The sequence of processes {S̄n}n≥1 satisfies the extended large deviation on (D, dJ1)
with the rate function given by (3.8) and speed r(log n).

Lemma 4.6, 4.7 and 4.8 above are in parallel of Proposition 4.4, Proposition 4.1 and Theorem 3.1
in section 3.1, with comparable proof framework but nuances in computation. We will make the
proof of Lemma 4.6, 4.7 and 4.8 succinct and put them in appendix section 4.3.

With the conclusion in Lemma 4.8, we are ready to prove Theorem 3.3:

Proof of Theorem 3.3. Recall the definition of W̄n in (3.7). Incorporating {Q̃←(V(i)), i = 1, · · · , n−
1} enables a distributional representation of W̄n:

W̄n
D
=

1

n

n−1∑
i=1

(
Q̃←(V(i))− E [Z]

)
1

[
Ri
n
,1]

+
1

n
(Zn − E [Z])1{1}

and this representation creates a coupling between W̄n and S̃n. In the above representation,
(R1, · · · , Rn−1) is the random permutation of {1, 2, · · · , n − 1} indicating the increasing rank of
(U1, · · · , Un−1) appeared in (4.53) and (4.54), i.e Ui is the Ri-th smallest among {U1, · · · , Un−1}.
This makes the i-th largest jump size Q̃←(V(i)) being the Ri-th increment of both S̃n an d W̄n w.r.t
time.

According to the definition of J1 metric, We have

P
(
dJ1(W̄n, S̃n) > ε

)
≤ P

(
sup

i∈[n−1]

∣∣ i
n
− U(i)

∣∣ > ε

)

≤ P

(
√
n sup
x∈[0,1]

∣∣ 1
n

n∑
i=1

1(Ui ≤ x)− x
∣∣ > √nε) ≤ 2e−2ε2n

where the last inequality above is due to Corollary 1 of Massart (1990). This further implies

lim sup
n→∞

logP
(
dJ1(W̄n, S̃n)

)
r(log n)

≤ − lim
n→∞

2ε2n

r(log n)
= −∞

Hence by the corollary 2.1, {S̃n}n≥1 and {W̄n}n≥1 satisfies the an extended LDP with the same
rate function and speed sequence. Note that the extended LDP of {S̃n}n≥1 is confirmed by Lemma
4.8. This finishes the proof.

Proof of Lemma 4.6. It is clear that Ĩk defined in (4.57) is lower semicontinuous on Rk↓+ . What’s
left is to verify the lower and upper bound inequalities required in an extended LDP, i.e for any
open set G

lim inf
n→∞

log µ̃n(G)

r(log n)
≥ − inf

x∈G
Ĩk(x) (4.58)

and for any closed set F

lim sup
n→∞

log µ̃n(F )

r(log n)
≤ − lim

ε↓0
inf
x∈F ε

Ĩk(x) (4.59)

Let’s first show (4.58). Fix a x̂ ∈ G, then x̂ has Ĩk(x̂) nonzero entries. Using a similar argument

for (4.27) in Proposition 4.2, for m ∈ N, there is fm : Rk↓+ → [−m, 0] such that fm(x̂) = 0 and
fm(y) = −m for y ∈ Gc, and we obtain

lim inf
n→∞

log
∫
Rk↓+

e− log Q̃(n)fm(x)µ̃n(dx)

− log Q̃(n)
≤ max{lim inf

n→∞

log µ̃n(G)

− log Q̃(n)
,−m} (4.60)
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We try to get a lower bound for the LHS of (4.60). For this purpose, define D̃δ as a neighbour
of x̂ taking the following form:

D̃δ =∆
Ĩk(x̂)∏
i=1

[x̂i − δ, x̂i + δ]× [0, δ](k−Ĩ
k(x̂))

Fix ∀ε > 0, we could choose a δ small enough (only dependent on m and ε) such that

1. If two nonzero entries x̂i 6= x̂j , then [x̂i − δ, x̂i + δ] ∩ [x̂j − δ, x̂j + δ] = ∅.

2. If x̂i 6= 0, then [x̂i − δ, x̂i + δ] ∩ [0, δ] = ∅.

3. D̃δ ⊂ G (This is possible since G is open)

4. fm(y) > fm(x̂)− ε = 0− ε = −ε for y ∈ D̃δ. (This is possible due to the continuity of fm).

By the properties 3 and 4 of D̃δ above, we can use a similar derivation of (??) in Proposition 4.2
to get :

lim inf
n→∞

log
∫
Rk↓+

e− log Q̃(n)fm(x)µ̃n(dx)

− log Q̃(n)
≥ lim inf

n→∞

log
∫
D̃δ
eQ̃(n)εµ̃n(dx)

− log Q̃(n)
≥ −ε+ lim inf

n→∞

log µ̃n(D̃δ)

− log Q̃(n)
(4.61)

According to D̂δ’s form along with its properties 1 and 2, µ̃n(D̃δ) in (4.61) satisfies:

µ̃n(D̃δ) ≥P
(
{
Q̃←(V(1))

n
∈ [x̂1 − δ, x̂1 + δ), · · · ,

Q̃←(V(Ĩk(x̂)))

n
∈ [x̂Ĩk(x̂) − δ, x̂Ĩk(x̂) + δ),

Q̃←(V(j))

n
∈ [0, δ) for j = Ĩk(x̂) + 1, · · · , n− 1}

)
=

(
n− 1

k

)
·
Ĩ(x̂)∏
i=1

(
Q̃(n(x̂i − δ)− Q̃(n(x̂i + δ)

)
·
(
1− Q̃(nδ)

)n−1−Ĩk(x̂)
,

and this implies

lim inf
n→∞

log µ̃n(D̃δ)

− log Q̃(n)
≥ lim
n→∞

log
(
n−1
k

)
− log Q̃(n)︸ ︷︷ ︸

(I)

+

Ĩk(x̂)∑
i=1

lim
n→∞

log
(
Q̃(n(x̂i − δ)− Q̃(n(x̂i + δ)

)
− log Q̃(n)︸ ︷︷ ︸

(II)

+ (4.62)

lim
n→∞

(n− 1− Ĩk(x̂)) · log
(
1− Q̃(nδ)

)
− log Q̃(n)︸ ︷︷ ︸

(III)

(4.63)

≥0− Ĩk(x̂) + 0 = −Ĩk(x̂).

Note that in (4.63), (I)= 0 due to − log Q̃(n) = r(log n)(1 + o(1)) and log
(
n−1
k

)
∼ log(n − 1)k ∼

k log n; (II)= −Ĩk(x̂) and (III)= 0 are the limit results (4.95) and (4.96), respectively.
Now, we can combine the inequalities (4.60), (4.61) and (4.63), and since ε is arbitrarily small,

we obtain

max{lim inf
n→∞

log µ̃n(G)

− log Q̃(n)
,−m} ≥ lim inf

n→∞

log
∫
Rk↓+

e− log Q̃(n)fm(x)µ̃n(dx)

− log Q̃(n)
≥ −Ĩk(x̂),
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The extended LDP lower bound (4.58) is achieved by letting m → ∞ and taking infimum over
x̂ ∈ G.

Now we turn to the upper bound (4.59). Let Hk
6i = {x ∈ Rk↓+ , xi+1 = 0} and define

I =∆ {i ∈ {0, 1, 2, · · · , k − 1} : d(F,Hk
6i) > 0} (4.64)

We borrow the same argument in Proposition 4.3: if the set (4.64) is empty, the upper bound (4.59)
becomes trivial. Otherwise, limε↓0 infx∈F ε Ǐk(x) = i+1 with i = max I. Since d(F,Hk

6i) > 0, there
is r > 0 such that for any x ∈ F , xi+1 > r, this implies:

lim sup
n→∞

log µ̌n(F )

− log Q̃(n)
= lim sup

n→∞

logP
((

Q̃←(V(1))

n ,
Q̃←(V(2))

n , · · · Q̃
←(V(k))

n

)
∈ F

)
− log Q̃(n)

≤ lim sup
n→∞

logP
(
{Q̃←(V(i+1)) ≥ nr}

)
− log Q̃(n)

= lim sup
n→∞

logP
(
{V(i+1) ≤ Q̃(nr)}

)
− log Q̃(n)

≤ −(i+ 1) = − lim
ε↓0

inf
x∈F ε

Ĩk(x).

The first equality in the last line is due to the limit result (4.97). This establishes the upper bound
in (4.59).

Proof of Lemma 4.7. We only prove the extended LDP on (D̃6k, dJ1), as that can be turned to an
extended LDP on (D, dJ1) with the help of Lemma 2.3. The conditions to apply Lemma 2.3 are

met, as P
(
J̃kn ∈ D̃6k

)
= 1 and D̃6k is closed.

The rate function Ĩk is lower-semicontinuous, as its level set ΨĨk
(c) = D̃6min{bcc,k} is closed. It

remains to show the extened LDP’s lower bound: for any G as a subset D̃6k and open

lim inf
n→∞

logP
(
J̃kn ∈ G

)
r(log n)

≥ − inf
ξ∈G

Ĩk(ξ) (4.65)

and extended LDP’s upper bound: for any F a subset D̃6k and closed

lim sup
n→∞

logP
(
J̃kn ∈ F

)
r(log n)

≤ − lim
ε↓0

inf
ξ∈F ε

Ĩk(ξ) (4.66)

(Here F ε is the set {η ∈ D̃6k : dJ1(η, F ) ≤ ε}).
For the lower bound (4.65), we discuss the following two cases:
Case 1: If ξ has j jumps for some j ≥ k and all those jumps fall on (0, 1). In such case,

ξ =
∑j

i=1 xi1[ui,1] with xi’s being the jump sizes of non-increasing order and ui ∈ (0, 1) being the
corresponding jump times. We construct a neighbourhood of ξ of the following form

Cδ =∆
{
η =

k∑
i=1

yi1[wi,1] + yk+11{1} ∈ D :y = (y1, · · · , yk+1) ∈
(
(

k∏
i=1

Yi) ∩ Rk↓+
)
× Yk+1,

w = (w1, · · · , wk) ∈
k∏
i=1

Wi,
}

(4.67)
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with the sets Yi’s and Wi’s defined as below

Yi =

{
(xi − δ, xi + δ) i = 1, · · · , j
[0, δ) i = j + 1, · · · , k + 1

, Wi =

{
(ui − δ, ui + δ) i = 1, · · · , j
(w∗ − δ, w∗ + δ) i = j + 1, · · · , k

In the above, w∗ is a fixed time that does not belong to {u1, · · · , uj}. It is not hard to see for any
η ∈ Cδ dJ1(ξ, η) < (k + 1)δ is satisfied, hence we can make Cδ ∈ G by choosing δ small.

Based on Cδ ∈ G, we have

P
(
J̃kn ∈ G

)
≥ P

(
J̃kn ∈ Cδ

)
= P

(
1

n

k∑
i=1

Q̃←(V(i))1[Ui,1] +
1

n
Zn1{1} ∈ Cδ

)

= P

((Q̃←(V(1))

n
, · · · ,

Q̃←(V(k))

n

)
∈ (

k∏
i=1

Yi) ∩ Rk↓+

)
P
(
Zn
n
∈ Yk+1

)
P ((U1, · · · , Uk) ∈ B)

= µ̃n((
k∏
i=1

Yi) ∩ Rk↓+ ) · P (Zn < nδ) · Const.

Therefore,

lim inf
n→∞

logP
(
J̃kn ∈ G

)
r(log n)

≥ lim inf
n→∞

log µ̃n((
∏k
i=1 Yi) ∩ Rk↓+ ) + logP (Zn < nδ)

r(log n)

= lim inf
n→∞

log µ̃n
(
(
∏k
i=1 Yi) ∩ Rk↓+

)
r(log n)

+ lim inf
n→∞

log
(
1− Q̃(nδ)

)
r(log n)

(4.68)

≥ − inf
x∈(

∏k
i=1 Yi)∩R

k↓
+

Ĩk
(
x
)

+ 0 ≥ −Ĩk
(
(x1, · · · , xj , 0, · · · , 0)

)
= −j = −Ĩk(ξ). (4.69)

Note that to lower bound two limit terms in from (4.68), we use the conclusion from Lemma 4.6
such that {µ̃n}n≥1 satisfying the extended LDP, and the limit results (4.96). The second inequality

in to (4.69) holds due to (x1, · · · , xj , 0, · · · , 0) ∈ (
∏k
i=1 Yi) ∩ Rk↓+ .

Case 2:If ξ has j jumps for some j ≥ k and one of those jump occur at t = 1. In such case,
ξ =

∑j−1
i=1 xi1[ui,1] + xj1{1} with x1, · · · , xj−1 being the jump sizes of non-increasing order. We

construct the set Cδ as (4.67), but modify Yi’s and Wi’s definitions as below

Yi =


(xi − δ, xi + δ) i = 1, · · · , j − 1

[0, δ) i = j, · · · , k
(xj − δ, xj + δ) i = k + 1

, Bi =

{
(ui − δ, ui + δ) i = 1, · · · , j − 1

(1
2 − δ,

1
2 + δ) i = j, · · · , k

Similar to the case 1 above, Cδ in this case is a neighborhood of ξ and we can choose δ small
enough to make it as a subset of G. By the extended LDP of {µ̃n}n≥1 and (x1, · · · , xj−1, 0, · · · , 0) ∈
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(
∏k
i=1 Yi) ∩ Rk↓+ , we can conclude

lim inf
n→∞

logP
(
J̃kn ∈ G

)
r(log n)

≥ lim inf
n→∞

logP
(
J̃kn ∈ Cδ

)
r(log n)

= lim inf
n→∞

log µ̃n
(
(
∏k
i=1 Yi) ∩ Rk↓+

)
+ logP

(
Zn
n ∈ Yk+1

)
+ logP ((U1, · · · , Uk) ∈ B)

r(log n)

≥ lim inf
n→∞

log µ̃n(A ∩ Rk↓+ ) + logP (n(xj − δ) < Zn < n(xj + δ))

r(log n)

≥ lim inf
n→∞

log µ̃n(A ∩ Rk↓+ )

r(log n)
+ lim inf

n→∞

log
(
Q̃(n(xj − δ

2))− Q̃(n(xj + δ
2))
)

r(log n)
(4.70)

≥ − inf
x∈(

∏k
i=1 Yi)∩R

k↓
+

Ĩk
(
x
)
− 1 ≥ −j ≥ −Ĩk

(
(x1, · · · , xj−1, 0, · · · , 0)

)
− 1 = −Ĩk(ξ).

Note that the second limit term in (4.70) equals -1 is due to the limit result (4.95). Combining the
two above cases yield

lim inf
n→∞

logP
(
J̃kn ∈ G

)
r(log n)

≥ −Ĩk(ξ)

and the lower bound (4.65) is established by taking supremum over all ξ ∈ G.
Now we turn to prove the upper bound (4.66). If the closed set F contains the zero function,

then limε↓0 infξ∈F ε Ĩk(ξ) = 0, and the upper bound (4.66) is trivial. Hence we consider F that does
not contain the zero function and define

i∗ = max{j ∈ {0, 1, 2, · · · k − 1}, : dJ1(F, D̃6j) > 0}+ 1 (4.71)

Based on this definition, F is bounded away from D̃6i∗−1, which implies

lim
ε↓0

inf
ξ∈F ε

Ĩk(ξ) = i∗ (4.72)

Also, paths in F has at least i∗ jumps, and due to dJ1(F, D̃6i∗−1) > 0, we can find some r > 0 such
that paths in F should have their i∗-th largest jump size no smaller than r.

Clearly, F can be represented by F1 ∪ F2, where

F1 = {ξ ∈ F, ξ(1)− ξ(1−) does not belong to ξ′s i∗ largest jumps sizes}
F2 = {ξ ∈ F, ξ(1)− ξ(1−) belongs to ξ′s i∗ largest jumps sizes}.

Therefore,

lim sup
n→∞

logP
(
J̃kn ∈ F

)
r(log n)

= max
{

lim sup
n→∞

logP
(
J̃kn ∈ F1

)
r(log n)︸ ︷︷ ︸

(I)

, lim sup
n→∞

logP
(
J̃kn ∈ F2

)
r(log n)︸ ︷︷ ︸

(II)

}
(4.73)
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For the term (I), we have

lim sup
n→∞

logP
(
J̃kn ∈ F1

)
r(log n)

= lim sup
n→∞

logP
(

1
n

∑k
i=1 Q̃

←(V(i))1[Ui,1] + 1
nZ1{1} ∈ F1

)
r(log n)

≤ lim sup
n→∞

logP
(
Q̃←(V(i∗)) ≥ nr, Z ∈ R+, Ui ∈ (0, 1) for i = 1, · · · , k

)
r(log n)

= lim
n→∞

logP
(
Q̃←(V(i∗)) ≥ nr

)
r(log n)

= lim
n→∞

logP
(
V(i∗) ≥ Q̃(nr)

)
r(log n)

= −i∗.

(4.74)

For the term (II), we have

lim sup
n→∞

logP
(
J̃kn ∈ F2

)
r(log n)

= lim sup
n→∞

logP
(

1
n

∑k
i=1 Q̃

←(V(i))1[Ui,1] + 1
nZ1{1} ∈ F2

)
r(log n)

≤ lim sup
n→∞

logP
(
Q̃←(V(i∗−1)) ≥ nr, Z ≥ nr, Ui ∈ (0, 1) for i = 1, · · · , k

)
r(log n)

= lim
n→∞

logP
(
V(i∗−1) ≥ Q̃(nr)

)
r(log n)

+ lim
n→∞

log Q̃(nr)

r(log n)
= −(i∗ − 1)− 1 = −i∗.

(4.75)

Note that in line (4.74) and (4.75), we use the limit result (4.94) and (4.97) with the fact− log Q̃(n) =
r(log n)(1 + o(1)).

Combining the calculation for (I) and (II), (4.73) becomes

lim sup
n→∞

logP
(
J̃kn ∈ F2

)
r(log n)

≤ −i∗

With (4.72), the upper bound (4.66)is established. This finishes the proof.

Proof of Lemma 4.8. Since S̄n and S̃n has the same distribution, we will infer the extended LDP
of {S̃n}n≥1. For this purpose, we apply the approximation lemma 2.1. As the extended LDP of
{J̃kn}n≥1 is confirm by Lemma 4.7, it remains to verify Lemma 2.1’s conditions (2.4), (2.5) and
(2.6), with Ĩk, Ĩ, J̃kn , S̃n, r(log n) being Ik, I, Y k

n ,Xn, an according to Lemma 2.1’s notations.
Since Ĩk(·) ≥ Ĩ(·) on D, the condition (2.4) is clearly met. In Theorem 3.1, we have shown the

condition (2.5) is satisfied w.r.t Îk and IJ1 . Here, we use the same argument the condition (2.5) is
satisfied w.r.t Ĩk and Ĩ holds. To see the condition (2.6) is satisfied, note that

P
(
dJ1(S̃n, J̃

k
n) > ε

)
≤ P

(
‖H̃k

n‖ > ε
)

= P

(
‖ 1

n

n−1∑
i=k+1

Q̃←(V(i))1[Ui,1] −
1

n
E [Z]

n−1∑
i=1

I[Ui,1] −
1

n
E [Z]1{1}‖ > ε

)

≤ P

(
‖ 1

n

n−1∑
i=k+1

Q̃←(V(i))1[Ui,1] −
1

n
E [Z]

n−1∑
i=1

I[Ui,1]‖ >
ε

2

)

+ P
(
‖ 1

n
E [Z]1{1}‖ >

ε

2

)
.
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It’s clear the term P
(
‖ 1
nE [Z]1{1}‖∞ > ε

2

)
becomes zero for large n. For such large n and any fixed

0 < δ < ε
2k , we have

P
(
dJ1(S̃n, J̃

k
n) > ε

)
≤ P

(
‖ 1

n

n−1∑
i=k+1

Q̃←(V(i))1[Ui,1] −
1

n
E [Z]

n−1∑
i=1

I[Ui,1]‖ >
ε

2
, Q̃←(V(k)) ≥ nδ

)

+ P

(
‖ 1

n

n−1∑
i=k+1

Q̃←(V(i))1[Ui,1] −
1

n
E [Z]

n−1∑
i=1

I[Ui,1]‖ >
ε

2
, Q̃←(V(k)) ≤ nδ

)
≤ P

(
Q̃←(V(k)) ≥ nδ

)
+ P

(
‖ 1

n

n−1∑
i=k+1

Q̃←(V(i))1[Ui,1] −
1

n
E [Z]

n−1∑
i=1

I[Ui,1]‖ >
ε

2
, Q̃←(V(k)) ≤ nδ

)
. (4.76)

Let Z ′1, · · · , Z ′n−1 be n−1 independent copies of the generic random variable Z and P ′n−1(·) be a ran-
dom permutation on {1, · · · , n− 1} such that Z ′P ′n−1(i) is the i-th largest item among Z ′1, · · · , Z ′n−1.

Since Q̃←(V(1)), · · · , Q̃←(V(n−1)) has the same distribution of the ascending order of Z ′1, · · · , Z ′n−1,
the second term in (4.76) can be further upper bounded by:

P

(
max

j=1,··· ,n−1

∣∣ j∑
i=1

(
Z ′i1{P ′n−1(i) > k} − E [Z]

)∣∣ > nε

2
, Z ′P ′n−1(k) ≤ nδ

)

≤ P

(
max

j=1,··· ,n−1

j∑
i=1

(
Z ′i1{P ′n−1(i) > k} − E [Z]

)
>
nε

2
, Z ′P ′n−1(k) ≤ nδ

)
+

P

(
max

j=1,··· ,n−1

j∑
i=1

(
E [Z]− Z ′i1{P ′n−1(i) > k}

)
>
nε

2
, Z ′P ′n−1(k) ≤ nδ

)

≤ P

(
max

j=1,··· ,n−1

j∑
i=1

(
Z ′i1{Z ′i ≤ nδ} − E [Z]

)
>
nε

2

)
+

P

(
max

j=1,··· ,n−1

j∑
i=1

(
E [Z]− Z ′i1{Z ′i ≤ nδ}

)
+ nδk >

nε

2

)
.
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With the above upper bound for the second term in (4.76), we have

lim sup
n→∞

logP
(
dJ1(S̃n, J̃

k
n) > ε

)
r(log n)

≤max
{

lim sup
n→∞

logP
(
V(k) ≤ Q̃(nδ)

)
r(log n)

,

lim sup
n→∞

logP
(

max
j=1,··· ,n−1

∑j
i=1

(
Z ′i1{Z ′i ≤ nδ} − EZ

)
> nε

2

)
r(log n)

,

lim sup
n→∞

logP
(

max
j=1,··· ,n−1

∑j
i=1

(
EZ − Z ′i1{Z ′i ≤ nδ}

)
> n( ε2 − kδ)

)
r(log n)

}
(4.77)

= max{−k,− ε

4δ
,−∞}. (4.78)

To achieve (4.78) in the above, we have used the limit result (4.94), Lemma 4.4 and Lemma 4.5
respectively to bound the three limsup terms in the (4.77). We can choose arbitrary small δ to
make the value in 4.78 to −k, and letting k → ∞ confirms the condition (2.6). This finishes the
proof.

4.4 Proofs for Section 3.3

We start with a lemma that will be useful.

Lemma 4.9. If the extended large deviation upper bounds hold for Xn and Yn with rate functions
I and J , respectively, and suppose that

F ,
M⋂
m=1

(Cm × Y) ∪ (X ×Dm) (4.79)

where M is a finite integer, and Cn ⊆ X and Dn ⊆ Y are not necessarily closed sets. Suppose that
Xn and Yn satisfy the extended LDP with the rate functions I and J . Then the extended LDP
upper bound w.r.t. F holds for (Xn, Yn) with the rate function K(x, y) = I(x) + J(y), i.e.,

lim sup
n→∞

a−1
n P

(
(Xn, Yn) ∈ F

)
≤ − lim

ε→0
inf

(x,y)∈F ε
K(x, y)

Proof of Lemma 4.9. Note that

F =
⋃

`∈{0,1}M

( ⋂
m:`m=0

Cm ×
⋂

m:`m=1

Dm

)
. (4.80)
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Therefore,

lim sup
n→∞

a−1
n logP

(
(Xn, Yn) ∈ F

)
= lim sup

n→∞
a−1
n log

∑
`∈{0,1}M

P
(
Xn ∈

⋂
m:`m=0

Cm
)
· P
(
Yn ∈

⋂
m:`m=1

Dm

)

≤ sup
`∈{0,1}N

lim sup
n→∞

a−1
n logP

(
Xn ∈

⋂
m:`m=0

Cm
)
· P
(
Yn ∈

⋂
m:`m=0

Dm

)
= sup

`∈{0,1}N

− lim
ε→0

inf
x∈
(⋂

m:`m=0 Cm
)ε I(x)− lim

ε→0
inf

x∈
(⋂

m:`m=1 Dm
)ε J(x)


= − lim

ε→0
inf

`∈{0,1}N
inf

(x,y)∈
(⋂

m:`m=0 Cm
)ε
×
(⋂

m:`m=1 Dm
)ε I(x) + J(x)

= − lim
ε→0

inf
(x,y)∈F ε

I(x) + J(y)

Now we are ready to prove Proposition 3.1.

Proof of Proposition 3.1. By induction, it is enough to show this for d = 2. To ease the notation,

we will denote X
(1)
n with Xn, X

(2)
n with Yn, X (1) with X , X (2) with Y, I(1) with I, I(2) with J , and

Ī with K.
For the lower semicontinuity of K, note that the sublevel set of K can be written as follows:

ΦK(α) , {(x, y) ∈ X × Y : K(x, y) ≤ α}

=
∞⋂
n=1

n+1⋃
m=0

{
x ∈ X : I(x) ≤ m

n
α
}

︸ ︷︷ ︸
ΨI

(
m
n
α
) ×

{
y ∈ Y : J(y) ≤ n+ 1−m

n
α
}

︸ ︷︷ ︸
ΨJ

(
n+1−m

n
α
) ,

which is closed since I and J are lower semicontinuous, and each of the unions involve only finite
number of closed sets.

For the lower bound of the extended LDP, given an open set G ⊆ X × Y and its element
(x, y) ∈ G, there exist open neighborhoods GX ⊆ X and GY ⊆ Y of x and y such that GX×GY ⊆ G.

lim inf
n→∞

a−1
n logP

(
(Xn, Yn) ∈ G

)
≥ lim inf

n→∞
a−1
n logP(Xn ∈ GX ) · P(Yn ∈ GY)

= lim inf
n→∞

a−1
n logP(Xn ∈ GX ) + lim inf

n→∞
a−1
n logP(Yn ∈ GY)

≥ − inf
x′∈GX

I(x′)− inf
y′∈GY

I(y′)

= −K(x, y)

Taking infimum over (x, y) ∈ G, we arrive at the desired lower bound.
For the upper bound of the extended LDP, we introduce a few extra notations. Let I , {I(x) :

x ∈ X}, J , {J(x) : x ∈ Y}, and K , {K(x, y) : x ∈ X , y ∈ Y} denote the ranges of I, J , and K.
Fix an F ⊆ X × Y and set

k′ , lim
ε→0

inf
(x,y)∈F ε

K(x, y) (4.81)
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If k = 0, then the extended LDP upper bound is trivially satisfied, and hence, we assume w.l.o.g.
k > 0. From the assumption (iii), there exists the largest element k ∈ K such that k < k′. Note
also that

ΨK(k) =
⋃

(i,j)∈B(k)

ΨI(i)×ΨJ(j)

where B(k) = {(i, j) ∈ I × J : i + j ≤ k}. Note also that (4.81) implies that there exists δ > 0
such that d(F,ΨK(k)) > δ. This, in turn, implies that

F ⊆
(
X × Y

)
\
(
ΨK(k)

)δ
=

⋂
(i,j)∈B(k)

((
X \ΨI(i)

δ
)
× Y

)
∪
(
X ×

(
Y \ΨJ(j)δ

))
.

From this and Lemma 4.9, we get

lim inf
n→∞

a−1
n logP

(
(Xn, Yn) ∈ F ) ≤ lim inf

n→∞
a−1
n logP

(
(Xn, Yn) ∈

(
X × Y

)
\
(
ΨK(k)

)δ)
≤ − lim

ε→0
inf

(x,y)∈
(

(X×Y)\(ΨK(k))δ
)εK(x, y) < −k.

Since −k ≤ −k′ = − limε→0 inf(x,y)∈F ε K(x, y), this implies the extended LDP upper bound:

lim inf
n→∞

a−1
n logP

(
(Xn, Yn) ∈ F ) ≤ − lim

ε→0
inf

(x,y)∈F ε
K(x, y).

4.5 Proofs for Section 3.4

Proofs of Lemma 3.1. Suppose that η ∈ D̂61. It is sufficient to show that η /∈ F̄ . We start with
the following observations:

(1) If ξ ∈ Fn, then ξ(1
2) ≥ log n− 1

2ν1µ1 − 1
3n
− 1

3 . In particular, ξ(1
2) > 1 for any ξ ∈ F .

(2) If ξ ∈ Fn, then ξ has a jump between (3
4 , 1] of size no smaller than 1

3n
− 1

3

Note that since (1) implies that Fn’s are bounded away from the zero function. Therefore, we will
focus on the case η 6≡ 0 w.l.o.g. This allows us to write η = z1[v,1] for z > 0 and v ∈ [0, 1]. We
conclude the proof by considering the two possible cases—v ∈ (1/2, 1] and v ∈ [0, 1/2]—separately:

Suppose that v ∈ (1/2, 1]. For any ξ ∈ F , set z , (ξ(1/2), 1/2) ∈ Γ(ξ). From (1), we can easily
check d

(
z,Γ(η)

)
≥ v − 1/2. From this and Lemma 2.1, we have dM ′1(η, ξ) ≥ v − 1/2. Since this is

true for any ξ ∈ F , we conclude that η /∈ F̄ .
Suppose that v ∈ [0, 1/2]. We will proceed with proof by contradiction. Suppose that η ∈ F̄ so

that there exists a sequence ξn ∈ F such that dM ′1(ξn, η)→ 0 as n→∞. We claim that ξn ∈ Fmn
for some mn such that mn →∞ as n→∞. To see this, recall (2) and the fact that η is constant
between 1/2 and 1. Therefore, Lemma 2.2 implies that dM ′1(ξn, η) is bounded away from 0 if the
claim doesn’t hold. On the other hand,

dM ′1(ξn, η) ≥ d
(
(ξn(1/2), 1/2),Γ(η)

)
≥ |ξn(1/2)− z| ≥ logmn −

1

2
ν1µ1 −

1

3
m
− 1

3
n − z →∞,

where the second inequality is from Lemma 2.1 and the third inequality is from the claim. This is
contradictory to our earlier assumption, and hence, η cannot be in F̄ .
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Proof of Lemma 3.2. Based on the Lévy-Ito decomposition (3.1), X̄n has the following distribution
representation:

X̄n
D
= J̄n + H̄n (4.82)

where

J̄n(t) =∆
1

n

∫
[1,∞)

xN̂([0, nt]× dx) (4.83)

H̄n(t) =∆
aB(nt)

n
+

1

n

∫
(0,1]

x
(
N̂([0, nt]× dx)− ntν(dx)

)
− t
∫

[1,∞)
xν(dx) (4.84)

Since J̄n and H̄n are independent, we have

lim sup
n→∞

logP
(
X̄n ∈ F

)
r(log n)

≥ lim sup
n→∞

logP
(
X̄n ∈ Fn

)
r(log n)

≥ lim sup
n→∞

logP
(
J̄n ∈ Bn, H̄n ∈ Cn

)
r(log n)

≥ lim sup
n→∞

logP
(
J̄n ∈ Bn

)
+ logP

(
H̄n ∈ Cn

)
r(log n)

= lim sup
n→∞

logP
(
J̄n ∈ Bn

)
r(log n)︸ ︷︷ ︸

(I)

+ lim
n→∞

logP
(
H̄n ∈ Cn

)
r(log n)︸ ︷︷ ︸
(II)

. (4.85)

Due to Lemma 4.10, we have (II)= 0. To evaluate (I), recall Q←n (·)’s definition in (4.7) and N̂ ’s
representation in (4.8). J̄n has the following representation.

J̄n(t)
d
=

∞∑
i=1

Q←n (Γi)1[1,∞)(Q
←
n (Γi))1[Ui,1](t)

Here Γi = Y1 + · · ·+ Yi and Yi’s are i.i.d. Exp(1) variables. From the definitions of An and Bn’s in
(3.14) and (3.15),

{Y1 ∈
(
Qn(n · 2 log n), Qn(n log n)

]
, Y2 ∈

[
0, Qn(n · n−

1
3 )−Qn(n log n)

)
, U1 ∈ (

1

4
,
1

2
], U2 ∈ (

3

4
, 1]}

⊂ {Y1 ∈
(
Qn(n · 2 log n), Qn(n log n)

]
, Y1 + Y2 ∈

[
0, Qn(n · n−

1
3 )
]
, U1 ∈ (

1

4
,
1

2
], U2 ∈ (

3

4
, 1]}

⊂ {Q
←
n (Y1)

n
∈ [log n, 2 log n) and

Q←n (Y1 + Y2)

n
∈ [n−

1
3 ,∞), U1 ∈ (

1

4
,
1

2
], U2 ∈ (

3

4
, 1]}

⊂ {π(J̄n) ∈ An} = {J̄n ∈ π−1(An) = Bn}.

where the second inclusion is due the fact that c ∈
(
Qn(b), Qn(a)

]
if and only if Q←n (c) ∈ [a, b) for

any c and b > a ≥ 0. Therefore, the term (I) by can be lower-bounded as below:

lim sup
n→∞

logP
(
J̄n ∈ Bn

)
r(log n)

≥ lim sup
n→∞

logP (Y1 ∈ (Qn(n · 2 log n), Qn(n log n)]) + logP
(
Y2 ∈ [0, Qn(n · n−

1
3 )−Qn(n log n))

)
r(log n)

= lim sup
n→∞

1

r(log n)

[
log

∫ Qn(n logn)

Qn(n·2 logn)
e−y1dy1 + log

∫ Qn(n
2
3 )−Qn(n logn)

0
e−y2dy2

]
≥ − lim

n→∞

Qn(n log n)

r(log n)︸ ︷︷ ︸
(III)

+ lim
n→∞

log
(
Qn(n log n)−Qn(n · 2 log n)

)
r(log n)︸ ︷︷ ︸
(IV)

+ lim
n→∞

log
(
1− e−Qn(n

2
3 )+Qn(n logn)

)
r(log n)

.︸ ︷︷ ︸
(V)
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Now we are left with identifying (III), (IV), and (V). Note that due to (4.90) of Lemma 4.11,

(III) = lim
n→∞

Qn(n log n)

r(log(n log n))

r(log(n log n))

r(log n)
= 0.

On the other hand,

(IV) = lim
n→∞

log
(
cnβ+1(log n)βe−λ(logn+log logn)γ − cn(n · 2 log n)βe−λ(logn+log ·2 logn)γ

)
r(log n)

= lim
n→∞

log c+ (β + 1) log n+ β log log n− λ(log n+ log log n)γ

r(log n)
(4.86)

+ lim
n→∞

log
(
1− 2βeλ(logn+log logn)γ−λ(logn+log logn+log 2)γ

)
r(log n)

(4.87)

= −1,

since (4.86) is obviously −1 and (4.87) is 0 as λ(log n + log log n)γ − λ(log n + log log n + log 2)γ

tends to −∞ as n→∞. Finally,

(V) = lim
n→∞

log
(
Qn(n

2
3 )−Qn(n log n)

)
r(log n)

= lim
n→∞

log
(
cn

2
3
β+1e−λ( 2

3
)γr(logn) − cnβ+1(log n)βe−λ(logn+log logn)γ

)
r(log n)

= lim
n→∞

log
(
cn

2
3
β+1e−λ( 2

3
)γr(logn)

)
+ log

(
1− n

1
3
βe
λr(logn)

(
( 2

3
)γ−(1+ log logn

logn
)γ
))

r(log n)

= lim
n→∞

log c+ (2
3β + 1) log n− λ(2

3)γr(log n)

r(log n)
+ 0 = −

(2

3

)γ ≥ −1.

This concludes the proof of the lemma.

Lemma 4.10. For Cn in (3.16) and H̄n in (4.84),

lim
n→∞

logP
(
H̄n ∈ Cn

)
r(log n)

= 0

Proof. It is enough to shows that P
(
H̄n /∈ Cn

)
→ 0 as n→∞.

P
(
H̄n /∈ Cn

)
= P

(
sup
t∈[0,1]

|H̄n(t) + tν1µ1| >
1

3

1

n
1
3

)

= P

(
sup
t∈[0,1]

∣∣∣∣aB(nt)

n
+

1

n

∫
(0,1]

x
(
N̂([0, nt]× dx)− ntν(dx)

)∣∣∣∣ > 1

3

1

n
1
3

)

= P

(
sup
t∈[0,1]

(
aB(nt) +

∫
(0,1]

x
(
N̂([0, nt]× dx)− ntν(dx)

))2

>
1

9
n

4
3

)

≤
E
[(
aB(n) +

∫
(0,1] x

(
N̂([0, n]× dx)− ntν(dx)

))2]
1
9n

4
3

=
nE
[(
aB(1) +

∫
(0,1] x

(
N̂([0, 1]× dx)− tν(dx)

))2]
1
9n

4
3

=
Const

n
1
3

→ 0,

where the inequality is due to the Doob’s submartingale inequality.
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4.6 Supporting lemmata

4.6.1 Asymptotic limits associated with Qn and Q̃

This section covers several limits associated with Qn and Q̃. Recall ν satisfies Assumption 1 and
Qn(x) = nν[x,∞) for x > 0.

Lemma 4.11. The following asymptotics hold:

lim
n→∞

Qn(nx) = 0 (4.88)

lim
n→∞

Qn(nx)

r(log n)
= 0 (4.89)

lim
n→∞

logQn(nx)

r(log n)
= −1 (4.90)

lim
n→∞

log
(
Qn(nx1)±Qn(nx2)

)
r(log n)

= −1 for 0 < x1 < x2 (4.91)

lim
n→∞

logP
(
Γi ≤ Qn(nc)

)
r(log n)

= −i (4.92)

Proof. The first three (4.88), (4.89), and (4.90) are trivial. For (4.91),

lim
n→∞

log
(
Qn(nx1)±Qn(nx2)

)
r(log n)

= lim
n→∞

log
(
n exp(−r(log nx1))± n exp(−r(log nx2)

)
r(log n)

= lim
n→∞

log
(
n · exp

(
− r(log nx1)

)
·
(
1± exp

{
r(log nx1)− r(log nx2)

}))
r(log n)

= lim
n→∞

log
(

exp
(
− r(log nx1)

))
r(log n)

+ lim
n→∞

log
(
1± exp

{
r(log nx1)− r(log nx2)

})
r(log n)

= −1

Note that the last equality holds because limn→∞
(
r(log nx1)−r(log nx2)

)
= −∞. For (4.92), recall

that Γi follows the Erlang-i distribution, and hence,

lim
n→∞

logP (Γi ≤ Qn(nc))

r(log n)
= lim

n→∞

log
(

1
i!

∫ Qn(nc)
0 si−1e−sds

)
r(log n)

= lim
n→∞

log
( ∫ Qn(nc)

0 si−1e−sds
)

r(log n)
.

(4.93)
Note that since Qn(nc) ↓ 0 as n→∞,

1

2i

(
Qn(nc)

)i ≤ 1

2

∫ Qn(nc)

0
si−1ds ≤

∫ Qn(nc)

0
si−1e−sds ≤

∫ Qn(nc)

0
si−1ds ≤ 1

i

(
Qn(nc)

)i
for sufficiently large n’s. Combining this with (4.93), we arrive at (4.92) as follows:

lim
n→∞

log
( ∫ Qn(nc)

0 si−1e−sds
)

r(log n)
= lim

n→∞

log
((
Qn(nc)

)i)
r(log n)

.

The last equality is due to (4.90).
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We assume the tail of the random variable Z satisfies Assumption 2 and Q̃(x) = P (Z ≥ x) ∼
exp(−r(log x)). The limit results in terms of Q̃ is listed in the following lemma:

Lemma 4.12. For x > 0 and i ∈ N,

lim
n→∞

log Q̃(nx)

− log Q̃(n)
= −1 (4.94)

lim
n→∞

log(Q̃(nx1)− Q̃(nx2))

− log Q̃(n)
= −1 for x2 > x1 > 0 (4.95)

lim
n→∞

n log(1− Q̃(nx))

− log Q̃(n)
= 0 (4.96)

lim
n→∞

logP
(
V(i+1) ≤ Q̃(nx)

)
− log Q̃(n)

≤ −(i+ 1) (4.97)

Proof. The result (4.94) is similar to the result (4.90), more specifically:

lim
n→∞

log Q̃(nx)

− log Q̃(n)
= lim

n→∞

log c+ β log n+ β log x− λ(log n+ log x)2

− log c− β log n+ λ log2 n

= lim
n→∞

−λ(log n+ log x)2

λ log2 n
= lim

n→∞
−
(

1 +
log x

log n

)2
= −1

The result (4.95) is immediate from the result (4.91) if we realize the quantity Q̃(nx) and Qn(nx)
only differ with a factor of n, thus after taking the log, its effect is negligible.

For the result (4.96), we have the function log(1− x) around x = 0 takes the form −x + o(x),
hence the term

lim
n→∞

n log(1− Q̃(nx))

− log Q̃(n)
= lim

n→∞

nQ̃(nδ)

− log Q̃(n)
= lim

n→∞

n · c(nδ)βe−λ log2(nδ)

λ log2 n
= 0

For the last result (4.97), we have V(i+1) following the Beta(i+ 1, n− i− 1) distribution which

is of the density Γ(n−1)
Γ(i+1)Γ(n−i−1)y

i(1− y)n−i−2, hence

lim
n→∞

logP
(
V(i+1) ≤ Q̃(nx)

)
− log Q̃(n)

= lim sup
n→∞

log
∫ Q̃(nr)

0
Γ(n−1)

Γ(i+1)Γ(n−i−1)y
i(1− y)n−i−2dy

− log Q̃(n)

≤ lim sup
n→∞

log
∫ Q̃(nr)

0
Γ(n−1)

Γ(i+1)Γ(n−i−1)y
idy

− log Q̃(n)

= lim sup
n→∞

log Γ(n−1)
Γ(i+1)Γ(n−i−1)(i+1)Q̃

i+1(nr)

− log Q̃(n)

= lim
n→∞

log Γ(n−1)
Γ(i+1)Γ(n−i−1)(i+1)

− log Q̃(n)
+ lim
n→∞

(i+ 1) log Q̃(nr)

− log Q̃(n)

= 0− (i+ 1) = −(i+ 1)
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4.6.2 Basic concentration inequalities

This section reviews two well-known concentration inequalities.

Lemma 4.13. [Etemadi’s inequality] Let X1, · · · , Xn be independent real-valued random variables
defined on some common probability space, and let x ≥ 0. Let Sk denote the partial sum Sk =
X1 + · · ·+Xk. Then

P
(

max
1≤k≤n

|Sk| ≥ 3x

)
≤ 3 max

1≤k≤n
P (|Sk| ≥ x)

Lemma 4.14. [Bernstein’s inequality] LetX1, · · · , Xn be independent real-valued random variables
with finite variance such that Xi ≤ b for some b > 0 almost surely for all i ≤ n. Let S =∑n

i=1(Xi − E [Xi]) and v =
∑n

i=1 E
[
X2
i

]
, then for any t > 0

P (S ≥ t) ≤ exp
{
− t2

2(v + bt/3)

}
References

Bazhba, M., Blanchet, J., Rhee, C.-H., and Zwart, B. (2019). Queue length asymptotics for the
multiple-server queue with heavy-tailed Weibull service times. Queueing Syst., 93(3-4):195–226.

Bazhba, M., Blanchet, J., Rhee, C.-H., and Zwart, B. (2020). Sample path large deviations for Lévy
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