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Abstract

We consider the stationary solution Z of the Markov chain {Z, },,c defined by Z,,+1 =
V,+1(Z,), where {W,},en is a sequence of independent and identically distributed
random Lipschitz functions. We estimate the probability of the event {Z > x} when x
is large, and develop a state-dependent importance sampling estimator under a set of
assumptions on W, such that, for large x, the event {Z > x} is governed by a single large
jump. Under natural conditions, we show that our estimator is strongly efficient. Special
attention is paid to a class of perpetuities with heavy tails.
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1. Introduction

We consider an R-valued Markov chain {Z,, },cn defined by

Zn+1 = “I’[n+l(zn)a (1)

where {W,, },cn is a sequence of independent and identically distributed (i.i.d.) positive random
Lipschitz functions (see (14)) and Zp € R is independent of the sequence {¥,, },,cn. Under mild
conditions (see Assumption B1), the stationary solution to (1) has the same distribution as the
almost-sure limit Z of the sequence {V] o --- o W, (Zo)}neN; see [12] for details. We assume
that W, is such that W; o - -- o W, (Zp) is increasing in n. In this paper we develop efficient
simulation methods for estimating the tail probability of Z, i.e. we are interested in computing
P(Z > x) = P(T (x) < oo) for large x, where T (x) = inf{n > 0: W 0--- 0 W,(Zy) > x}.

Two examples are of particular interest in the above setting. The first example is the so-
called stochastic perpetuity. More precisely, consider the random difference equation ¥, (z) =
A,z + B,. Then recursion (1) becomes

Zn+] = An+lzn + Bn+1, (2)
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where {(A;, By)}n>0 is a sequence of i.i.d. R-valued random vectors, independent of the initial
random variable Zp. It is well known (see, e.g. [8, Chapter 2]) that if E[log A;] < 0 and
E[log* B;] < oo then the Markov chain given by (2) has a unique stationary distribution,
which has the same distribution as Z = Z;’O:O Bn+1e5" , where S,, = Z:’z 1 log A;. Moreover,
noting that 7 (x) = inf{n > 0: Y} _, Bi+1e% > x}, our objective is to show that P(Z > x) =
P(T (x) < o0) in the positive B, case. Perpetuities occur, e.g. in the context of ruin problems
with investments, in the study of financial time series, such as ARCH-type processes (see,
e.g. [13]), and in tail asymptotics for exponential functionals of Lévy processes (see, e.g. [24]).
Although some particular cases exist that allow for an explicit analysis (see, e.g. [30]), it is
difficult to obtain exact results for the distribution of Z in general. Thus, Monte Carlo simulation
arises as a natural approach to deal with the analysis of stochastic perpetuities, including the
large deviations regime in which x in P(Z > x) is large, the focus of this paper.

Another example of (1) is the Lindley recursion which describes the waiting time of a
customer in a single-server queue. More precisely, we consider (1) with ¥, (z) = max{0, z +
Xy}, where X,,, n € N, is asequence of i.i.d. R-valued random variables. It is well known (see,
e.g. [15]) that the stationary solution of the Markov chain Z,+; = max{0, Z, + X,,+1}, n €
N, represents the all-time maximum of a random walk, denoted by max;,>o S,, where S, =
Z?:l X;. A similar connection holds, of course, between eZn and eZr+! in this context. The
exponentiated form of the Lindley recursion is actually more suitable for our purposes: by
developing a connection between iterated random functions (perpetuities) and the maximum
of a random walk, we utilize rare-event simulation techniques to estimate P(max,>¢ S, > x)
and construct efficient simulation algorithms for computing the tail probability of the stationary
solutions to (1) and (2) under a heavy-tailed setup.

Before we state a more precise description of our results, we first mention some related
works. In the more general context of iterated random functions, Goldie [16] studied the tail
behavior of Z under sufficient conditions on W, for which P(Z > x) behaves as a power-law
distribution. We refer the reader to [25] for a more recent study. A related study to the present
work was carried out by Dyszewski [12], who showed that the tail of Z is slowly varying under
the same conditions (see Assumptions Al, A2, B1, and B2) applied in this work. Dyszewski’s
result was an extension of a classical result of Pakes [26] and Veraverbeke [29]. for the maximum
of random walks.

Turning to the special case of stochastic perpetuities, sufficient conditions for P(Z > x) to
decay at an exponential rate were established by Goldie and Griibel [17], who assumed that
|A1] is bounded by 1 and that the moment generating function of Bj exists in a neighborhood
of the origin. By assuming that E|A{|* = 1 and E|B1|* < oo for some o > 0, Kesten [22]
and later Goldie [16] proved that Z has a power-law distribution with exponent «. Moreover,
a result due to Grincevicius [19] and later generalized by Grey [18] states that the tail of Z is
regularly varying with some index, say —«, if Bj is regularly varying with the same index —«
and EA{ < 1. For a more extensive overview of the literature in this area, see, e.g. [8] and the
references therein.

A study on rare-event simulation of primary interest to this work is that of Blanchet and
Glynn [5], who designed an algorithm for estimating the tail probability of the all-time maximum
of heavy-tailed random walks. A major contribution of the present paper is the extension of
the algorithm in [5] to the more general setting of [12]. Asmussen and Nielsen [3] also studied
rare-event simulation for perpetuities and iterated random functions considering deterministic
interest rates. Blanchet and Zwart [7] estimated the tail probability of perpetuities with
deterministic premiums (B,). Later, Blanchet er al. [6] developed simulation algorithms
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for perpetuities when the discount factor and premium are modeled by a Markov chain.
Furthermore, Collamore et al. [10] provide simulation estimators for the tail distribution of Z
as in (1) with ¥, (z) = A, max{z, D,} + B,.

The contributions of the present paper are as follows. For stochastic perpetuities, we propose
a strongly efficient simulation algorithm for estimating P(Z > x). To this end, we make several
assumptions; see Assumptions A1-A5. We illustrate the generality of these assumptions through
examples and by providing sufficient conditions in Remarks 3, 4, 6, and 7. We construct an
upper bounding random walk for the stochastic perpetuity, which leads to an asymptotic result
for the tail probability of Z under a heavy-tailed assumption on log max{A1, B;}. Note that Z
is defined over an infinite horizon and, hence, requires an infinite amount of computational
effort to generate each sample when using a crude Monte Carlo sampling approach. A natural
approach to address such an issue is to obtain approximations by means of finite-time truncation.
We study the bias introduced by such approximations and show that our estimator has a vanishing
relative bias as x — co. By making a slightly stronger, but not restrictive, assumption (see
Assumption AS), we are able to identify the rate at which the bias decays with respect to the
truncation time. Applying the bias elimination technique studied in [28], we then propose
strongly efficient and unbiased estimators for P(Z > x). Finally, we extend these results to
the more general setting of (1). In Section 3.2 we make a couple of extra assumptions (see
Assumptions BO and B1) on ¥,,. Our setting is almost identical to that of [9], [12], and [16].
In Remark 9 we give examples that satisfy our assumptions.

The most important aspect of this work is that we connect our class of iterated random
functions to the maximum of a random walk. To illustrate this, consider (2) with B,, = 1. We
connect the stochastic perpetuity with the maximum of the random walk by observing that, for
y € (0, —ESy),

N C)

o o
1
7 = XQ)exp(Sn) = XE)exp(Sn + ny)exp(—ny) < exp(rrrllza())((S,, + ny))m
n=! n=

where S, = Y, log A;. The upper bounding random walk constructed in (3) allows us to
construct a coupling, and leverage the importance sampling algorithm designed by Blanchet and
Glynn [5]. It turns out that we can extend this idea to the general setting of (1) by constructing
a slightly more involved upper bounding random walk. Note that our extension of (3) leads to
a shorter proof of the asymptotic upper bound given in [12], which we believe to be of intrinsic
interest.

The rest of the paper is organized as follows. In Section 2 we introduce our notation and
basic background information. The main results are stated in Section 3, first in the context of
stochastic perpetuity and then in the context of the iterated functions setting. Numerical results
are presented in Section 4. All proofs can be found in Section 5.

2. Notation and preliminary results

In this section we introduce the notation use throughout the paper, and recall some prelimi-
nary results from the literature.

For (x,y) € R%, let x A y £ min{x, y} and x V y £ max{x, y}. Forx € R, let x* =
x V 0 denote the positive part of x and let log™ x = 0 Vv logx = log(x vV 1). Letc €
R U {%00}, and let f(x) and g(x) be nonnegative real-valued functions. We respectively write
Fx) ~ g), f(x) = 0(g(x)), and f(x) = O(g(x)) as x — ¢, if limec f(x)/g(x) =1,
limy—. f(x)/g(x) =0, and limsup,_, . f(x)/g(x) < oo.
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To describe the efficiency of a rare-event simulation algorithm, we adopt a widely applied
criterion (for a discussion of efficiency in rare-event simulation, see, e.g. [2]). Suppose that we
are interested in a sequence of rare events & (x) that become more rare as x — oco. Let L(x)
be an unbiased estimator of the rare-event probability P(€ (x)). We say that L(x) is strongly
efficient if EL(x)?> = O(P(8(x))?) as x — oo. In particular, strong efficiency implies that
the number of simulation runs required to estimate the target probability to a given relative
accuracy is bounded with respect to (w.r.t.) x.

As we mentioned in the introduction, a state-dependent importance sampling scheme will
be used in this paper. We recall the following result that will be very useful in validating our
new estimator.

Result 1. (Asmussen [1, Proposition 3.1 and Theorem 3.2].) Let Y,,, n € N, be a sequence
of random variables on the probability space (2, ¥,P). Let M, n € N, be a nonnegative
martingale that is adapted to Y, for which EMy = 1. Let " be a stopping time adapted to Y.
Define a sequence of probability measures as P, (A") = Bl M, for A’ € F, £ o(Y1, ..., 1),
where 1 is the indicator function. Then there exists a probability measure P such that P(A') =
P, (A") for A’ € ¥, and n € N. Furthermore, we have El(r .oc) = El{r<oo}M1?1.

Next, we recall a simulation algorithm proposed in [5], where the authors developed an
efficient state-dependent importance sampling strategy for estimating the tail probability of
a random walk crossing a certain level. Before we go through the details of the simulation
algorithm, we introduce the following definition.

Definition 1. Let Y be a random variable on R. Let the integrated tail of Y, as a function of x,
be defined by

00
X 1/\/ P(Y > t)dr.
We say that Y is long tailed if, for every ¢ € )]CR, we have
P(Y >t+c¢)~P(Y >t) ast— oo.
We say that Y is subexponential, if

P(Yg) + Y(;) >1) ~2P(YT >1) ast— oo,

where Y(1) and Y(o) are independent copies of Y. Moreover, we say that Y is strongly
subexponential, or Y belongs to the class S*, if

t
2EYTP(Y > 1) ~ / P(Y >t —s)P(Y >s)ds ast — oo.
0

Remark 1. Note that the integrated tail function defines a probability distribution. Moreover,
if Y belongs to S*, both the distribution of Y and its integrated tail are subexponential (see [23,
Theorem 3.2]) and, in particular, long tailed.

Consider arandom walk {S,, },cn generated by a sequence of i.i.d. random variables { X}, },eN,
ie. S, = ZL] X;. Assume that EX| < 0, and X belongs to S*. Let P(y, dz) denote the
transition kernel of the random walk {S, },,en. Define a nonnegative random variable W that is
independent of {X,},en with tail probability

1 o
P(W > y) £ min|:1, _]E_)(]/y P(X;| > t)dt].
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Fix x > 0. To estimate P(max,>0 S, > x) = P(r(x) < 00), where
t(x) =inf{n > 0: S, > x},

Blanchet and Glynn [5] suggested simulating the random walk via another transition kernel

0u.(y, d2) 2 P(y, dz Y LEFa) iy € (—o0o0.x], z € R, ()
w(y + ax)
where
v(z) £EP(W > —(z — x)), w(y) £P(X; + W > —(y — x)), (5)

and a, is such that, for fixed § € (0, 1),

v (y) — wi(y)
—§ < PX, > —»w(y) forall y < x + a,. (6)

Let P9 and EZ+ denote respectively the probability measure and the expectation w.r.t. the
random process {S,},en having a one-step transition kernel Q. (y,dz) as in (4). In the

following theorem, we state the simulation estimator proposed in [5], which will prove to
be useful in our context.

Result 2. (Blanchet and Glynn [5, Theorem 3].) Suppose that EX| < 0, and X1 belongs to
S*. Let v and w be defined as in (5). For fixed § € (0, 1), there exists an a, = a4(8) < 0 such
that (6) holds. Then

7(x)

w(Sk—1 + ax)
L:(x) = 1{t(x)<oo} 1_[ —_
k=1

v(Sk + ax)
is an unbiased estimator of P(max, >0 S, > x) under P2 ; moreover, it is strongly efficient, i.e.

EQe L2 (x)
sup 5
x>0 P(maxnzo Sy > x)

Remark 2. The existence of such an a, as in Result 2 is guaranteed by the fact that (see [5,
Proposition 3] for details)

w(y) —v(y) =oP(X; > —y)) asy—> —ooc. (7

We will extend this algorithm to the setting of (1). Unfortunately, it is not straightforward to
generate our estimator, say L, such that EL = P(Z > x) in finite computation time. However,
there exists a sequence L,,, n € N, of L2 approximations (i.e. E[(L, — L)?] > 0asn — 00)
that can be generated exactly in finite time. Rhee and Glynn [28] considered this situation and
we recall one of their results which will prove to be crucial for our purposes.

Result 3. (Rhee and Glynn [28, Theorem 2].) Let L,, and L be such that E[(L, — L)2] — Oas
n — oo. Let N be a nonnegative integer-valued random variable, independent of L, n € N,
such that P(N > n) > 0 foralln > 0. If

iE[(L —L)]<OO
P(N > n)

n=1
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then L defined by

~ N
:X_: IP’(N>n)

(with L_1 = 0) is an unbiased estimator of EL, and

i E[(Ly—1 — L)*] = E[(L, — L)*] -

.
EIL7) = P(N > n)

n=0

In order to apply Result 3 in our context, we conclude this section with the following
extension of Result 2, which means that the algorithm proposed in [5] can be used to yield an
estimator with a bounded relative (2 + ¢)th moment for some ¢ > 0. The proofs of this lemma
together with other results presented in this paper can be found in Section 5.

Lemma 1. Let S, = Y i, X; be a random walk. Suppose that EX| < 0, and X belongs
to S*. Let v and w be defined as in (5). For any fixed ¢ > 0 and § € (0, 1), there exists an
as = ax(e,8) < 0 such that

Ly VTG —w)
T P(X1 > =y +x0)w!tE(y)

forall y < x + ay.

Let
T(x)
w(Sk—l + a*)
L.(x) 21 _—
() {r(x)<oo}]}:[l v(St + ax)
Then B9 L, (x) = P(max,>0 S, > x) and
EQax L2+8 (x)

su < Q.
x>% P(maxnzo Su > x)2+€

3. Main results

This section contains our main results. In Section 3.1 we consider the stochastic perpetuity
asin (2). Recall that Z,,, n € N, is defined by

Zn+1 = An+1Zn + Bn+1 forn € N.

Recalling that Z = Y 0% B,1e5 and S, = Y1, log A;, we are interested in estimat-
ing P(Z > x), where x is large. For this, we make several assumptions; see Assump
tions A1-AS. We discuss the generality of these assumptions by giving examples as well as
sufficient conditions in Remarks 3, 4, 6, and 7. To construct our simulation estimator, we
construct a stochastic upper bound that can be written as a functional of a suitable random
walk S, (y). Then, using this upper bound, we define a crossing level s(x) and a stopping time
7,(x) = inf{n > 0: S,(y) > s(x)} such that {Z > x} C {r,(x) < oo}. Since the change
of measure proposed by Blanchet and Glynn [5] is strongly efficient for estimating the tail
probability of the maximum of heavy-tailed random walks, a natural strategy is to keep track of
the random process S, (y), n € N, while simulating the sequence Y ;_, Bii1e5%, n e N, until
the stopping time 7, (x). In doing so, we can construct a state-dependent change of measure
using the path of the random walk until 7,, (x) according to the method introduced in Section 2.
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Then we continue to simulate the path of the random walk after 7,, (x) under the original measure.
Based on this idea, we propose a simulation algorithm for estimating P(Z > x) and discuss
its properties such as strong efficiency in the rest of Section 3.1. In Section 3.2 we extend the
results of Section 3.1 to the general setting, where Z,,, n € N, was defined in (1) as

Zn+l = \I—’n+1(zn) forn € N,

and {¥, },eN is a sequence of i.i.d. random functions that is independent of Zj. Note that all
the proofs of the results in this section can be found in Section 5.
3.1. Stochastic perpetuity

We consider the Markov chain Z,,, n € N, as in (2). To guarantee the positive recurrence of
{Zn}nen, we assume the following.

Assumption Al. We have the following assumptions:
(i) Ay > 0 almost surely (a.s.), Elog A| < 0, and Elog™ |B;| < oo;
(i) Elog™ (A V By) < o0;
(i) P(Ay > x, By < —x) = o(P(A1 Vv B; > x)).

Recall that, under Assumption A1, the unique stationary distribution of this Markov chain
exists, has right-unbounded support, and has the same distribution as the random variable
zZ2 ZZ’;O Bn_HeS" , Where §,, = ZLI log A;; see, e.g. [8, Chapter 2] or [16] for more details.
As mentioned at the beginning of Section 3, we start by developing a connection between
perpetuities and the maximum of a random walk. More precisely, we construct an upper bound

for Z that can be written as a functional of a suitable random walk S, (y). We formulate the
result in the following lemma.

Lemma 2. Let Assumption Al hold. There exists a constant y, such that
E[(log* B]" — y») Vlog Ai] < 0.

Moreover, there exists a constant y| € (0, —E[log A; v (log™ B]+ — y2)]) such that
72

€
Z < exp(max $,()) 7= < oc, ®)

where S,(y) = Su(y1.v2) = Y_j_ [log A; v (log™ Bf" — y2) + 1] and ES(y) < 0.
Now from (8) we define s (x) £ logx —y2+log(1—e™7") and 7y, (x) £ inf{n > 0: S,(y) >
s(x)} such that the following holds:
{Z > x} C {max Sa(y) > s(x)}. 9)
n>0

As we will see in the proof of Theorem 2, the asymptotic behavior of P(Z > x) as x — oo
will be useful in establishing the strong efficiency of our estimator. Thus, we derive a tail
estimate for Z in Theorem 1 below. To be precise, we are interested in finding a function
f(x)such that P(Z > x) = O(f(x)) as x — oco. Moreover, we focus on the case where the
following assumption holds.

Assumption A2. The integrated tail (see Definition 1) of log(A v By), denoted by Fy, is
subexponential.

https://doi.org/10.1017/apr.2018.37 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2018.37

812 B. CHEN ET AL.

Remark 3. As mentioned in the introduction, the focus of this paper is to propose Monte Carlo
estimators for P(Z > x), which is slowly varying as x — oo. Indeed, P(Z > x) is slowly
varying under Assumptions Al and A2. A proof can be found in, e.g. [12]; in Theorem 1 (and
Theorem 5) we provide an independent proof for the asymptotic upper bound of P(Z > x)
(under a general setting; see Assumptions B1 and B2).

Theorem 1. If Assumptions Al and A2 hold, we have

. P(Z > x) 1
lim sup = < — .
x—oo Fr(log(x)) Elog A4

By constructing the upper bound as in Lemma 2, we establish a connection between perpe-
tuities and the maximum of a random walk. This connection will allow us to utilize rare-event
simulation techniques for estimating P(max,>0 S, > x) in designing an efficient simulation
estimator for P(Z > x). To construct the simulation estimator of P(Z > x), define a
nonnegative random variable W,, that is independent of {(A,, B,)},en with tail probability

1 o0
P(W. >t)émin|:1,——/ P(S( )>s)ds:|,
v ESi() Ji ’
and define

vy (D) EP(Wy, > —(z=s(x))) and wy(y) PSi(y) + Wy > —(y —s(x))).  (10)

Let PVy(y, dz) denote the transition kernel of the random walk {S,(y)},en. For fixed ay,
let E9 denote the expectation w.r.t. the stochastic process {S,(¥)}nen having a one-step
transition kernel

PY(y, d2)v, (z + a)w, (y + ax) "1 forn < 7, (x),
Q. (y, dz) = (11)
PY(y, dz) forn > 7, (x).

We propose an estimator and show its strong efficiency in Theorem 2. We make a slightly
stronger assumption on the tail asymptotics of log(A; V Bj) as follows.

Assumption A3. The distribution of 1og(A1 Vv By) belongs to the class S*.

Remark 4. Assumption A3 is not restrictive in the sense that the class S* of strongly subexpo-
nential random variables includes regularly varying, lognormal, and Weibull-type distributions,
among many others. For more properties of strongly subexponential distributions, we refer the
reader to [14, Section 3.4].

Theorem 2. Let Assumptions Al and A3 hold. Let v, and w, be defined as in (10). For fixed
8 € (0, 1), there exists an a, = a4(5) < 0 such that

s VI () — wy(y)

= B > s, A= F (12)

Let

Ty (x)

Wy (Sk—1(y) + ax)
Lr(x) = 17 (x) <00} 1_[ r v =
k=1

vy (Sk(y) +as)
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Then L7 (x) is an unbiased and strongly efficient estimator of P(Z > x), i.e.

EQ: L2 (x)

sup ——————-

1 P(Z > x)2
The estimator derived in Theorem 2 requires the computation of 1{z-,) and, hence, is
unbiased only if we can generate Z in finite time. Generating a perfect sample from Z in
our current setting is not straightforward. To address this issue, we apply the bias elimination
technique introduced by Rhee and Glynn [28]. The plan for the rest of this section is as follows.
First, we propose a family of simulation algorithms by approximating the path {Z,},>x, (x)
with {Zn}r(x)<n§fy (x)+m for a fixed and sufficiently large M; we show that the latter family
of simulation algorithms yields biased estimators with vanishing relative bias as x — oo.
Consequently, we are able to apply the bias elimination technique and obtain an unbiased

estimator that is strongly efficient and runs in finite time. To begin with, note that

Ty (%)

00
Z = Z Bn+leSn + eSry (x) Z Bn+lesn 7SIV (x) ,
n=0 n=ty, (x)+1

Lz

where Z’ is independent of Z;V:(g ) B,y 1e5 and 5@ and has the same distribution as Z. A

natural choice for approximating the distribution of Z’ is a truncated sum. More precisely, let
M e N be fixed, and our modified estimator takes the form

Ty (x)
wy (Sg—1(¥) + ax)
LYx, M) =1 e 4 : 13
r(x. M) {1y (x) <00, Zny:(o M Bpy1eSn>x}) I!j[l vy (Sk(y) +ay) (13)

We state a simulation algorithm for generating one sample of L%(x, M).

Algorithm 1. The algorithm comprises five steps.

Step 1. For fixed 6 € (0, 1), set a, < a.(5) < 0 satisfying (12).

Step 2. Setm < 1,n < 0,Z <0, S,(y) < 0,and L7(x) < 1.

Step 3. While n < 1, (x):
(1) update S,+1(y) < S, (y) + X,+1(y) by sampling the increment

Xur1(y) = (log" B | —y2) VIog Ayt + v
conditional on X;,11(y) + W > s(x) — S, (y) — ay;

(ii) sample (A;,+1, By+1) conditional on the value of X,,+1(y);

(iii) update L7 (x) < L7(X)wy (Sp(y) + ax)vy (Sut1(y) + a)"Vand Z <« Z +
By H?:l Aj

(iv) update n <—n + 1.
Step 4. Whilem < M:

(i) sample (Afv X)4m> ny (x)4+m) under the original measure;
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(ii) update Z < Z + By, copm [ 112" Ass

(iii) update m < m + 1.
Step 5. If Z > x then return L% (x, M); otherwise, return 0.

Remark 5. Instep 3(ii) of Algorithm 1, sampling (A, 1, B,+1) conditional on X, (y) under
the change of measure is equivalent to sampling it conditional on X,,11(y) under the original
measure. To see this, note that for n + 1 < 7,,(x) and any measurable set C C R2,

Y .
EQu[1(a,,,. Byynec | Si(¥)i <n, Xpg1(¥)]

n+1 .
_ wy (Si—1(y) + as) | .
- EI:<E vy (S (y) +ay) ) ‘ Si(y), i <n, Xn+1(y):|

n+1

1—[ wy(Si—l(V) + ay)
vy (Si(¥) + ax)

X E[1<An+1,3n+l>ec( ) ‘ Si(y), i <n, Xn+1(y)}

i=1
_ (ﬁ wy (Si-1(7) +a*)>‘1
vy (S () +a)

i=1

n+1
wy (Si—1(y) + ax)
. (H vy (Si () + ax)

= E[la,,1, Byypec | Si(¥), i <n, Xpp1(y)]
=P((Ap+1, But1) € C | Xpt1(¥)).

>E[1(An+1,Bn+1)eC | Si(y), i <n, Xpr1(y)]
i=1

Next we will analyze the performancye of our modified estimator. In Theorem 3 we show
that, under the following assumption, | Za L% (x, M)/P(T (x) < oo) convergesto 1 asx — 00,
establishing that the relative bias of L% vanishes.

Assumption Ad. We assume that B] > 0 a.s.
Remark 6. Under Assumption A4, Assumption A1(iii) is redundant.

Theorem 3. Under Assumptions Al, A3, and A4, L%(x, M) as in (13) is asymptotically
unbiased as x — o0, i.e. we have

B L2 (x, M)

xlingo P(T () < 00) =1 uniformlyin M € N.

We are now ready to apply the bias elimination technique in Result 3 to the estimators
proposed in (13) as mentioned in the paragraph above Algorithm 1. By analyzing the asymptotic
behavior of the relative bias as M — oo for fixed x (see Lemma 5), we are able to apply the
bias elimination technique and obtain an unbiased estimator for P(Z > x). We introduce the
following assumption; the unbiased estimator is then given in Theorem 4.

Assumption AS. (i) The Markov chain {Z,},eN given by (2) is irreducible and aperiodic.
(ii) There exists q > 2 such that E|log A1|? + E| log B]+|‘1 < 0.

Remark 7. Assumption A5(i) is satisfied, e.g. if (Aj, B1) has a Lebesgue density; see [8,
Lemma 2.2.2].
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Theorem 4. Let Assumptions Al and A3-A5 hold. Let v, and w,, be defined as in (10). For
fixed § € (0, 1) and B € (0, 1), there exists an a, = a4(5) < 0 satisfying

2— 1—- 2— 1—
s v}(/ B/( ﬁ)(y)_w}(/ B/( ﬁ)(y)

T=F) forall y < s(x) + ax.
P(X; > —y +s(x)wy, »

Moreover, it is possible to construct a random variable N independent of x such that

X B (LA (x, 2" 1) — Ly (x))?
P(Z > x)2P(N > n)

n=0
and, hence, the estimator (see Rhee and Glynn [28])

N

IBNEOEDD

n=0

LP(x,2") — L7 (x,2"" 1)
P(N = n)

with L% as in (13) is unbiased and strongly efficient.

Remark 8. As we will see in the proof of Theorem 4, one possible choice is to sample N with
P(N <n)=1—(1—p)"forn > 1, where p < 1 —27@~D and g is as in Assumption A5(ii).
In general, the bias elimination scheme of [28] is not guaranteed to produce nonnegative
estimators, which might not be ideal in the context of estimating (rare event) probabilities.
Howeyver, in our case L% (x, M) increases w.r.t. M and, hence, the resulting unbiased estimator
LRS(x) is always nonnegative.

3.2. Iterated random functions

We consider the Markov chain {Z,},>0 with Z,y; = W¥,(Z,), where ¥, satisfies the
following assumption. For similar settings in which Markov chains generated by iterated
random functions are analyzed, see, e.g. [9], [12], and [16].

Assumption B0. We assume that {V, },cN is a sequence of i.i.d. random Lipschitz functions
with

v -y
Lip(¥,) & sup |2n(@) = ¥u(@2) | (14)
21722 <1 —22
Moreover, there exists a sequence of i.i.d. random vectors {(Ay, By, Dyp)}neN such that
Apz+ By, — Dy < V,(2) fAnZ++B:+Dn forall z € R. (15)

Inaddition, we can sample V,, from the conditional distribution, given (log™ (B, + D) — y2)V
log A, for y» as in Lemma 3 below.

The goal of this section is to extend the results in Section 3.1 to the setting as described
above. To achieve this, we introduce a list of additional assumptions that are extensions of
Assumptions A1-A5. To begin with, we consider an extension of Assumption Al.

Assumption B1. Assume that (15) holds and (A1, By, D1) satisfies the following conditions.

(i) A1, D; > 0 as., ElogA; > —oo, and ElogLip(¥;) < 0. Moreover, Elog"t |B; +
Dy| < oo and Elog™ |B; — Dy| < oc.

(i) Elog™ (A1 Vv By) < 0.
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(iii) Let the following tail behaviors hold:

P(max(Ay, By + D1) > x) ~ P(max(Ay, By) > x),
P(max(A{, Bj — D1) > x) ~ P(max(A, By) > x),
P(A; > x, Bf — D1 < —x) = o(P(max(A1, By) > x)).

Define V1. ,(z) £ Wi oWy 0--- 0 W,(z) for each z € R, and Z £ lim,_, o0 ¥1. (Z0).
Recall that (see [12, Theorem 3.1]) under Assumption B1, the unique stationary solution to (1)
exists, is finite, has the same distribution as Z, and has right-unbounded support. Moreover, the
distribution of Z does not depend on the initial condition Zy. Thus, without loss of generality
we set Zyp = 0. Note that Z can be bounded from above by a stochastic perpetuity

e -
Z Bn+le

where B, £ max(B;" + Dy, 1) and S, = > ', log A;. Analogous to the previous section,
we construct an upper bound for Z (and thus for Z) that can be written as a functional of the
maximum of a suitable random walk S, (y).

IID

Lemma 3. Under Assumption B1, there exists a constant y, such that
E[max(log* (B} + D1) — y2,log A1)] < 0.

Moreover, there exists a constant y| € (0, —E[log A; v (log™ By — y»)]) such that

e Y2

Z < exp(1,1112a(>)< Sn(y))m < 00, (16)

where S,(y) = Su(y1, v2) = > i_ [log A; Vv (log™ (B} + D;) — y2) + n11.

Let S,(y) be as in Lemma 3. Now from (16) we can define s(x) £ logx — y» + log(1 —
e ") and T, (x) = inf{n > 0: S,(y) > s(x)} such that (9) holds. Thanks to [12], under
subexponential assumptions on the random variable log(A; Vv Bj), the tail asymptotics can be
described using the integrated tail function of log(A; Vv By). However, the upper bound derived
in Lemma 3 yields a shorter proof for the asymptotic upper bound in [12, Theorem 3.1].

Assumption B2. The integrated tail of log(A1 V' By), denoted by Fy, is subexponential.

Theorem 5. If Assumptions Bl and B2 hold, we have

P(Z > x) 1
lim sup < .
X—00 F1(10g(x)) Elog Aj
For fixed a, < 0, and v, and w,, as in (10), recall that PQa and Q% denote respectively
the probability measure and the expectation w.r.t. the stochastic process {S, (y)},en having

a one-step transition kernel QZ* as in (11). Given the asymptotic behavior of P(Z > x), in
Theorem 6 we show the strong efficiency (under P4 ) of our estimator.

Assumption B3. The distribution of 1og(A| Vv By) belongs to the class S*.
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Theorem 6. Let Assumptions BI and B3 hold, and v, and w,, be asin (10). Forfixeds € (0, 1),
we can choose ay, = a,(8) < 0 such that (12) holds. Let

Ty (X)

wy (Sk—1(y) + ax)
Lt(x) £ 1{T(x)<oo} H 4 u
k=1

vy (S (y) + ax)

Then Lt (x) is a strongly efficient estimator of P(Z > x) under PO,
Recall that ;. ,(z) 2 W o Wy 0 --- 0 W, (z) for each z € R. Define

Ty (x)

A A
Ly (x, M) = 1z, (x) <00, 1. 1, (1)1 (Z0) > ) I1
k=1

wy (Sk-1(¥) + ax)
vy (S () + ax)

A7)

Asin Section 3.1, we approximate L7 (x) by L% (x, M). Analogous to Theorem 3, in Theorem 7
below we show that the estimator as in (17) is asymptotically unbiased.

Assumption B4. For each z, V1. ,,(2) is increasing in n.

Theorem 7. Under Assumptions Bl, B3, and B4, L% (x, M) in(17) is asymptotically unbiased
as x — oo, i.e. we have

EQx L2 (x, M
lim r ) _

——— =1 uniformlyin M € N.
x—o00 P(T(x) < 00)

Applying again Result 3, in Theorem 8 below we construct an unbiased estimator for
estimating P(Z > x). To do this, we need the following assumptions.

Assumption B5. (i) The Markov chain {Z,},enN given by (1) is irreducible and aperiodic.
(ii) There exists q > 2 such that E|log A1|? + E| log B1+|‘1 + E|log D17 < 0.

Assumption B6. There exists z such that W,([z,00)) C [z,00) and ¥, is bijective on
[z, 00) a.s.

Remark 9. Assumptions B4 and B6 are satisfied if, for instance, the stochastic equation is

Zn+1 = \/An—HZ% + Bn—HZn + Cn+1-
This corresponds to a second-order random polynomial equation, [16]. Other examples are,
for instance, ¥, (z) = max{A,z, B,} and ¥,,(z) = A,, max{z, B,} + C,.

Theorem 8. Let Assumptions Bl and B3-B6 hold. Let v, and w, be as in (10). For fixed
6 € (0,1)and B € (0, 1), there exists an a, = a,(8) < 0 satisfying

2-8)/(1— 2-p)/(1—
WEPIA=P) (3 _ @=PI=B) (1

-6 < forall y < s(x) + ay.

1/(1—
P(X1 > =y + 5w/ P ()
Then it is possible to construct a random variable N independent of x such that

& B (LY (x, 2" — L1 (x))?
P(Z > x)?P(N > n)

n=0
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and, hence, the estimator Ll}G (x) defined by

N

IEOEDD

n=0

L(x,2") — L(x,2"7h
P(N > n)

with L%(x, M) as in (17) is unbiased and strongly efficient.

Remark 10. Asin Remark 8, N can be chosen such that P(N <n) =1— (1 — p)" forn > 1,
where p < 1 —27@~D and g is as in Assumption B5(ii).

4. Numerical results

Here we investigate our algorithm numerically, based on a stochastic perpetuity with B, = 1.
We consider the increment log Ang'W — % where W is a random variable with Weibull
distribution, i.e.

P(W > t) = exp(—2t'/?).

For the algorithmic parameters, we choose a, = —10andy = % Moreover, we use a geometric
distributed random truncation index with parameter % In Figure 1 we present the change of
the estimated probability w.r.t the different choices of M for the four different values x = 108,
x = 109 x = 102, and x = 10% in each of the four plots. We see that the estimated
probability stabilizes as M grows, which confirms that our estimator is consistent as M — oo.
Comparing the four plots, we see that the initial bias for small M decreases as x increases, which
is consistent with the conclusion of Theorem 3 (vanishing relative bias). In Table 1 we present
the estimated probabilities, their 95% confidence intervals, and the estimated coefficients of

variation, i.e. the estimated standard deviation divided by the sample mean (based on 200 000

Estimates for x =108

Estimates for x =10'°

1.14
R T e
110 1 P 430 -

‘?O 1.08 //I ‘T’o //}

] S 4204
P igi 1 /I/ X 4101 //I
, A
1.02 1 v |4
1.00 | 4,00
YT e w0
Estimates for x =102 Estimates for x =10
3.70 |
e i e I e I D (N0 5 S s 0 S
53554 t S i -k
ool P
" 340 x 3901
335 | 380-
w 0
100 10! 102 10° " lo0 10! 102 10°

FIGURE 1: Estimated probabilities for changing values of M. The y-axis values indicate the estimated
rare-event probabilities and the vertical bars indicate the 95% confidence intervals. The x-axis values
indicate the truncation index M.
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TaBLE 1: Estimated rare-event probability (Est), 95% confidence intervals (CI), and the estimated
coefficients of variation (CV).

x =108 x = 1016

Est CI Ccv Est Cl CvV

22 1.083x 1073  £0.009 x 1073 2.06 4271 x 1075  £0.041 x 107> 2.17
24 1117 x 1073 £0.010 x 1073 2,10 4373 x 1075 £0.042 x 1075 2.22
20 1.120x 1073 £0.010 x 1073 2.10 4383 x 1077  +0.043 x 1073 2.22
28 1.120x 1073 £0.010 x 1073 2.10 4383 x 1070  +0.043 x 1073 2.22

RG 1.119x 1073 +0.013x 1073 270 4375x 1077  +0.053x 1073 2.76
x=10% x =10%
Est Cl CV Est CI Ccv

22 3583 x 1077 £0.035x 1077 225 4.079x 10710 40.037 x 10710 2.05
24 3646 x 1077 £0.037 x 1077 228 4.120 x 10710 +£0.037 x 10710 2.06
20 3650 x 1077 £0.037 x 1077 229 4.123 x 10710 +£0.038 x 10710 2.06
28 3650 x 1077 +£0.037 x 1077 229 4.123x 10710 +0.038 x 10710 2.06

RG 3.663 x 1077 £0.045 x 10~7 2.81 4.115x 10710 +0.041 x 10710 2.27

samples) for different values of x and M. In the last column, we present the results produced
with the unbiased algorithm as introduced in Theorem 4. We can see that on the one hand, the
ratio between the estimated probability and the standard deviation stays roughly constant over
arange of x values and M values; on the other hand, the estimated probability using the fixed
truncation method tends to converge to the estimated probability produced with the unbiased
algorithm as M grows. These observations illustrate the strong efficiency (Theorems 2 and 4)
of our estimators.

5. Proofs

In this section we provide proofs of the results presented in this paper. Let

P(y, d2)v(z)

T2 PW > —2), 0@ 2PX+W > —2), O(y, dz) 2 50

For y < 0, let Ey? denote the expectation operator associated with S, £ y + S, having the
transition kernel Q, conditional on Sy = y. Let ' = inf{n > 0: §,, > 0}.

Lemma 4. Lete > 0be given. Suppose that there exist constants 61, 62 > 0 and a finite-valued
function h: R — [81, 00) such that

D () / SR P (. d2) < h()FPH(y) fory <0, (18)

Ifh(z) = 1 for z > 0 and v(z) > 8 > 0 for z > 0, we have

r

E 1r<oo) [ |
k=1

W2 (Se—1)

U 5718 G52 e (W h(y) fory < 0.
l72+5(Sk) 1 % Wh(y) fory <
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Proof. Let Ey denote the expectation operator associated with {S, },>0 having the transition
kernel P, conditional on Sy = y. Recall [5,~ Theorem 2(iii)], where it was proved that if there
exists a finite-valued nonnegative function % such that

(Kh)(y) < h(y) —n(y) fory <0,

where
5 1+e > 14-¢
(Kh)(y>=/ h0) e PO ) and n(y)=/(0 ):f)’H—g((Zy))P(y, d2).
then
wlte
E, 1{p<oo}]_[ (St-1) <h(y) fory<O0. (19)

vl+a(Sk)

Define /1(-) = 6718, ™ h(-)p2* (). Note that

5f18;(2+6)ﬁ}1+£(y)fﬁ(Z)h(Z)Pl(y,dZ)

=515, T wire(y) (/ +/ )6(z)h(z)P(y, dz)
(—00,0] (0,00)

= (Kh)(y) + 676, P!+ (y) / 3(2)h(2)P(y, dz).
(0,00)
Thus, (18) is equivalent to
(Ki)(y) < h(y) — 8718, FT9w!1% () / 3(2)h(2) P(y, dz). (20)
(0,00)

On the other hand, we have

gl+s(z)

~1+¢
n(y)=/ B W py dz)
(0,00)

<8, I plte(y) (z) P(y, dz)

(0,00)
< o718, 1 (y) / h()3()P(y. dz). 1)
(0,00)
Using (20) and (21), (18) implies that
(Kh)(y) < h(y) = n(y).

From [5, Theorem 2(iii)], we conclude that (19) holds, as required. O

Proof of Lemma 1. We first find & that satisfies (18) in Lemma 4. Define

hiy)=1-— 51{y>_a*}.
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We will find a suitable a, < 0 later. Note that (18) in this case becomes

3y + ax) )2“

w(y + as)

< <ﬁ(y + ay)
w(y + ay)

W(y +a) "ES (X1 +y +a)h(X +y) < h(y)(

2+e
) fory <O. (22)

Here we use the fact that 2(y) = 1 for y < 0. By the definition of v,

Ev(X1+y+a)h(X1 +y)
= ]E[E[I{W>7X17y7a*} | Xl]] - 6E[E[1{W>7X17y7a*} | Xl]l{X1+y>7a*}]
=PW+ X1 >—y—a,) —SPW+ X1 >—y—a., X1+y > —a,).

Since w(y + ax) =P(X1 + W > —y — a,), (22) is equivalent to

- 52+e(y+a*)

1—8P(X1+y>—a, | W+ X1 >—y— R e
X1+y > —ax | 1> =y a*)_w2+£(y_|_a*)

which is equivalent to

Lo VO ta) -G fa)
T P(X1 > —y —a)w!te(y +ay)
V(x4 y+ay) —wEx +y+ay)
P(X1 > —y —a)w!*(x +y +ay)
— s < v2+6(y) _ w2+a(y)
P(X1 > —y +x)w!Te(y)

forall y <0,

= —8<

forall y <0,

forall y < x + a,. (23)

Using the definition of w and the nonnegativity of W, (7) implies that w(y) — v(y) = o(w(y))
and, hence, v(y) ~ w(y) as y — —oo. Therefore, there exists an a, satisfying (23) and,
hence, (18). Since inf;>0 U(z + ax) = P(W > —a,), Lemma 4 applies and we have

o e Skt + ax) _

- STIP(W > —a,) " 952+ (y)  fory < 0.
51+ (5 + an) - N

E14z0)<oc0)

k=1
Recall the Pakes—Veraverbeke theorem (see [29] and [31]), i.e.

[e.0]

g 1
IP(IVIEIS())( Sn = 0) ~ _]EXI . ]P(Xl > t) dr asy — —o0.

This implies that for any fixed y,

]P’(max S, > 0) ~v(y) asy— —oo.
n>0

Combining this with the fact that P(max,>o S, > 0) /U(y) is bounded as a function of y on
compact sets, we obtain

#(0)

P 5 -0) E1
wp®(ma S > 0) Bz 1

W1 (Sko1 + ay) -
51+£(§k + ay)

9
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which is equivalent to
EQar L2+8 (x)

su < 00. O
x>]?) P(maxnzo Sy > x)2+5

Proof of Lemma 2. Note that max{((log™ By — y;) V log A1), 0} < |log* B; v log A{],
and min{((log™ By — yz/) Vv log A1), 0} is bounded from above and nonincreasing w.r.t. Vz/-
Since (log® B; —y3) Vlog A1 = max{((log™ B — ;) Vlog A1), 0} + min{((log™ B; —y3) Vv
log A1), 0}, we can apply bounded convergence for the maximum and monotone convergence
for minimum to obtain

lim E[(log" B; —y;) Vlog A{] =E lim (log™ B| — y;) Vlog A; = Elog Aj <O0.

’
Yp—>00 Y5—>00

Therefore, there exists y» such that E[(log+ B — yz/) VlogAi] < 0.
Now we have

oo o0 (e.¢]
+ _ !
Z< Z max(B,,H, l)eSn —e2 Z e(log Buy1—y2)+Su < er2 Z eSn’ 24)
n=0 n=0 n=0

where S = S;z—l + (log* B, — y») V log A,,. Note that the last inequality can be checked by
comparing S, ; with (logt By+1 — y2) + S, for each n, i.e.

n
(log" Byt1 —y2) + S = (log" By — y2) + ) log Ay
k=1

n
< (log" But1 — y2) VIog Ayy1 + Y _(log" By — y2) V log Ax
k=1
/
= On+l-
Now fix y; € (0, —E[(log’ B| — y2) V log A{]). From (24), we see that

2

o0 o0
’ ' _ €
7 <e” E eSh —en2 E eSntvig=ny < exp(max Sn(y))—,
0 0 n>0 1—e™n
n= n=

where y = (y1,2). S, = S, _, + (log™ B, — y2) Vlog Ay, and S, (y) = S, +nyi. Note that
ES1(y) < 0 by the choice of y;. Hence, max, >0 S, () is finite a.s. O

Proof of Theorem 1. From the upper bound constructed in Lemma 2, we know that
P(Z > x) < ]P’(maé; Sp(y) > s(x)). (25)
n>

Due to Assumption A2, the integrated tail of log* (A v Bfr) is also subexponential. Moreover,
it is straightforward to check that

log*t(A; v B?’) — y» < log(max{Aj, e_VZBFL, e 7)) <logt(A; Vv Bl+).
Therefore, the increments of the random walk S, (y) have a subexponential integrated tail. Using
the Pakes—Veraverbeke theorem, we obtain the relationship for the right-hand side of (25), i.e.

1

B Fi( . @6
El(log™ B]” — y2) V1eg A1l + y1 1(log(x)) (26)

P(ng Sn(y) > s(x)) ~
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Thus,
) P(Z > x) 1
lim sup —= < - T .
x—oo Fr(logx) E[(log® B]" — y2) VIog Ai]l+ i
Now letting y» — oo and y; — 0, the result follows. ]

Proof of Theorem 2. Let

n

M- = 1—[ wy (Sp—1(¥) + ax)
! vy (Sk(y) + ax)

k=1

Obviously, {M, },cn is a martingale and, therefore, {M,, AT, (x)IneN 1s also a martingale. Since
7, (x) < T(x) we can apply Lemma 1 to obtain

EQu Ly (x) = P(T (x) < 00) = P(Z > x).

For the strong efficiency, we have

Y
ROk L2.(x) _ ]EQH*I{ZM}MT‘YZ(x)
P(Z > x)? P(Z > x)?

Y —
_ B Lm0 5, 0702001 M, ()
- P(Z > x)?2

Y —
B2 L, 5,055 M52 (6) (P(max,=o Sa(y) > s(0))) 2 o
T P(maxyso Sy (y) > s(x))? P(Z > x) ’

where the first term in the last equation is guaranteed to be bounded over x € (1, oo) due to
Result 2. Hence, only the latter term remains to be analyzed. From [12, Theorem 3.1], we have

. P(Z > x) 1
lim inf — > — .
x—0c0 Fr(log(x)) Elog A

(28)

Since, by assumption, the integrated tail F; is subexponential, it is, in particular, long tailed.
Combining (26) and (28), we obtain

. P(max, >0 S, (y) > s(x)) Elog Ay
lim sup < = .
00 P(Z > x) E[max (B — y2,log A+ »1

(29)
Using the fact that the left-hand side of (29) is bounded over a compact interval, we obtain
the result. 4

Proof of Theorem 3. Note that the Markov chain we considered in Section 3.1 is a special
case of (1). Thus, we refer the reader to the proof of Theorem 7 for details. O

Proof of Theorem 4. We wish to apply Result 3 to the sequence {L% (x, 2")}nen. Therefore,
we need to check the existence of a random variable N such that
S VEQH (LA (x, 2"") — L7 (1)) — Qe [(L (x,2") — L7(x))*]
P(N > n)P(Z > x)?

< 0. (30)
n=0
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‘We bound
E% (L3 (x,2") — L7 (x))’
P(Z > x)?
by a geometrically decreasing function of » that does not depend on x. For g € (0, 1), using
Holder’s inequality, we obtain

EQax (LA (x, 2") — L1(x))?
P(Z > x)?
EQZ* 1

—1 2
n M X
fry () <00, T ek, 70 My )

P(Z > x)?2
0, n -1 B —1 2-p
E (l{ry(x)<oo, Z;yzg’CHZ Bk+1esk§x,Z>x}MTV (x)) (I{T(X)<OO}M'[,V (x))
P(Z > x)?

M (x))?

Y
EQa 1 o
( {1y (x) <00, ZZV:E)XH Bi1eSk<x, Z>x}

P(Z > x)P
Y
(EQ"*1{T(x)<oo}MT_y1(X)@_ﬁ)/(l_ﬂ))l_ﬂ
P(Z > x)2—#

=<

X

ol ; -1 p _ _ 1-8
E l{ty(x)<oo, Yy Bk+]e5k5x,2>x}Mfy ) IEQZ*L(T2 AA=B) (1
P(Z > x) P(Z > x)2-A/1-p) '

I I

Now we analyze terms I} and I>. Using the same argument around (27) in the proof of Theorem 2,
to bound I it is sufficient to anal;/ze P(t, (x) < oo)_(2+8)IEQZ* L%;"S (x). From Lemma 1, we
see that P(t, (x) < 00)~ A+ ELax L%:‘E (x) is bounded w.r.t. x; therefore, I; is also bounded
w.r.t. x. Turning to I, we claim that it can be bounded by x27"@~1 for some constant k¥ > 0.
To see this, note that

2)1
P(r, () < 00, 370" Begie® <x,Z > x)
2 =

P(Z > x)
— IF)(X)(ZT}/(X)"FZ” Bk+leSk <x, 7> .X) w’

k=0 P(Z > x)

I

where P™) (-) denotes the conditional distribution P(- | 7, (x) < 00). Hence, it is sufficient to
analyze the behavior of I3 w.r.t. M. Note that

Ty (%) 00
Z= 3 B &0 Y Br o’ 0TI 31)
k=0 Al k=1
——— A
B, 7'
T, (X)+M M
N ’ / S —So (x
3" BuieS =B+ ALY Be a0 (32)
k=0 k=1
Z/(M)
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Combining (31) and (32) with Assumption A4, we obtain

— (x)
b= f Lz <empyag 2 a 9B

M x— B!
:/W)(z’( Y<y, 7 > y)d]P’(")< = £ < y)

X

— B’
= / A A VA y)}dP‘x><x—A, * < y).

X

Using the strong Markov property, it follows that Z’ @) 2 Z,iu: 0 Bjy1e% and Z’ Z Z under
P®) . Hence, we have

M /
x—B
I; = f{IP’(x)(Z > y) —IP’(")(E Biyie® > y>}dP(x)(A—,x = y)~
X

k=0

Combining this with the fact that the backward iteration Z,]CW: 0 Br+1 5k has the same distribution
as Z )y defined in (2), we obtain

x— B
I; = /{]P’(Z >y) —P(Zy > y)}d]P’(x)(Tx < y> <drv(Zu, 2),
X

where dtv denotes the total variation distance. To understand this quantity, we apply the
Lyapunov criterion from [20, Theorem 3.6], which implies a polynomial convergence rate of
the M-step transition kernel to the invariant distribution in the total variation norm. In view
of Lemma 5, there exists a constant « such that (Iz) < dpv(Zuy, Z) < «M~@=D for all
M e N. It should be noted that an exact expression of the constant x can be obtained in a
few special cases; see, e.g. [11] and [21] and the references therein. By choosing N such that
P(N <n)=1—(1—p)*forn > 1 with p < 1 —2-9=D we conclude that the left-hand
side of (30) is bounded; hence, by applying Result 3, we can remove this constant and obtain
an unbiased, strongly efficient estimator. (]

Lemma 5. Let Z, be a Markov chain as in (2) such that Assumption A5 holds. Then there
exists a constant k such that dyv(Z,, Z) < en—@=D,

Proof. We wish to apply [20, Theorem 3.6]. In order to establish the Lyapunov condition
as in (34) below, let V(x) = 1 Vv (logx)? and PV (x) 2 EV(A;x + B)). Note that V(x) =
(log x)71x~e) + 1{x<e} and, hence, the binomial expansion yields

PV(x)=E
<E

log(A1x + B 1(a,x4B,>¢) + P(A1x 4 B) <)

[
[log(A1x + Bf')]ql{Alx+Bl>e} +P(Aix + By <e)

Aix + By 9
=K IOgT +logx | 1{a;x+B;>e} + P(A1x + By < ¢)

q +\i
. Aix+ B
= E[(logx)ql{A1x+Bl>e} + Z (Ci])(log x)4 <1og Tl> 1{A1x+31>e}]

i=1

+P(Aix+ By <e)
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= V(x) +Ellogx19(11a,x+B,>e} — Lix>e}) + P(A1x + By <€) — 1<

Ax + B]+
7 1{A1x+BI >e}

q NI
q . Aix+ B
+ E (i)(logx)q ’E[(log Tl> 1{A1x+B1>e}i|'
i=2

+ g (log x)q_lE[log

For x > e,

—1 Al)C + B?_
PV(x) < V(x)+PAx + By <e)+qg(logx)? 'E|log ———

q +\i
q . A1x+B
+ E <i>(logx)‘1 l]E|:<log E— 1 ) 1{A1x+Bl>e}i|~
i=2

1{A1x+Bl>e}]

Note that

Aix + Bf
log Aq flog;

<log(A; + B})

<1log(2(A1 v BY"))

=log(A; Vv BFL) +log?2

= (log A1) Vv (log Bl+) + log2
<|logA{| + IlongrI + log2

and, hence,

Arx + BfL

‘log < |log Ay| + |log B{ | + log 2. (33)

Moreover, the right-hand side of (33) does not depend on x and has finite gth moment. Thus,
there are constants ¢;, i > 1, such that

q +\i q—2

. Aix+ B i _
E (?)(logx)q ’E[(log Tl) 1{A1x+31>e}] = E ci(logx)’ < e(logx)?~!
i=2 i=0

for sufficiently large x. On the other hand, note that log((A1x + Bfr) /X)1{ A, x+B, >e} CONVErges
tolog Ay a.s. as x — oo and, hence, by dominated convergence

Aix + Bf
E|log - 1{A,x+B;>e) = Elog Ay < 0.

Therefore, for any fixed ¢ > 0,

A])C—l—B]-i_

q(logx)qlE[log 1{A1x+Bl>e}:| < (qElog Ay + &)(logx)?™!

for sufficiently large x. Choosing ¢ so that g[Elog A + 3¢ < 0 and noting that

P(Ajx+ By <e) >0 asx — oo,
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as well as (logx)?~! = ((logx)¥1(x5ey + 1{xSe})(q—1)/q for x > e, we conclude that there
exists K such that

PV(x) < V(x) +elogx)? ! + (gElog A; + &)(logx)?™" + g(logx)?~!
< V() —cVe V%) forx > K,

where ¢ = —(¢[Elog A +3¢) > 0. Finally, since PV (x), V (x), and V¢~D/4(x) are bounded
on [0, K], there exists a constant b such that

PV(x) < V(x) — V9™ D90x) + bl k. (34)

which is the sufficient condition of [20, Theorem 3.6] for polynomial ergodicity. Thus, we
obtain the result. ]

Proof of Lemma 3. Recall that Z can be bounded by a stochastic perpetuity
o
Z Bn+le

where B, £ max (B, + Dy, 1) and S, = > ' log A;. Applying the same technique as in the
proof of Lemma 2 to Z, we obtain the result. |

IID

Proof of Theorems 5 and 6. We omit the details here, since they can be proved analogously
as in Theorems 1 and 2. O

Proof of Theorem 7. Recall that V1., (Zp) 2 Y o0W0---0W,(Z). Due to the fact that
{ry (x) < 00, Wi: 1, (x)+M(Zo) > x} S {T (x) < oo}, in order to prove the vanishing relative
bias result, it is sufficient to show that

P(t, (x) < oo, V. Zo) > x
im inf (7y (%) 11, (0+M(Zo) > x) -

> (35)
x—>00 P(T (x) < o0)

Recall that S, = Y!_ log A; and S,(y) = ny1 + Y i [(og™(B;" + D;) — y2) V log A;].
Let u £ —ES; and "y £ _ES|(y). For v, K > 0 consider the sets

EN =EDK,v)={Sj € (—j(u+v)— K, —j(u—v)+K), j <n},
EP = EP(K,v) ={S;(y) € (=j(uy, +v) — K, —j(1y —v) + K), j <n},
EP = EP(K,v) = (1B;| <K j <n),

Whereﬁj = B; — Dj. Define

E,=EVNEPNE® N{W,,2(Z) > v}

n(p+v)+L+K B n(M—V)—K}

N {max(Ay+1, B, 1) > xe > —xe

where L > 0 is chosen to be large enough such that the sets { E, },>1 are disjoint. The existence

of such an L is guaranteed by the fact that £, C {r,, (x) = n + 1} (see below). Now we show
that £, C {t,(x) =n+1, ¥, ry(x)+1(ZO) > x}. Tosee that E;,, C {1, (x) = n+ 1}, note that
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{Sj(¥)}j<n is bounded by K, i > u,, (due to the fact that §; < §7(y)) and

Snt1(¥) = Sp(y) + log(max(Bur1e™"%, Apy1) + 71
> —n(uy +v) — K +log(max(B,, .|, Ant1)) — y2 + 11
>logx +n(n—py)+L—y2+y
>logx+L—y2+y1
> s(x)

for sufficiently large L that does not depend on x. Thus, we conclude that 7, (x) =n+1 < 00
by taking sufﬁc1ently large x. To see that £, C {7, (x) =n+1, ¥y, 7, (x)+1 (Zp) > x}, note

that ¥y. ,(z) > Bk+1 ]_[j 1Aj+2z ]_[j 1 Aj from (15) and Assumption B4. Moreover,
k
1By 1_[ Aj= |§k+l|eSk < VDK k(= +K _ o—k(u=20)42K+v o) b
j=1
and, hence,

Vi o, 0+1(Z0) = Wi: n42(Zo)
=W (Wit nt+2(Z0))

n—1 k n
=Y Bipr [ [A)+ By + ¥us2(Zo)Anen) [ [ A
k=0 j=1 Jj=1
n—1 k
> = Byl [T Aj + Bogy +x€" 7K+ 0,40(Z0) Antr) l_[ Aj
k=0 j=1 j=1
n
— xet—m—K 1_[ A
j=1
e2K+v ( K n
n —V)—
Z_m+(§"+l+xe ® +1)An+1)HAj—
j=1
2K
> —i + min(v, 1) max(A,,+1, B + xe (VK
= 1 —e—ut2v ’ n+l> Zptl
x e—n(u+v)—1< —x
2K
> —i + min(v, 1) max(A B, ., )e "Wtk _
= ] —e—nt2v ’ n+ls By
e2K+u L
> —m + mln(v, l)xe — X
> X

for sufficiently large L that does not depend on x. Note that from Lemma 6 below,

P(E,) = P(E(Y N EP N EP)P(W,42(Zo) > v)

x P(max(Ap+1, B, 1 1) > xen(u+!))+L+K’§n+l > _yen(n—v-K)

=PELY NEP N EPHPW(Z) > v)

x P(max(Ay, By) > xe"WIFTLHK g > _ yenln—n=kK)
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> (1 =PV (Zo) > v)
x {P(max(Ay, B)) > xe"HTIFLFK)
— P(max(A1, B)) > xe ALK B, < —xe =Ky,
> (1 — &)P(W1(Zo) > v){P(max(Ay, B) > xe"WHIHLHK)
—P(A; > xen(u+v)+L+K7§1 < —xe M=Ky

Moreover, since E, C {1,(x) < 00, ¥y, ry(x)+M(ZO) > x} and E,,n > 1 are disjoint, it
follows that

P(Ty(x) < 00, ¥y, ry(x)JrM(ZO) > X)

> Y P(Ey)

n>0

> (1= e)P(W1(Zo) > v) Z{]P’(max(Al, B)) > xe"HHFLEK)

n>0

—P(A; > xe"WIITLEK B _xen=KYy) - (36)

From Assumption B1(iii), we conclude that for any ¢/ > 0 and taking sufficiently large x, the
following holds:

P(Ay > xe" WK B o _xe"t==Ky < P(A) > xe" WK B < —xen K
< &'P(max(A, B) > xe"*~)K),
Combining this with (36), we obtain

P(7y (x) < 00, ¥i: ¢, (x)+m(Z0) > X)
> (1= &)P(¥1(Zo) > v) )_(P(max(Ay, By) > xe"WHIHEHK

n>0

— ¢/P(max(Ay, By) > xe"# =Ky (37)

For a given ¢” > 0, let x be sufficiently large so that

|- P(log max(Ay, By) > y) <
P(logmax(Ay, By) > y) ’

Since P(max(Ay, B;) > y) is decreasing in y,

> P(max(Aj, B)) > xe" WK

n>0
logx+L+K+(n+1)(u+v)
P(logmax(A1, By) > y)dy

=2

o M +V Jlogx+L+K+n(utv)

1—¢ logx+L+K+(n+1)(u+v)
/ P(log max(Aj, By) > y)dy

o M +V Jlogx+L+K +n(u+v)

| —
_ 1= Frlogx + L + K),
u+v
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and
Z]P’(max(Al ,B)) > xeH—V)—Ky
n>0

1+ g logx—K-+n(u—v)

P(log max(Aj, By) > y)dy

=2

n>0 n—= logx—K+(n—1)(n—v)
1~|—€N logx—K+n(u—v)
=y / P(logmax(A1, B)) > y)dy
n>O —V Jlogx—K+@n—1)(u—v)
1+¢”

= FI(logx—K—u—i—v).
nw—v
Moreover, using the fact that Fyis long tailed, we obtain, from (37),
P(zy (x) <00, V1 7, (x) (W, (x)+1: 1, (x)+M (Z0)) > X)

"

Fr(logx + L +K)

> (1 —&)P(W(Zo) > v)(l -

MF(longLL—i-K M-l—v))
w—
~<1—e>P(w1(zo)>v)<1_8 _gd+e ))Fz(logx)
+v M=
NM(1—8)]P’(‘I’1(ZO)>V)< — ¢ 8(1+8))P(T<x)<oo), (38)
+v nw—v

where we use [12, Theorem 3.1] in the final step. Recall that the distribution of the stationary
solution to (1) does not depend on the initial condition Zy and, hence, without loss of generality
we can set Zg = 0. Noting that ¥;(0) > 0 and, hence, P(V(Zy) > v) — lasv — 0, we
let e, &', ¢”, v — 0 to obtain (35). This implies that the relative bias converge to 0 since the
numerator in (35) is always smaller than the denominator. O

Lemma 6. Consider the sets E,(,l), E,(,z), and E,?) as in the proof of Theorem 7. Then, for
v, & > 0, there exists K > 0 such that

P(ﬂ(E},D NE?N E,§3>)> >1—c¢.
n>1

Proof. In the proof of [27, Theorem 1], the authors stated that for any v > 0 and any i.i.d.
sequence {Y; },>0 with E[log* |Y1]] < oo, it holds that

P(Y;| < etk j <n)—1 as K — oouniformly w.r.t. n.

Using this argument, we conclude that IP’(E,(,3 )) — 1 as K — oo uniformly w.r.t. n. Further,
combining this fact with the strong law of large numbers for {S,},>0 and {S, (y)}.>0 (see, e.g.
[4, Lemma 3.1]), we can always take large enough K such that

P(EVNEPNE®P)>1—¢ forallneN.

Finally, since the sequence of sets E,(Ll) N E,?) N E,§3), n > 0, is decreasing in the sense of
inclusion, we obtain the result. O

https://doi.org/10.1017/apr.2018.37 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2018.37

Importance sampling of heavy-tailed iterated random functions 831

Proof of Theorem 8. Note that this result can be proved by following similar arguments as
in the proof of Theorem 4, hence, we provide only a sketch of the proof. Recall that in the
context of iterated random functions, we have the estimator

Ty (x)

A wy(Sk—l(V) + ay)
LP(x, M) £ 1z, (v) <00, 1. 1 s (Z0)>x) l_[
k=1

vy (Sk(y) + ax)

Analogous to the proof of Theorem 4, we wish to bound

EQ: (LA (x,2") — L1(x))2
P(Z > x)?2

by a decreasing function of n independent of x. Again, by using Holder’s inequality it is
sufficient to bound

Y —
EC 1z, (x)<00, Wi o, oy (Zo) <v, Z=x} M ()
P(Z > x)

I =

P(z, (x) < 00)

=P WL, 1, (0 (Ve ()41 7 (41 (Z0) < X, W11, (0)(Z)) > x) P(Z > %)

L

)

where Z' £ limy/_ 0o Ve, (o)+1: ry(x)+M(ZO) = Z and P@(,) denotes the conditional dist-
ribution P(- | 7, (x) < 00). Since W, is Lipschitz and bijective, \Ill % (x) is either strictly
increasing or strictly decreasing. Without loss of generality, we assume that v ! 7, () is strictly

increasing, since the case of W . IT @) being strictly decreasing can be dealt w1th similarly.

Using the strong Markov property we obtain

b= [P > y) - P2u > PV, 00 ) = A 2)

By Lemma 7 below we obtain the result. ]

Lemma 7. Let Z,, be a Markov chain as in (1) such that Assumption B5 hold. Then there exists
a constant k such that drv(Z,, Z) < kn~@=D,

Proof. Let V(x) =1V (logx)? and PV (x) £ EV (¥ (x)). By noting that

PV (x) £ E[llog(¥1 )] 1{w, (x)>e) + P(W1(x) < e)
< E[log(Aix + B + D111y, (x)>¢} + P(¥ (x) <e),

the result follows immediately from similar arguments as in the proof of Lemma 5. ]
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