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Abstract

For a class of additive processes driven by the affine recursion X, +1 = An4+1 X, + Bnt1, we develop
a sample-path large deviations principle in the M] topology on D|0, 1]. We allow B,, to have both signs
and focus on the case where Kesten’s condition holds on A;, leading to heavy-tailed distributions. The
most likely paths in our large deviations results are step functions with both positive and negative jumps.
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1 Introduction
Let {X,,, n > 0} be an affine recursion such that
Xn—i—l = An+1Xn + Bn+l (11)

for a sequence of i.i.d. R%-valued random vectors (4, B,). The Markov chain driven by (1.1) has been
studied extensively in the past several decades and continues to pose new research challenges. A classical
result, which can be found in [19] and [23] shows that under certain assumptions (see Assumption 1 below),
the Markov chain X,,, n > 0 has a unique stationary distribution 7, for which we have

m(x,00) ~cyx”™® and w(—o0,—x) ~c_zT% asxz — oo, (1.2)

for some c_, ¢y satisfying c_ + ¢} > 0; see the monograph [7] for a recent comprehensive account.
Define X,, = {X,,(¢),t € [0,1]}, with

|nt]—1

Xu(t)= > Xi/n. (1.3)

=0

The focus of the present paper is on sample-path large deviations of the additive process X,,, assuming the
invariant distribution of X,, has a heavy tail as in (1.2). The study of additive processes of the form (1.3) is
less well developed. Classical theory initiated by Donsker and Varadhan (see, for example, [14, 15]) provides
powerful tools designed to study large deviations for additive functionals of light-tailed and geometrically
ergodic Markov chains. More recent contributions in this area include [24, 25]. Analogues of these sample-
path results in a heavy-tailed setting do not seem to be available.
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A considerable body of theory has been developed to analyse exceedance probabilities for random walks
{S,,n > 0} with heavy-tailed step sizes. Early papers [31], [32], identified appropriate sequences (z,) for
which

P(S,/n > x,) =nP(S) > z,)(1+0(1)), asn— oo, (1.4)

holds. For a detailed description, we refer to e.g. [5], [13], and [17]. When (1.4) is valid, the so-called principle
of a single big jump is said to hold. As a generalization of (1.4), a functional form has been derived in [22],
where random walks with i.i.d. multi-dimensional regularly varying (cf. Definition 1.1 of [22]) step sizes are
considered.

Several works have focused on the extension of (1.4) to more general processes where there is a certain
dependence structure in the increments. Key references are [18], [21], [28], where stable processes, modulated
processes, and stochastic differential equations are considered. Extensions to additive processes of the form
considered in this paper have been provided in [29, 30], who also consider more general examples of driving
recursion X, 41 = frn+1(X,). The principle of a single big jump is still valid, but an additional constant in
the RHS of (1.4) can appear.

Extending the results of [29, 30] to the sample-path level poses several phenomenological and technical
challenges. So far, all results cited center around the phenomenon where rare events are caused by a single
big jump. However, not all rare events are caused by this relatively simple scenario, for early examples see
[16], [37]. In a recent paper, [33] provide sample-path large deviations results for Lévy processes and random
walks with regularly varying increments, which deal with a general class of rare events that can especially
be caused by multiple jumps. For further examples see [9]. However, the case studied here is considerably
harder, as big jumps occur by a condensation phenomenon, through the concatenation of many small jumps.
In particular, a large value of the sample mean is not due to a single large value of the A,, or B,, but to
large values of the products A; - -- A,,, see also [10], [6]. When studying sample-path large deviations, this
phenomenon poses nontrivial technical requirements. In particular, an appropriate topology needs to be
considered.

Our approach to overcome these challenges is as follows. We first proceed to identify a sequence of
regeneration times r,, n > 1 (see [2]), and split the Markov chain into i.i.d. cycles. By aggregating the
trajectory of X,, over regeneration cycles, we obtain a regenerative process with i.i.d. jump distributions and
Tn, n > 1 as renewals. Under a set of assumptions originating from [23] and [19], we establish our first major
result, which is that the “area” under a typical regeneration cycle, denoted by R (see (3.2) below), has an
asymptotic power law. To be precise, we have

PR>z)~Ciz™® and PR< —2)~C_z™% asz— o, (1.5)

for some constants C_, C'y. This is related to a result of [10] for the case where X,, > 0. Our argument is
different, developed in a two-sided setting, and can be extended to more general recursions, cf. [8].

Using the tail estimates (1.5), we present in Sections 3.2 and 3.3 large deviations results for X,, as in (1.3),
which constitutes the second major step in our approach. We achieve this by introducing a new asymptotic
equivalence concept (see Lemma 2.11 below), which, together with the decomposition in cycles, allows us
to build a bridge between our problem and the one studied [33]. In the latter paper, the Skorokhod .J;
topology is used. However, showing that the residual process (i.e. the contribution of the cycle going on at
the endpoint of our interval) is negligible in its contribution to P(X,, € E) is not straightforward, especially
when the increments of X,, are dependent as in the current setting. To overcome this, we switch to a slightly
weaker topology, namely the M{-topology on D[0, 1] (as defined in [3], see also Section 3.2 below), and derive
asymptotic estimates of events involved with the “area” under the last ongoing cycle. This choice of topology
is crucial as it allows many light-tailed jumps, occurring within a cycle, to merge into a single heavy-tailed
jump.

Our main sample-path large deviations results are presented in Section 3. For the case where B,, as in
(1.1) is nonnegative, our result establishes that

o 1 .. PX,€eBbB) . P(X, € E) -
* < —_— << —_— < * . .
Co(B°) s iminf o5 ey Stmswp mpa—yy7= < Co-(E7) (16)



Precise details can be found in Section 3.2 below. At this moment, we just mention that C; is a measure
on the Skorokhod space for each j, and J* denotes the minimum number of jumps that are required for a
nondecreasing, piecewise linear function with drift EB; /(1 — EA;) to be in the set E. In Section 3.3 we
develop a two-sided version of this result. While we restrict to the case of affine recursions in (1.1), the
methods developed in this paper can be applied to more general recursions of the form X, 11 = fr+1(Xn),
in which f,(2)/z = A, as z — o0o; we refer to [8] for details.

This paper is organized as follows. In Section 2, we introduce some useful tools for future purposes. We
present our main results in Section 3. In Section 4, we present an application of our large deviations result.
Sections 5-7 are devoted to the proofs.

2 Preliminaries

In this section, we recall and establish some preliminary results. All the proofs are deferred to Section 5.
We start by introducing a regularity condition.

Assumption 1. The random vector (A;, By) satisfies
1. A; > 0 a.s. and the law of log A; conditioned on {A4; > 0} is nonarithmetic.

2. There exists an « € (1,00) such that EA} =1, EA§ log™ A; < oo (where log™ 2 = max{logz,0}), and
E|B;|*"¢ < oo for some € > 0.

3. P(Ajx + By =) < 1 for every z € R.

The conditions in Assumption 1 imply that ElogA; < 0 and Elog’ [Bi| < oo, and hence (see e.g.
Theorem 2.1.3 of [7]), the Markov chain has a unique stationary distribution, denoted by 7. Moreover, [23]
and [19] showed there exist constants cy, c_ satisfying ¢ + c_ € (0, 00) such that,

m(z,00) ~cyx™® and w(—o00,—x) ~c_x” Y, as T — 0o. (2.1)
A natural question is whether ¢4 > 0 and/or ¢c_ > 0 in our setting. In [20], sufficient conditions for ¢4 > 0
and/or ¢_ > 0 are developed using algebraic methods.

2.1 Background from Markov chain theory

We review some concepts from Markov chain theory. We begin by introducing two conditions on general
Markov chains. A Markov chain on some general state space (S,S) with transition kernel P satisfies a drift
condition (D) if
[HwP.dy) < sahe) + e te(e), @)
s
for some k1 € (0,1) and k2 > 0, where h takes values in [1,00), and C is a Borel subset of R. Moreover, we
say that a ¢-irreducible Markov chain on (S,S) with transition kernel P satisfies a minorization condition
(M) if
Olc, (x)p(E N Ey) < P(z, E), rES,FES, (M)

for some set Ey C S, some set Cy with ¢(Co) > 0, some constant § > 0, and some probability measure ¢ on
(S,8).

Remark 2.1. If the minorization condition (M) holds, then there exists a sequence of strictly increasing finite
random times r,,, n > 1 such that {X,, },,>0 regenerates at each r, w.r.t. ¢, that is, P(X,, € E) = ¢(ENEy)
for each . In particular, X,, attempts (independently of everything else) to regenerate each time it enters
Co, and such attemps are successful w.p. 6.



Recall that we say that the Markov chain {X;},>0 is geometrically ergodic if there exists some number
po € (0,1) such that
1P () = Po()llzv = olpg)

as n — o0.

Result 2.2 (Lemma 2.2.3, Proposition 2.2.4, Theorem 2.4.4 of [7]). Let {X,}n>0 be such that X,,11 =
Apn+1 Xy + Bpy1. Supposing that Assumption 1 holds, we have that:

1. For any given § € (0,a), { Xy} n>0 satisfies the drift condition (D) with h(z) = 1+ |z|° and C =
[—M, M] for some constant M > 0.

2. {Xn}n>0 is m-irreducible.
3. {Xn}n>0 is geometrically ergodic.

The regeneration scheme described in Remark 2.1 plays an important role in our analysis. Our next
assumption guarantees the existence of the regeneration times.

Assumption 2. Condition (M) is satisfied with Cy = [—d, d] for some d > 0 such that [—d, d|Nsupp(w) # 0.

For the rest of the paper, we will use 7,, to denote the n*" regeneration time w.r.t. this particular Co
and ¢ in Assumption 2. Moreover, we assume ro = 0, so that Xy € Cy. For completeness we mention some
sufficient conditions for Assumption 2 to hold in terms of the joint distribution of (A;, By), which is a minor
extension of Lemma 2.2.3 of [7]. Let &,.(x) = {a’: |r —2'| <r} forz € R and r > 0.

Proposition 2.3. Assume that one of the following conditions hold.

1. Let By > b a.s. for some b > 0. Moreover, there exist intervals Iy = (a1,a2) C Ry, Iy = (bg —0,bog+9)
for some a1 < as, by, § > 0, a o-finite measure vy with by in the support of vy, and a constant ¢y > 0
such that for any Borel sets D1, Do C R,

P((Al,Bl) S (Dl X DQ)) > 00|D1 n Il|V0(D2 n IQ),
where | - | denotes the Lebesgue measure on R.

2. There exist intervals I = (ag — 6,a0 +0) € Ry, Iy = (b1, ba) for some ag, by < ba, § > 0, a o-finite
measure vy with ag in the support of vy, and a constant cg > 0 such that for any Borel sets D1, Dy C R,

P((Al,Bl) S (Dl X Dg)) > C()V()(Dl n Il)lDQ N Ig| (22)

Then, for any xo € R, there exists e = e(xg), 6 > 0, open interval Ey such that
0|E N Ey| < P(z, E), x € Be(xg), E € B(R). (2.3)
Our next result implies the geometric decay of P(r; > k) as k — oo.

Lemma 2.4. Suppose that Assumption 1 and 2 hold. Let {rp}n>0 be the sequence of regeneration times
associated with Cy. Let E7 be a bounded set. There exists t > 1 such that

sup E[t" | Xy = z] < oc.
reFE,



2.2 A useful change of measure

Another helpful tool in our context is the so-called a-shifted change of measure (see e.g. [12, 11]). Let v
denote the distribution of (log A,, By) and define the a-shifted measure v by

VO‘(E):/Ee‘”du(:v,y), F c B(R2),

Let L(log Ay, By,) denote the law of (log Ay, B,). For a stopping time T', Let 9% be the dual change of
measure such that, under 2%,

v, forn <T,
L(log A, Byn) = (2.4)
v, forn >1T.

Let P, PZ7 E* and EZ7 denote expectation and probability w.r.t. the a-shifted measure v and the dual
change of measure 2, respectively. Defining

Sy = ZlogAl-, (2.5)
i=1

we have the following result.

Result 2.5 (Lemma 5.3 of [12]). Let T and T be stopping times w.r.t. {Xp}n>0, let g: R® — [0,00] be a
deterministic function, and let g,, denote its projection onto the first n+1 coordinates, i.e., gn(xo,...,xs) =
g(xoy ..., 2n,0,0,...). Then
Elg-—1(Xo,..., X,—1)] = EZT (gr—1(Xo, ., Xro1)e T Lip oy
+ E@% [gﬁ,-,l(Xo, e ,Xﬁ,-,l)e_aST]].{TZT}] .
Remark 2.6. Note that by the same argument, if a random variable R is measurable w.r.t. the stopped

o-algebra Fr, then
E[R] = E7%[Re”*°"] = E*[Re” *°7].

Our analysis relies on the fact that the Markov chain X, is closely related to a multiplicative random
walk, that is,
Xnt1 =~ Ap1 X, forlarge n.

Roughly speaking, the process X,, resembles a perturbation of a multiplicative random walk, in an asymptotic
sense (for details see [12, 11]). Hence, it is natural to consider the “discrepancy” process between X,, and
[Ti-, A, which is defined as

Zn = Xne 5" =Xo+ Y Bre %, n>0, (2.6)
k=1

where S, is as in (2.5). Under the a-shifted measure, we have E®log A; = EA{ log A; > 0 by Assumption 1
and Theorem 2.4.4 of [7]. Consequently, we have the following result.

Lemma 2.7. Let Assumption 1 hold. Under P,
1. | Xp| T oo a.s. asn — 0.

2. Zn 25 7 asn — oo, where Z = X + 220:1 Bye k.



2.3 M-convergence

We briefly review the notion of M-convergence [26, 33], and introduce a novel asymptotic equivalence concept.
Let (S, d) be a complete separable metric space, and . be the Borel o-algebra on S. Given a closed subset C
of S, let S\ C be equipped with the relative topology as a subspace of S, and consider the associated sub o-
algebra .Zg\¢c = {E: E CS\C,A € #} onit. Define C" = {z € S: d(z,C) < r} forr > 0, and let M(S\C) be
the class of measures defined on #5\ ¢ whose restrictions to S\ C" are finite for all 7 > 0. Topologize M(S\ C)
with a sub-basis {{r € M(S\ C): v(f) € G}: f € Cs\c, G open in R, }, where Cg\¢ is the set of real-valued,
non-negative, bounded, continuous functions whose support is bounded away from C (i.e., f(C") = {0} for
some r > 0). A sequence of measures v, € M(S\ C) converges to v € M(S \ C) if v, (f) — v(f) for each
J € Cs\c. We say that a set £y C S is bounded away from another set Fy C S if inf,cp, yer, d(x,y) > 0.
The following characterization of M-convergence can be considered as a generalization of the classical notion
of weak convergence of measures, see e.g. [4].

Result 2.8 (Theorem 2.1 of [26]). Let v, v, € M(S\ C). We have v, — v in M(S\ C) as n — oo if and
only if
lim sup v, (F) < v(F)

n—oo
for all closed F' € S5 ¢ bounded away from C and
liminf v, (G) > v(G)

n—r oo

Jor all open G € F5\¢ bounded away from C.

We now introduce a new notion of equivalence between two families of random objects, which will prove
to be useful in Section 7. Let Fs = {z € S: d(x, F) < 6} and G™% = ((G®)s)°. Note that when it comes to
the fattening and shaving of sets, we denote open sets with a superscript and closed sets with a subscript.

Definition 2.9. Suppose that X,, and Y,, are random elements taking values in a complete separable metric
space (S,d). Y, is said to be asymptotically equivalent to X,, with respect to €, and C, if, for each § > 0
and v > 0,

limsup e, 'P(X, € (S\ C) 77, d(X,,Y,) > 4)

n—oo
=limsupe, 'P(Y,, € (S\ C) ", d(X,,Y,) > §) = 0.
n—oo

Remark 2.10. Note that the asymptotic equivalence w.r.t. C implies the asymptotic equivalence w.r.t. C’
if C € C'. In view of this, the strongest notion of asymptotic equivalence w.r.t. a given sequence €, is
the one w.r.t. an empty set. In this case, the conditions for the asymptotic equivalence reduce to a simple
condition: P(d(X,,,Y,,) > ) = o(e,) for any 6 > 0. That special case of asymptotic equivalence has been
introduced and applied in [33]. In our context, this simple condition suffices for the case of By > 0 in
Section 3.2; however, we have to work with the case that C is not an empty set when we deal with general
B in Section 3.3.

The usefulness of this notion of equivalence comes from the following result.

Lemma 2.11. Suppose that €;,'P(X,, € -) = v(-) in M(S\ C) for some sequence €, and a closed set C. If
Y, is asymptotically equivalent to X,, with respect to €, and C, then the law of Y,, has the same normalized
limit, i.e., e, 'P(Y,, € ) = v(-) in M(S\ C).

3 Main results

This section is organized as follows. In Section 3.1, we analyze the tail estimates of the area under the first
return time and regeneration cycle, which are needed to derive the sample-path large deviations of X,,. In
Section 3.2 we derive such results in the case where B; > 0. The two-sided case is more involved and is
treated in Section 3.3.



3.1 Tail estimates on the area under the first return time/regeneration cycle
Let
g =inf{n > 1:|X,| <d} (3.1)

denote the first return time of X,, to the set [—d, d], where d is such that [—d, d] N supp(w) # 0. Recall that
{rn}n>0 is the sequence of regeneration times of {X,,},>0. We denote the area under the first return time
and the regeneration cycle by

Tq—1 r1—1
B = dz X, and M= IZ X, (3.2)
n=0 n=0

respectively. Recall that Z = Xy + > oo Bre %%, Finally, note that considering B; = 1, there exists a
constant C, from [19] that satisfies

P (Z e > u> ~ Coot ™. (3.3)
k=0

Theorem 3.1. Suppose that Assumptions 1 and 2 hold.

1. We have
Jim uP(B > u) = CB[(Z4) Lz —o0)]
and  lim w*P(B < —u) = CoB(Z7)" L7y

2. In addition

lim u*PR >u)=Cy and lim «*PR < —u)=C_,

U—r 00 U— 00
where Cy = Co B [(Z1)* 1y —00}] and O = CE*[(Z7)* L =0}

Like in the classical estimates (2.1), it is natural to ask when Cy,C_ € (0,00). A proof of finiteness of
E“[|Z|*] is obtained as by-product of the proof of Lemma 6.6. Cs € (0,00) by specializing (2.1) to the
case A1 < 0 and B; = 1. If By is non-negative and P(4; = By = 0) = 0, then Z > 0 P®-a.s. Since also
P(ri =o0) >0, Cy > 0.

When B; can take both signs, the situation is much more delicate and we sketch how one can deal with
this issue. One way is to derive sufficient conditions for the support of Z under P® to be the entire real
line, from which strict positivity of both Cy and C_ can be inferred. Such a sufficient condition can be
derived from a careful inspection of the proof of Theorem 2.5.5 (1) of [7] (which is a result due to [20]).
For example, if the support of (A, B) includes points (a, b), (a1,b1), (az, b2) such that a < 1,a1,a2 > 1 and
b1/(1 —a1) <b/(1—a) < by/(l — az) the support of Z is the whole real line.

3.2 One-sided large deviations

We first consider the case where B; is nonnegative. To deal with the dependence structure of the Markov
chain within the regeneration cycle, we consider in this section the M7 topology. To be precise, define the
extended completed graph I'; of £ by

Te = {(z,t) e Rx [0,1]: z € [E(t7) NE®), &) VED)]},

where {(07) = 0. Define an order on the graph I'; by saying that (z1,t1) < (22,12) if either (i) t1 < t2
or (ii) t1 = t2 and [§(t;) — 21| < [§(ty) — a2|. We say that a mapping (u,s) : [0,1] — I'; is a parametric



representation of & if r — (u(r), s(r)) is continuous and non-decreasing. Let II'(£) be the set of all parametric
representations of £ € D. For any &1,&; € D, the M/ metric is defined by

dar (61,62) = inf - flur —uzlleo V|81 = 82|00
(ui,s;) €I (&)
ie{1,2}

For the rest of the paper, we consider the topology w.r.t. this metric, unless specified otherwise.

For the one-sided large deviations result, we need the following elements. We say that a function £ € D
is piecewise constant, if there exist finitely many time points ¢; such that 0 =tp <t; <--- <t,, =1 and &
is constant on the intervals [t;_1,¢;) for all 1 <¢ < m. For £ € D, define the set of discontinuities of £ by

Disc(¢) = {t € [0,1]: £(t) # £(7)}, (3.4)
where £(07) = 0. For each integer j, define
D_; = {£ € D: £ piecewise constant and nondecreasing, |Disc(§)| < j}.
For z € R and each integer j, define

DY, = {¢eD:t=z-id+¢,& eD_;}. (3.5)

For each constant v > 1, let v, (x,00) = 277, and let ©/ denote the restriction (to Rﬁ ={reRi:z >
--->x; > 0}) of the j-fold product measure of v,. Let C§ be the Dirac measure concentrated on the linear

function zt. For j > 1, define a sequence of Borel measures C7 € M(D \ D_;) concentrated on D_;,, as

vl {xe(O,oo)j:z-id—i—ixi]lUi € }1 , (3.6)

i=1

Ci(-)=E

where « is as in Assumption 1 and the random variables U;, ¢ > 1, are i.i.d. uniform distributed on [0, 1].
For £ C DD and z € R, define

JNE) =inf{j: ENDZ;,, #0}. (3.7)

Setting 4 = EB; /(1 — EA;), we state below the main theorem for the one-sided case. Recall C; defined in
Theorem 3.1.

Theorem 3.2. Suppose that Assumptions 1 and 2 hold. Moreover, let By > 0, and C be strictly positive.

1. For each j > 0,

n " UP(X, € ) = (C4Er ) CH(-),
in M(D\DZ,) as n — 0.

2. Let E be measurable. If JJ(E) < 0o and E is bounded away from D<j,I(E)7 then

. . P(Xn S E) JT(E) n °
S ey = (G ()
P(X, € E)

and limsup < (C+Er1)‘7£(E)C;T(

_— E7).
n— 00 n_jJ(E)(a_l) - ( )

E)

3.3 Two-sided large deviations

Similarly as in Section 3.2, we need the following elements. Define the set of step functions with less than j
discontinuities by

D ; = {¢ € D: { piecewise constant, |Disc(§)| < j}, for j > 0.



For z € R, define
D, ={¢eD:{=2-id+¢, § eD;}, forj>0. (3.8)

Let C§ o be the Dirac measure concentrated on the linear function zt. For each (j, k) € Z3 \ {(0,0)}, define
a measure C'7 as

G =E

J k
vt {(x, v) € (0,00 s z-id+ ) wily, =3 yily, € H | 39
i=1

i=1
where U;, V; are i.i.d. uniform distributed on [0, 1]. For E C D and z € R, define

J.(E) =inf{j: ENDZL,,, #0}. (3.10)
Recalling 4 = EB; /(1 — EA;1), we now state our main theorem for the two-sided case.

Theorem 3.3. Suppose that Assumptions 1 and 2 hold. Let E|B1|™ < oo for every m € Zy. Moreover, let
Cy, C_ be as in Theorem 3.1 such that C;C_ > 0.

1. For each j >0,
i(a-1)p(X . j L mok (.
WPy € ) = Bn) Yo (CONC)TCE,(),
in M(D\ DY ;) as n — oo, where I—j = {(I,m) € Z% : | + m = j}.

2. Let E be measurable. If J,(E) < oo and E is bounded away from Deg, ey then

L. P(Xn € E) m o
liminf ey 2 Br)7 3 (C)N(C)" O (EY)
(m)€l=yz, (&)

P(X,€FE
and limsup % < (Brp)7u(®) Z (CJF)I(C,)mC'ﬁm(E*),

n—oo N
(m)€l_y7, (k)

where the summations are over all (I, m) that belong to the set I_7 (k).

4 An application in barrier option pricing

To illustrate how our results can be applied, we consider a problem that arises in the context of financial
mathematics. In particular, we consider estimating the value of a down-in barrier option (see Section 11.3
of [34]).

Let the daily log return of some underlying asset be modelled by an AR(1) process X,, n > 0, as in
(1.1). Let Assumptions 1 and 2 hold. Let E|B;|™ < oo for every m € Z4. For real numbers a_ and a, we
are interested in providing estimates for P(E,,) as n — oo, where

FE, = {Xn > ay, min X < —a},
0<k<n

at+ > max{u, 0}, and a_ > max{—u,0}. This choice of (a_,ay) leads to the case where the rare event is
caused by two big jumps, and hence, is particularly interesting. Note that the probability of E, can be
interpreted as the chance of exercising a down-in barrier option. Defining

B = {s eDiE) > ar, nf €0) < —a_} ,

we obtain P(E,) = P(X,, € E). Obviously, we have J,(E) = 2, where J, was defined in (3.10). Hence,
to apply Theorem 3.3, we need to show dy (E,@ZQ) > r for some r > 0. To see this, we assume that



da (B, Diy) < rforall r > 0. Therefore, for any € > 0, there exists & € E and & with &o(t) = pt+x 1, 1(t),
r € R, and y € [0, 1] such that dps(£1,82) < 7+ €. By the definition of the M| metric, for any d; > 0, there
exists (u;,v;) € II'(&;), @ € {1,2}, such that

lur — uzlloc V llv1 = v2lloc < dagg(€1,€2) + 01 <7+ €+ 61 (4.1)
By (4.1), we have that
lay — (p+ 2)] = |ur(1) —u2(1)] < [lur = uzlloo V [[v1 = v2floe <74 €+ 01

Letting €, 61 — 0, we obtain that © > (a4 — u) —r > 0 for sufficiently small . On th other hand, by the
fact infyepo1) §1(t) < —a—, for any d2 > 0, there exsits ¢’ € [0, 1] such that &, (') < —a_ + 2. Let s be such
that v1(s) =¢'. Let t” = va(s). Again using (4.1), we obtain that

&) — (ut” + 2Ly 1 (t7)] = ur(s) — ua(s)] < [Jur — uzlloo V [[v1 — v2lloc < 7+ €+ d1,
and hence,
pt” +xlpy (") < &(t') + (r+e+01) < —a— + 71+ €+ 61 + a. (4.2)
Combining (4.2) with the fact that > 0, we obtain that

pL(—oo0) (i) < pt” < pt” + xlpy (") < —a— 417+ €+ 01 + 0. (4.3)

Letting €, 1, do — 0, we see that (4.3) is contradictory to a— > max{—pu,0} > 0. Thus, we proved
dr (E,Df,) > r for some r > 0, and hence, we are in the framework of Theorem 3.3.

Next we determine the preconstant in the asymptotics. Define m, 71: D — R by m(§) = inf,eo,17£(t),
and 71(£) = £(1). Note that m; and m (cf. [36, Lemma 13.4.1]) are continuous. Thus, E = m~!(—o0, —a_]N
7y Hay,00) is a closed set. Recall, for z € R, that C%), was defined in (3.9). Since Cy(E) = Cp,(E) = 0,
it remains to consider C{';(E°) and C}',(F). Combining the fact that m~'(—oco,—a_) N 7 Hay,00) C F
with the discussion after [33, Theorem 3.2], we conclude that F is a C’f 1-continuous set. Therefore, applying

Theorem 3.3 we obtain
P(E,) ~ C}(E)C4yC_n~2"Y

as n — o0o. In particular, the probability of interest is regularly varying of index 2 — 2a.

5 Proofs of Section 2

Proof of Proposition 2.3. Part 1) and 2) [if x9 # 0] are in [7, page 22]. Hence, we focus on showing part 2)
for the case x¢g = 0.
Note that for any Borel set E, (2.2) implies that

ap+te apte
P(z,E) = E[lia,osmeny] > co / / 1iaesseny dbro(da) = o / / 1is—avery Liseny dz vo(da).
ag—€ I ap—e€

Let
(b1+ea0+e,b2—e(a0—|—e)) ifzg =0
Eog = 4 (b1 + (zo + €)(ao + €), bz + (z0 — €)(apg —€)) if o >0,
(b1—|— (2o + €)(ap — ¢€), b2+(:1co—e)(ao+e)) if g <0
and pick an € > 0 sufficiently small so that Ey is non-empty and € < |zo| A ap. Note that if z € Be(xo),

z € Eg, and a € (ap — €, a0 + €), then z € Ey implies z — ax € Ip; that is, 1{.cp,} < 1{z—azer,}. Therefore,
we have that

ap+e
P(z,E) > co/ /]l{zeEo}]l{zeE} dzvp(da) > covo((ag — €, a0 + €))|E N Ep, x € Be(x).
apg—e€

The constant 8 = covy((ag — €, ap + €)) is strictly positive since ag belongs to the support of vy. O
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Proof of Lemma 2.4. By Theorem 15.2.6 of [27] and Result 2.2, any bounded set is h-geometrically regular
with h(z) = |#|° + 1, § € (0, ). Thus, from the definition of h-geometrical regularity (cf. page 373 of [27]),
there exists ¢ > 1 such that sup,cp, E[>;%, "h(Xp)tR | Xo = 2] < oo and sup,ec, B[ 1L, ! o h(Xk)th | Xo =
x] < 0o. Since h > 1,

Tqg—1
t) £ sup E[t™ | Xy = 2| < su E[ (xR
Xo(t) £ sup B | Xp =a] < sup B 37" Th(xi)

Xo = x} < 00. (5.1)

Likewise, x1(t) £ sup,ec, E[t™ | Xo = 2] < co. Note that for any s € (1,¢), by Jensen’s inequality, we get

log s

X1(5) = sup,cc, Bls™ | Xo = o] = sup, cc, B ™ | Xo = a] < sup,ee, BIE | Xo = a] ¥ = ()55 = 1

as s — 1. Now let ¢ > 1 be sufficiently close to 1 so that (1 —6)x1(t) < 1. From the regeneration scheme as
described in Remark 2.1, we obtain

sup E[1"*| Xo =] < xo(t) <9+Z (1 - 60)"(xa( ))) (5.2)

O

Proof of Lemma 2.7. By Assumption 1, the set [M, 00) is attainable by {|X,|}n>0 for sufficiently large M.
Hence, by Theorem 8.3.6 of [27], Lemma 2.7 is proved once we show

PY(|X,| > M, foralln >1]|Xy| >2M) >0

Note that

Xo + i Bieisi

i=1

| Xp| = e

> GS" <|X0| — Z |Bi|65i> > GS" <|X0| — Z |Bi|65i> .

i=1 i=1

Combining this with the fact that E“log A; > 0, we conclude that P(exp(S,) > 1, for alln > 1) = P(S,, >
0, for all n > 1) > 0, and hence, the first statement is proved. The second statement follows from the fact
that the random walk —S,, has a negative drift under P. O

Proof of Lemma 2.11. Let G be an open set bounded away from C so that G C (S\ C)~" for some v > 0.
For a given § > 0, due to the assumed asymptotic equivalence, P(X,, € (S\ ) Y, d(Xn, Yn) > 6) = o(en).
Therefore,

liminfe, 'P(Y, € G) > lim inf 6, 'P(X, € G7°,d(X,,Y,) <)

n—oo

= hrnlnfen {P(X, € G°) —P(X, € G % d(X,,Y,) >6)}
> liminfe, ' {P(X, € G%) —P(X, € (S\C) ", d(X,,Y,) >0}

n—oo

=liminfe, 'P(X, € G7%) > v(G79).

n—oo

Since G is an open set, G = [Js.,G~°. Due to the continuity of measures, lims_,o »(G~°) = v(G), and
hence, we arrive at the lower bound

liminf e, 'P(Y, € G) > v(G)

n—oo

by taking 6 — 0. Now, turning to the upper bound, consider a closed set F' bounded away from C so that
F C (S\ C)~7 for some v > 0. Given a ¢ > 0, by the equivalence assumption, P(Y,, € F,d(X,,Y,) > ¢) <
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P(Y, € (S\C) ", d(X,,Y,) > 0) = o(e,). Therefore,

limsupe, 'P(Y, € F) = limsupe,  {P(Y, € F,d(X,,Y,) <06) +P(YV, € F,d(X,,Y,) > )}

n—r oo n—oo

<limsupe, ' {P(X, € Fs) + P(Y,, € F,d(X,,Y,) > 0)}

n—00

= limsupe, 'P(X, € Fs) < v(Fs)

n—oo

as long as § is small enough so that Fs is bounded away from C. Note that {Fs} is a decreasing sequence
of sets, F' = (550 Fs (since F' is closed), and v € M(S \ C) (and hence v is a finite measure on S\ C" for
some 7 > 0 such that F5 C S\ C" for some ¢ > 0). Due to the continuity (from above) of finite measures,
lims_,o ¥(F5) = v(F). Therefore, we arrive at the upper bound limsup,,_, ., €, 'P(Y,, € F) < v(F) by taking
d—0. O

6 Proofs of Section 3.1

This section provides the proof of Theorem 3.1. Before turning to technical details, we briefly describe our
strategy for proving the tail asymptotics of B. A similar idea is behind the proof for R. Let

T(u) =inf{n > 0: | X,| > u} and Kj(u) = inf{n > TWP): | X,| <u'} (6.1)

where 0 < v < 8 < 1. We can then write

T(u?)— K3(u)-1 ra—1
Z X + ) Xat D> Xa (6.2)
n=T(u?) n= Kw(u

We will choose 8 close enough to 1 and v far enough from 1 so that 8+ v > 1 and we can find p € (v, 5)
such that 8 — v+ p > 1. The proof of Theorem 3.1 (1) is based on the following fact.

e On the event {T'(u”) < 74}, the first and the last term on the right hand side (r.-h.s.) of (6.2)
are negligible in contributing to the tail asymptotics. Proposition 6.1 below proves such properties.
Lemma 6.5 is useful in showing Proposition 6.1.

e In view of the previous bullet, the second term on the r.h.s. of (6.2) plays the key role in P(B > u).
Our analysis relies on the fact that the Markov chain X, resembles a multiplicative random walk in
the corresponding regime. Proposition 6.2 below proves such asymptotics. Lemmas 6.6, 6.7 are helpful
for proving Proposition 6.2.

Similarly, the proof of Theorem 3.1 (2) hinges on Propositions 6.3 and 6.4, which play the similar roles as
Proposition 6.1 and 6.2, respectively.

Proposition 6.1. Suppose that Assumptions 1 and 2 hold. There exist a § <1 and 0 <~ < 3 such that

T(uf)—1 Ta—1
P Z Xo| > u, T(P) < 74 and P Z Xl >u, TW’) <14
n=0 Kw(u

are of order o(u™%) as u — 0.
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Proposition 6.2. Suppose that Assumptions 1 and 2 hold. There exist 0 < v < 8 < 1 (identical to those in
Proposition 6.1) such that

Kg(u)—l
lim w'P [ Y Xy >u,Tw’) <74 | = CuB*[(Z7)"L{r —o0)]
Kj(u)-1
and lim u*P Z X, < -u,TW’) <7y | = CEY(Z7) % Lir =00} -
U— 00
n=T(uP)

Proof of Theorem 8.1 (1). Recalling T'(u®) = inf{n > 0: |X,,| > u?} for B € (0, 1), write
P(+9B > u) = P(£B > u, T(v?) < 14) + P(£B > u, T(v”) > 7). (6.3)

Since P (14 > n) decays geometrically in n since |Xo| < d, and |X,,| < u? for n < 75 — 1 on T(u?) > 74, we
have that

Tdfl
P(£B > u, T(u’) > 75) <P(IB| > u, T(W*) > 74) <P <Z | Xo| > u, T(u?) > Td>
n=0

< PPty >u) =P(rg > u*P) = o(u™). (6.4)

Using (6.3) and (6.4), we can focus on analyzing the first term on the r.h.s. of (6.3). For 0 <y < 8 < 1,
recall Kj(u) = inf{n > T(u?): |X,| < u"}. Using the decomposition in (6.2) and Proposition 6.1, we obtain
that, for € € (0,1),

Kg(u)-1
P(B>uTW’) <) <P| > X,>1-euTw’) <
n=T(uf)
T €u i €u
+P Z X, >7,T(uﬁ)<7d +P Z X, >7,T(uﬁ)<7d
n=0 n:Kg(u)
Kg(u)—l
=P Z X, > (1 —eu, TW’) <14 | +o(u™), (6.5)
n=T(uP)
and
Kg(u)—l
P(B > u,T(u’) <74) > P Z X, > (1 +eu,TW) <y
n=T(uP)
T eu jiy eu
—P(] > Xu> ?T(uﬁ) <tq|-P > Xl > 7,T(uﬁ) < T4
n=0 n:Kg(u)
Kj(u)-1
=P| Y Xo>(+euTw’)<m|+ou®). (6.6)
n=T(uf)

From (6.5), (6.6), and Proposition 6.2,

(146 " Co B [(Z1) Liry—ooy] +0(1) < uP(B > u, T(u?) < 74) < (1= €) " Coa B [(Z1)* L —00y] +0(1).
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Since € is arbitrary,
uP(B > u, T(u’) < 70) = CoE*[(Z)* Liry—00y] + 0(1).

Along with (6.3), (6.4), this proves the first limit of Theorem 3.2 (1):
WP(B > ) = Co (21 (ryocy] + 0(1).

We can use similar estimates to “sandwich” the quantity P(8 < —u) and establish the second limit of
Theorem 3.2 (1). O

Now we move on to proving Theorem 3.1 (2). We first need the following propositions.

Proposition 6.3. Let Assumptions 1 and 2 hold. There exist 0 < v < 8 < 1 such that

T(uf)—1 ri—1
P Z X, >u, T(Wf) <r and P Z X, >u, T(WP) <r
n=0 n:Kg(u)

are of order o(u™%) as u — oo.

Proposition 6.4. Let Assumptions 1 and 2 hold. There exist 0 < v < 8 < 1 such that

K7 (u)—1
ul;rx;o u®P Z X, >u, T’y <r | =C,
n=T(u?)
K7 (u)-1
and ulin;o u®P Z X, < —u,TW’)<r | =C_,
=T (u?)

where Cyp = Coo E*[(Z1)* Ly, —o0}] and Cy = CB*[(Z7)* 1y =0} ]-

Proof of Theorem 8.1 (2). Using similar arguments as in (6.3) and (6.4), we can focus on P(+9R > u, T(u®) <
r1). Combining the similar “sandwich” technique as in (6.5)—(6.6) with Proposition 6.3, it remains to analyze

Kj(u)—1
u*P Z X, >u,T(wf) <r
n=T(uP)
Using Proposition 6.4, we conclude the proof. O

Next we prove Proposition 6.1. For this, we need the following lemma. Let {Y},},>0 be the R -valued
Markov chain defined by Y, 11 = An41Yn + |Brt1l, for n >0, and 7 = inf{n > 1: Y,, < d}.

Lemma 6.5. Suppose that Assumptions 1 and 2 hold. Let L > 0 be given, and let € > 0 be such that
| — €] > 1. Then there exists a positive constant ¢ such that, for sufficiently large x,

E[r*t Yy = 2] < cxlo—el,
In particular E[7otE | Yy = 2] = O(x).

Proof of Proposition 6.1. To begin with, note that

T(u?)—1 T(u?)—1
Pl > Xul>uTW)<m|<P| > |Xu|>uT@’)<m
n=0 n=0

< PPty > u) =Pry > u' P,
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which decays exponentially. It remains to show the second claim. Let p be a number such that p € (v, 5)
and  — v+ p > 1, and define

€ (u) = {In such that KJ(u) <n <74 and [ X, > u’}.

Note that
T4—1 Ta—1
P Z X,| >u,T(W’)<7q | <P Z |Xon| > u, T(u?) < 74, &1 (u)
=K} (u) n=K} (u)
Ta—1
+P Z 1 Xo| > u, T(u?) < 74, (€1(u)° |,
n=K}(u)

where the second term in the last equation is bounded by P (74 > u'~?), and hence is of order o(u=%). It
remains to analyze the first term, which is bounded by P(T'(v?) < 74, ;(u)). Our goal here is to show that

P(T(u”) < 74,€1(u)) = o(u™%), asu — oo, (6.7)
To begin with, note that, on €;(u), where K}(u) < 0o almost surely, we can define {Y}, },>¢ as follows
YOI = ’U,’Y, Y’ri-i—l = AK;(u)+n+1Y7§, + |BK;(u)+n+1|7 for n > 0.

so that |XKg(u)+n| <Y, forall n > 0. Let 7/ £ inf{n > 1: Y, < d}. Since Lips)<ry} € MFr(us), and Y,
is well-defined on {T'(u”) < 74} (since Kj(u) < oo P-almost surely there), we have that

P(T(u’) < 74, (u)) < P(T(u®) < 74,30 < 7’ such that Y, > u?)
=P(T(u?) < 79)P(3n < 7’ such that Y, > u” | T(v”) < 74), (6.8)

where P(T(u®) < 74) = O(u™*?) (cf. Corollary 4.2 of [11]). Since we have chosen 3, 7, and p in such a
way that 3 —~ + p > 1, it remains to show that the second term on the r.h.s. is O(u~*®~7)). Recall the
definition of Y;, and 7, and note that from the strong Markov property,

P(3n < 7’ such that Y, > u” | T(u’) < 74) = P(In < 7 such that Y, > u”| Yy = ")
as u — 0o. Recall Remark 2.6 and consider T' = inf{n > 1: Y;, > u”}. We obtain

P(3n < 7such that Y, >’ | Yy =u") =P(T < 7|Yy =u") = E* [e T 17 | Yo =u?]

T el D ( ) (eSTu’Y> Lir<ry | Yo = u"]
<y~ P Re Yr 1 Yo = o
< S {r<r} | Yo .
Now it is sufficient to show that
. o Yr \“ ~
hHl)SupE “Sra Lir<ry | Yo =u"| < oo, (6.9)

to prove that the r.h.s. of (6.8) is O(u~**=7)), and hence, P(T(u”) < 74, & (u)) = o(u~?). To show (6.9),
note that

v T T

T —Sr. - _ _ -

= e 9Ty | 5TuY 4 97 E |Brle ™ | =14+ u™" E | Bi|e 5%,

eSTu'Y
k=1
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Thus, we have that

T 00
Yr - _ _ _
ml{T<r} <l+4u ’YZ |Bile™ Lipery <140 Z | Bile™* 1grery,
k=1 k=1
and hence,
v o 1/« 0 a 1/«
o e T
k=1
<14+ 3 B [u B Lpery | Yo = u7]® (6.10)

k=1

=1+ u B [ S By L iry | Yo = ]
k=1

_ = o 1/
=1+u Y E[|Bil*Lpery | Yo =u]" (6.11)
k=1
<1+u 7Y (BB P(r > k| Yo =u)/* (6.12)
k=1

< 1+ u (BB )Y (BT Yo = u)) /Y kel (6.13)

k=1
for some L > 0, where (6.10) is from Fatou’s lemma and Minkowski’s inequality, (6.11) is from Remark 2.6
with T'= k and R = |Bg|*1l{x<r}, (6.12) is from the fact that 1<y < Iip<ry and Lyp<ry € mFr_1 SO
that 1yy<,y and [Bg|* are independent, and (6.13) is from Markov’s inequality. Using Lemma 6.5 above, we

prove (6.9), which, in turn, proves (6.7). This concludes the proof of Proposition 6.1. O
Set
9o Kg(“)*l XT( 5 —a
4, (u) = ut=PopZran Z Xn > u | Frs) < " ) L Zp 05y >0} (6.14)
n=T(uf)
and
Kg(u)—l X o |
_Bap2 T(u
g_(u) = u(l 8) P T (ub) Z(B)Xn > u ]:T(uﬂ) ‘ u(ﬁ ) ]]'{ZT(uB)SO}' (615)
n=T(u

Recall C in (3.3). The following two lemmas are useful in proving Proposition 6.2.

Lemma 6.6. Suppose that Assumptions 1 and 2 hold. Under the measure P%,
Gy (u) = Coolyzsop and 9G—(u) =250, asu — oo.

Moreover, 4, (u) and 9_(u) are bounded in u by some constants almost surely.
Recall that Z,,, 74, and T'(u) are defined in (2.6), (3.1), and (6.1), respectively.

Lemma 6.7. Suppose that Assumptions 1 and 2 hold. The random variables Z;(uﬂ)]]'{T(uB)<Td} and Z;(uﬁ) Lir(usy<ra}
are bounded by

Z =|Xo|+ > Bule™ " Lineryy-
n=1

In addition, E*[Z%] < .
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Proof of Proposition 6.2. We focus on deriving the first asymptotics, since the second one follows using
similar arguments. Note that

KJ(u)-1 K (w)-1
wWP | Y Xy >uTW)<m|=uP| Y Xp>u Xpes >0,Tw’) <y
n=T(uf) n=T(u?)
K} (u)-1
+uP Z Xn > u, Xpey <0, T(u?) < 14
n=T(u?)
= (I.1) + (1.2). (6.16)

We first consider (I.1). Applying the dual change of measure .@0‘ together with Result 2.5, we obtain
that o
(I.1) = E 7" [gr,—1(Xo, ..., XTd—l)eiaST(Uﬁ) ]]'{T(UB)<Td}]7

where K3
1 if > fTu(B Xp > wand Xpgsy >0

Gra—1(Xo, X1, ..., Xry1) =
0 otherwise.

Recall the expression for Z,, given in (2.6). Note that
(L1) = u*E”re) {g‘rd—l(XOa o ,er—l)e_aST(“B)E{T(u5)<m}}
= u BT [mel(Xov o Xy 1) Xy [T Koy e IO Ly gy
_ g% [%(u)(z;(uﬂ))an {T(ug)qd}} , (6.17)

for all n > 0. Using Lemma 6.6, Lemma 6.7, the dominated convergence theorem and the fact that T'(u®) —
00 as u — 00, we obtain that

U—r 00 U—r 00 U—r 00

= E° | lim (25,0 Lrawoyry @ ()] = B [(24)°1 (7,201 Cac]

uU—

= CoEB® [(Z1)* 1 (rymo0}] -

. . 2° N . N o
lim (L1) = lim E"7e" [(Z;"_(uﬁ)) ]l{T(uB)<Td}g+(u)} = lim E {(Z;"_(uﬂ)) ]l{T(uB)<‘rd}g+(u)}

Analogously, we have that
(I.2) = E@;(uﬁ) {(Zi( 5)) ]l{T(uB)<‘rd}g— (u)] —+0, asu— o0, (6.18)

where ¢_(u) was defined in (6.15). Using (6.16), (6.17), and (6.18), we prove the first asymptotics in
Proposition 6.2. The second one can be shown analogously. O

We need the following lemmas to prove Proposition 6.3. Let Y, 11 = A,+1Y, + |Br+1| and let r be the
first time that Y,, regenerates.

Lemma 6.8. Suppose that Assumptions 1 and 2 hold. Let ¢ > 0, and let L > 0 be such that o — €| > 1.
Then there exists a positive constant ¢ such that, for sufficiently large x,

E[r*tl Yy = 2] < cxlo™el

In particular, E[r*tE| Yy = 2] = O(x).
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Lemma 6.9. Suppose that Assumptions 1 and 2 hold. We have that

lim w*P(T(u) <r1) =E [e” Y] E* [|Z]* L 00} »

U—r 00

where X is the positive random variable such that log X1, — logu converges in distribution to X as u — o0
under P<.

Proof of Proposition 6.53. By replacing 74 with 71, the proposition can be shown using almost identical
arguments as in the proof of Proposition 6.1. Nonetheless, we need to show that

e P(T(u?) < r1) ~ cu=P for some constant c, and that

o E[r*t¢Yy = 2] = O(x), where Y, 411 = Ap+1Yy +|Bnt1| and r—1 is the first time that (Y5, 7,,) returns
to the set [—d,d] x {1}.

For this, we use Lemmas 6.8 and 6.9 above. o

Proof of Proposition 6.4. Using Lemma 6.6, Lemma 6.7, the dominated convergence theorem and the fact
that T'(u®) — oo as u — 0o, one can prove the first asymptotics. The second one follows by a similar
analysis. O

Next we provide proofs of all lemmas in this section. To show Lemma 6.5, we introduce a result on
bounding functionals of passage times for Markov chains. Let {V, },,>0 be an {F,, }-adapted stochastic process
taking values in an unbounded subset of R.. Let {U,, }»>0 be another {F, }-adapted stochastic process taking
values in an unbounded subset of R such that U, is integrable for all n > 0. Let 7,7 = inf{n > 0: V,, < b}
be the first time V;, returning to the set [0, ].

Result 6.10 (Theorem 2’ of [1]). Suppose there exists a positive number d and functions g and h that are
positive on (b, 00) and
U, < h(Vy,), Vn >0

ElUni1 —Un| Fo] < —g(Va)  on {7 >n}.
Suppose that f is a function on [0,00] such that
o fEC? £>0,f >0,limy o f(z) =00
o f is convex for sufficiently large

e log f’ is concave for sufficiently large x

f satisfies

o 9(y)
WA o ohy)

there exisits a positive constant cy such that

> 0.

f(2y)

limsup ——== < ¢
y—00 (v)

Then there exists a positive constant ¢ such that, for all x > b

E[f(7))| Vo = 2] < ch(z).
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Proof of Lemma 6.5. We first apply Result 6.10 with f(y) = y**%, g(y) = coy®, h(y) = y* where a = |a—¢],
and ¢y is a constant that we construct below, U, = h(Y,), V,, = Y,, and F, = o(Y; : ¢ < n). From the
binomial formula, we see that there exist positive constants ¢; that depends on the first (o — 1)-st moments
of Ay and Bj such that, on {Y,, > 1},

E[Upi1 — Uy | Fa] < (B[A]] = 1)Y2 + V2L

Using the fact that 0 < @ < o and the moment generating function of log A; is strictly convex on [0, o], we
have E[A]] < 1. Thus, there exists a sufficiently large constant d’ and sufficiently small constant ca such
that, on {Y,, > d'},

EUni1 — Un | Fo] < (BIAT] = D)Y2 + Y21 < —epY2
As mentioned at the beginning of the proof, we set g(y) = coy® = coh(y) so that
E[Un+1 —Ux | ]:n] < _Q(Yn)-

It is now straightforward to check that f, g, and h satisfy all the conditions in Result 6.10. If we set
7=inf{n >1:Y, <d'}, Result 6.10 implies that there exists a positive constant cs such that

E[7’:0¢+L |}/O — {E] < CBILaféJ (619)

for all x > d’. We assume w.l.o.g. that d’ > d. Note that Y, satisfies the same set assumptions as X,,, and
hence, Lemma 2.4 applies to Y,, as well, and 7 is bounded by the regeneration time of Y,,. Therefore, we can
choose a t so that
sup E[t7|Yy = y]V/ D) < .
y€[0,d’]

Using Minkowski’s inequality we obtain that

E[Ta—i-L |}/0 _ x]l/(a—i—L) — E[(7~' - 7~_)a+L |YO — I]l/(a-{-L)

< E[FTH Yy =2/ L EB[(r - 7)Y, = o/

<E[F*TE Y, = 3:]1/(0‘+L) + sup E[r*TE|Y, = y]l/(o‘+L)
yE[O,d’]

SE[FTH Yy = 2] 4 sup B[] Yo = ] 4 ey,
y€(0,d’]

<E[FH Yo = 2D 4o,

for some c4,c5 > 0. Along with (6.19), this implies that there exists a ¢ > 0 such that E[7tF|Yy = 2] <
cxlo—el for sufficiently large x. O

The following lemma is useful in proving Lemma 6.6. Define
Ey(u) = {|B,| < u”,Vn e {1,.. ,Kg(u)}} (6.20)

Lemma 6.11. Suppose that Assumptions 1 and 2 hold. Fix an arbitrary constant v such that |v| > 1. For
any B+ >1 and any € > 0 there exists a ug sufficiently large so that, for all u > uyg,

P((€(u))°| Xo = vuﬂ) < 6|,U|u—(l—,8)a'

Proof of Lemma 6.6. We first prove the statements associated with ¢, (u). As 1y >0} 2%, Iiz>0y

under P it is sufficient to show that

T(ub)

Kg(u)—l X
lim w(~Aep Z X >u =0 | = Cxv?, for v > 1.
U

U— 00
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Set S 2 Yo log(A; + w7 - |B;|) and fix v > 1. Note that since

)
X, | Bn|
<A, +
Xn—l |Xn—1|

< Ap + |Bplu™? on Tw’)<n< Kj(u),

we have that, conditional on Xy = vu?, |Xj| < vuleSi” for all k < Kj(u). Therefore, from the Markov
property,

Kg(u)—l X Kw(u) 1 Kg(u)—l X
T(ub) O 0
P ZB X >u u(B =v| =P Z X >u B =0 <P kz | Xk >u B =0
k=T (u?) =0
T(u)—1
g w  ul~P a u'~f - (w) 1-8
B e B S R e R Y e
k=0 k=0

<P<Z Sk > ——5>+P<Z S Zsk>5> (6.21)

for any 6 > 0. Note that from (3.3),

o0 17#} 17#} -
P(Zesk>“7_5> ~ Coo <“U ) . (6.22)
k=0

Moreover, using the Markov’s inequality and the fact that S,(lu) > S, we obtain that
u=Peop <ZeSf§”) Z Sn >5> <5 y-Peg Z Si —Z "‘|
k= k=0
— 51y (1-B)a (Z (E[A; + |Bl|u—v])’“ _ Z (E[Al])k>

k=0 k=0

=" 1y1H ! - !
1-— EA1 — u*'YE|B1| 1— EAl
_ 5—1u(1—,8)o¢ ’U/_VElBl|
(1 — EA1 — u*’YE|Bl|)(1 — EAl)
= O(ut =Py,

for sufficiently large u’s. In the second equality, we used EA; < 1, (which follows from « > 1) and
E(A; + |Biju™") < 1 for sufficiently large u’s. By choosing § sufficiently close to 1 so that (1 — f)a < v,

we have that
ul=Pep (Z Sk — Zesk > 5) =o(1). (6.23)
k=0 k=0

Using (6.21)—(6.23), an upper bound is given by, for v > 1

Kj(u)-1
X1
lim sup ! ~Aop Z X > u| =X Dol < Cocv®. (6.24)
u—00 k=T (uf) ub

Next, we show the corresponding lower bound. By the Markov property we obtain that

Kg(u)—l K (u)—1

X1 (us) Xo
P X = =P X — = . 6.25
k—TZ(uﬁ) k> uP v Z kU ub v ( )
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Set S = 3" log(A; —u™" - |By|)*. Note that, conditional on Xy = vu®

Xy
n—1

+
‘X > <An _ 1Bl > > (A, —u "B, Vn < Kj(u),

|Xn—1|

which, in turn, implies that

vubesi” < | Xk, VEk < Kj(u). (6.26)
In particular,
(w)
vufe K8 < ‘XK;(M) <.
Therefore,
Kj(u) > inf{n > 1: S < —logv— (8 —7)logu} £ K'(u) (6.27)

conditional on Xy = vu”. Recall that & (u) = {|B,| < u?,Vn € {1,.. ., K3(u)}}, and note that on €;(u)
and Xo = vuf, Xj, > 0 for all k < K} (u). To see this, let £ inf{k > 0 : X} < 0} and observe that

K < Kg(u) implies that Ax_1X,_1 > 0 and X, < —u”, and hence, B, < —u”, leading to a contradiction.
In view of this, (6.25), and (6.26), we have

Kj(u)—1 be Kg(u)-1 X
Tf) _ _ 0 _
P Z X >u " =v| =P Z X >u u_ﬂ_v
k=T (u®) k=0
Kg(u)—l Y
>P( Y X > &) |5 =0
k=0 v
Kg(u)—l
B
s u Xo
>P kzzo e~k >—,€2(U) u_ﬂ_v
Kg(u)-1 1-8
s U Xo _ _ el Xo _
>P kZ:O e > ——| g = P(@g(u) uﬁ_v>
Kg(u)—l 1
-8
(w U Xo all
=P D > =T = | o),
k=0
where the last equality is from Lemma 6.11. On the other hand, from (6.27),
Kj(u)—1 1-5 K'(u)-1 1—
(w U Xo w  uh
P S - _ > S
Z ezt > . B v| >P Z ek > -
k=0 k=0
>P <§: s, w +5> 3 i SIS (6.28)
e - e .
o v
k=0 k=K' (u)
for any § > 0. Note that
e g(w) 1 e g 1 g > g _g)
Pl > % >6|<6'E| D | =6T'E [P Y eShnm Sk w
k=K' (u) k=K' (u) k=0
u P ) u’ P ) u’ P > 5
< k < E 2 g < E k| — Y-8
S B Y R




and hence,
WP [ 3T S S5 ) =o(1),  for B> (at7)/(a+ 1), (6.29)
k=K' (u)

allowing us to choose a suitable value of 8 since (a+v)/(a+ 1) < 1. Therefore, it remains to show that the
first term in (6.28) is lower bounded by Coou™(=#y®, Note that

00 1-8 ) )
_P(Ze > ” —|—25> P<Ze Zek >4
k=0 k=0 k=0
>Pp (i eses W0 25) — 5 'E iesn - ieﬁ(n“)]
- v
k=0 k=0 k=0
i ulfﬁ _ > = — *
-p (Z e > Lt 25> -5 (Z(EAM — > (B(A —u7|B; W“)
k=0 k=0 k=0
_ Sk u _5 1 1 — 1
_P(kz_%e >— +25> o (1—EA1 1—E(A1—uV|Bl|)+>

il 1-5 EA; —E(A —u " [Bi|)*
> Sk u —_§1 ! ! !
=P <Ze ~ 7 +25> 0 (1—EA)(1 —E(A; —u|Bi|)+)

St 1-p u_7E|Bl|
> P R :
- <kz_o v (1-EA)(1 - E(4; —u[Bi])Y)

Again from (3.3) along with the assumption that (1 — 8)a < v, we get

oo “ 17#}
P (Z eSS Ly 6) > Coou™ 1Py 4 o(y= A=A, (6.30)
v
k=0
In view of (6.28)—(6.30), we have that
K} (u)—1
lim inf w1 =AP Bi X >u Xr(w) =v | > Cxv®
U—00 k uﬁ = 7> ’
k=T (u®)
Combining this with (6.24) we have that
K7 (u)—
lim y(1—Aop ﬁ(zi 1X o o] Ao <XT<uB>)“ —C
U0 k ’LLB ’U,ﬂ - [o B
k=T (uf)

P“-almost surely.
Next we show boundedness of 4 (u). Using (6.24), for € > 0, and by separately considering v < 1+ ¢
and v > 1 + ¢, there exists U(e) (independent of v) such that

R NG A Xy
P X e <
( " > Z E> U e v ]| < Cx +e,
k=T (uf)
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for all u(*=#) > vU(e). Moreover, for all 0 < u(1=#) < vU((e),

K (u)—1
B
X
u=Pap Z X >u T(BUB) =0 | <ull7Pe < v*U (e)*. (6.31)
k=T (uf) Y
Thus
K (u)—
u(=PRap Z Xk > T(;B) =v | <max{Cwx +¢,U(e)*}v",
U
k=T (uP)

for all w > 0. This implies that 41 (u) < max{Cs + ¢,U(e)*} < 00.
Finally, we show the statements involved with ¢4_. By the Markov property, it is sufficient to show that,
for any arbitrary e > 0 and v < —1
Kj(uw)-— X
lim sup u(! =P Z Xk > u u_g =v | <€

U—r 00

Recall €3(u) = {|By| <u?,V1 <n < Kj(u)} defined in (6.20). We have that

Kg(u)-1 X Kg(u)-1 X
P Z XL >u u—gzv <P ;0 Xi > u, E(u) u—gzv —|—P @2 ]Xo—vuﬁ)

=P (E(u) ’ Xo = vuﬁ) = o(u=(1=A)|y),
thanks to Lemma 6.11. The boundedness of ¢, follows using similar arguments as in (6.31). (]

Remark 6.12. Using similar arguments as in the proof of Lemma 6.6, one can show that

Kg(u)—l

X —Qx
: 1-B8)ap2 T(u?) _
ull)rgo ut=Pop Z | Xn| > u| Frs) 5 =Cx.
n=T(uP)
As a consequence of this result, we have that
7"171
P(>  |Xn| > u) = CoBY[|Z|* L, oy, U — 00.
n=0

Proof of Lemma 6.7. Note that Z;(UB)]l{T(uﬁde} and Z., o) L{7(u#)<r,} are bounded by | Zrwe) L wsy<ra} )
for which we have that

T(uﬂ) 00
| Zrusy Lt oy <ray) < 1Xol + D [Bule™ " Ligusycryy < [Xol + Y [Bule 5" Liner,y = 2.
n=1 n=1

Moreover, using Minkowski’s inequality we have that

oo

(B2 < (BIXo|*)" " + Z (B [|Bal®e ™5 L pcry] )/

8\|

= (B|X0[)"" + Z [1Bul*Lineriy] )/

< (E|X0|a)1/a i (E|Blla+e)l/(a+e) ZP(Td > n)e/(a(a+e)) < o0,
n=1

where in the second last inequality we used Holder’s inequality, and the finiteness follows from the fact that
P(74 > n) decays exponentially in n uniformly in | Xo| < d, as established in Lemma 2.4. O
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Proof of Lemma 6.8. Recall that 7 = inf{n > 1:Y,, < d}. Using Minkowski’s inequality we obtain that
E[TaJrL |YO _ I]l/(aJrL) _ E[(T +r— T)OL+L |}/0 _ x]l/(a+L)
< E[Ta-i-L |Y0 _ x]l/(a-{-L) + E[(T _ T)a-i—L | Y, = x]l/(a-i—L)

< E[TaJrL |YO _ I]l/(aJrL) + sup E[TaJrL | Yy = y]l/(aJrL)
y€(0,d]

< E[rHE Yy = 2]V & sup E[7 | Yy = y]V/ M) 4 0(1),
yE[O,d]

as r — 0o, where, by following the arguments as in the proof of Lemma 2.4, ¢ can be chosen such that
supyeo,q) E[t" | Yo = y] < oo. For this choice of ¢, we have that

E[rotl | Yy = 2]V (FE) < Blrotl | Yy = 2]V e+ L 0(1), as & — 00.
Finally, using Lemma, 6.5 above we have E[r+L | Yy = 2] < cxl®=¢) for sufficiently large z. O

Proof of Lemma 6.9. Note that both |Z% ) |L{7(u)<r } and |Z7[L{n<r,} are bounded by

Z = |X0| + Z |Bn|eisn]]-{n<r1}a
n=1

whose a-th moment is finite thanks to Lemma 6.7. Moreover, note that {X,, },>0 is transient in the a-shifted
measure (cf. Lemma 2.7 above), and hence, T'(u) < oo a.s. Applying a change of measure argument, we
obtain that

« apol,—o o a XTu -
uwP(T(u) <r1) = uBe” "7 Lipy<ry] = B || Zrw)| S l{T(u)<r1}]
« o « XT u -
=E* || Z:]" Lin<ru)) Lin<r} B }—u( ) |]'"nH
[e% [e% @ XT“ -
+ E (|ZT(u)| ]]-{T(u)<r1} - |Zn| ]].{nST(u)}]]-{nSN}) ‘ u( ) ]

= (IIL.1) + (TIL.2),
where {F, }n>0 is the natural filtration. Since (Xp(,)/u)™ <1 and T'(u) — oo a.s. as u — o0,

lim lim (IIL.2) < nlLrI;o UILII;O E“ [|ZT(u)|a]l{T(u)<r1} — |Zn|a]l{n§T(u)}]l{n§r1}]

n—oo0 u—r0o0
= Tim E* [ 1 (1Zra|"Lira<n) — 1ZaTnsr) Lincm))]
= lim B (|21 ) = [Z0]* Lnsry] = 0.

It remains to consider (ITI.1). Note that, given F,, n < T'(u), the random variable log |X7(,| — logu
converges in distribution to some positive random variable ¥—which is independent of F,,, n < T'(u)—as
u — 0o, under the a-shifted measure (cf. e.g. Theorem 3.8 of [11]). Hence we have that

X1(u)
u

lim E“

U—r 00

fn} Lin<r(wy = E[e™*].

Moreover, using dominated convergence and the fact 1y, <7 )} E*[| X1 /u|~* | Fa] < 1, we obtain

X7
lim lim (IIL.1) = lim E® ‘&
n—oo

|Zn|a]]-{n<r1} lim E¢
T—>00 U— 00 - U—r 00

u

|fn] ]l{nsm)}]
=B [ Jim B (|0 ] = BN B (|21, ).

completing the proof O
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Proof of Lemma 6.11. To begin with, we write, for some § > 0,

P((€2(u))|Xo = vu”)

P(In < Kj(u): |By| > u"|Xo = vu?)

(3n < 142 |Bu| > u¥|Xo = vu?)

(3n <u’: |By| > uY) +P(rq > u’| X = vu?)
(IL.1) + (IL.2).

IN A

P
P

To bound (IL.1), we have that

(IL.1) < u’P(|By| > u") < uS~E|B;|* = o(u~1=A),
for (1—B)a+6—ay < 0. Since (11.2) < u~ (@HIE[9TL X = vu?], it is sufficient to bound E[7$TF| X, =
vu®]. Recall {Y,}n>0 is the Ri-valued Markov chain defined by Y,11 = Ap+1Y, + [Bptal, for n > 0,
and 7 = inf{n > 1: Y, < d}. Note that E[7{""| X, = vu®] < E[r**L|Yy = |v[u”]. Combining this with
Lemma 6.5, we conclude that there exist ¢ and ug such that

(IL.2) < u~ (TP R Y = |u|uf] < cjv|uPu= (@9 Yu > ug.

Note that we can set L = L(d, «, 8) to be arbitrarily large. Combining the estimates above for (II.2) and
(I1.2), we conclude the proof. O

7 Proofs of Sections 3.2 and 3.3

Again, we briefly describe our strategy of proof before diving into the technicalities. Define X! = {X/ (¢),t €
[0,1]}, where

B 1 N(’ﬂt) r;—1
X,’l(t):ﬁ > X] and X/= > X, (7.1)
i=1 J=ri-1

where {r;};>0 is the sequence of regeneration times as in Remark 2.1, and
N(s) =sup{j > 0:r; —1 < s}. (7.2)

Thanks to Theorem 4.1 of [33] and Theorem 3.1 above, we are able to establish an asymptotic equivalence
between X! and some random walk W,, that will be specified below. This allows us to provide a large
deviations result for X!, using Lemma 2.11. In both the one-sided and the two-sided case, we will show that
the residual process X,, — X/, is negligible in an asymptotic sense.
We state here three lemmata that will play key roles in the proofs of Theorems 3.2 and 3.3. Let W,, =
{W,(t),t € [0,1]} be such that
[nt/Erq |

W=+ > X (73)
i=1

where X! is as in (7.1). We begin with stating an asymptotic equivalence between X! and W,,, however,
w.r.t. the Ji-topology, which is stronger than the Mj-topology introduced in the beginning of Section 3.2.
Let dj, denote the Skorokhod J; metric on D, which is defined by

dy, (€1,62) = inf |]A —id]|oc V[€1 0 A = E2flos,  &1,62 €D,

where id denotes the identity mapping, || - [l denotes the uniform metric, that is, ||z = sup;e 1) [2(2)],
and A denotes the set of all strictly increasing, continuous bijections from [0, 1] to itself. Moreover, for j > 0,
define

DY ={¢eDt;: €0)=0} and D, ={¢eD;:£(0) =0}
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Lemma 7.1. Consider the metric space (D,dy,). Suppose that Assumptions 1 and 2 hold. For any j > 0,
the following holds.

1. If By > 0 and Cy as in Theorem 5.1 is strictly positive, then the stochastic process X! is asymptotically
equivalent to W, w.r.t. n=i@=1 gnd ]D)‘éj_l.

2. If C4 and C_ as in Theorem 3.1 satisfy C1C_ > 0, then the stochastic process X! is asymptotically
equivalent to W, w.r.t. n=7>=1) and ID)’%J-.

Proof. We only show part 2), since part 1) can be proved by a similar argument. By Lemma 2.11, it is
sufficient to show, for any § > 0 and v > 0,

limsup n/ @ VP(X! e (D\ DX )77, dy (X, Wy) > 6)

<J =
n—oo
= limsupn/ " VP(W,, € (D\DL;)7,dy, (X}, W,) > 6) = 0. (7.4)
n—oo

To prove (7.4), it is convenient to consider the space of paths on a longer time horizon [0,2]. Let W,, denote
the stochastic process {W,,(t),t € [0,2]} over the time horizon [0,2], and D% denote the space of step

<J
functions on [0, 2] that corresponds to D’ ;. Let d?f] denote the Skorokhod J; metric on DI%2 = D([0, 2], R).
Note tljat dj,(Wy, DY ;) > ~ implies that d?f]( yio3, ]]])’2[]9’2}) > v, and dj, (X,,, DY ;) > ~ implies that either
d([?JQ]( 7[10’2],]]])2[]9’2]) >« or 2n/Ery < N(n). Therefore, (7.4) is implied by
. i(a— 0.2] /17 0,2 T
lim sup nd VP (@D WP DU > oy ) (X, W) > 6) = 0. (7.5)

To prove (7.5), we adopt the construction of a piecewise linear non-decreasing homeomorphism \,, from [33,
the proof of Theorem 4.1]. Let tg = 0 and ¢; be the i-th jump time of N(n-) and 1, be the last jump time
of N(n-). Let L = (|n/Er1| — 1) A N(n). Define ), in such a way that \,(t) = Er;N(nt)/n on to, ..., 1z,
An(1) = 1, and ), is a piecewise linear interpolation in between. For such \,, W, (A, (t)) = X/ (t) for all
t € [0,t1], and hence, |[W, 0 A, — X/ ||oo = SUPyeir, 1] |W, 0 An(t) — X! (t)|. Therefore,

dy,(Wn, X;,) = ){Ielg IA = idlloo V[[Wn 0 A = Xy lloo < [An = idllco V [Wi © A = X loo

— e —id]loc vV sup [y 0 An(t) — X4(0)] (7.6)

teftr,1]

The second term can be bounded (with high probability) as follows. For an arbitrary ¢ > 0, consider two
cases: [n/Er; —ne|] < N(n) < |[n/Er1] and [n/Eri] < N(n) < |n/Ery + ne. Set

[n/Erq]

W= > X
i=1

If [n/Er1 —ne| < N(n) < [n/Er1], by the construction of Ay,

sup [WpoX,(t) — X.(8)| < sup  |Wp(s) — W, (t)|. (7.7)
te(tr,1] s,t€[1—e,1]

On the other hand, if |[n/Eri1] < N(n) < [n/Er; + ne|,

sup [Wpoda(t) = X2 ()] < sup  |[Wi(s) — Wia(t)]. (7.8)
teltr,1] s,t€[1,1+€]

From (7.7) and (7.8), we see that on the event {|n/Eri —ne] < N(n) < |[n/Ery + nel},

sup |Wp 0 An(t) — X/ () < sup W (s) — Wi (t)]. (7.9)

te(tn,1] s,t€[1—e,1+€]
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Using (7.6) and (7.9), we obtain that

P(dYA (WP pel2y > oy d, (X1, W) > 6)

1
SP(ﬁﬁmﬁﬂwszz% sup Mua—mmnzﬁ
s,t€[1—e,1+€]
+P{|n/Er1 —ne| < N(n) < [n/Er1 +ne|}°) + P(|[An — id|| o > 6). (7.10)

Thanks to Cramér’s theorem, the second term in (7.10) decays geometrically. Moreover, for the last term
n (7.10), we have that

P(|N(n-)/n— - /Eri]|ec > 0) =P < sup |N(nt)/n—t/Eri| > 6)

t€[0,1]

N(nl/2™ l

=1—- lim P<sup (nt/ )— ’S(S)
m—o0 0<i<2m n E'f'12m

N(nlj2m)
n Er2m
_1—1m1P<NmU2)e{ Loy +ﬂ,wS2m>.

m— 00 n Er2m "Er2m

=1-— lim P(

m—r oo

‘gav0§1§2m)

Let A; = r; — r;—1. Using the fact that N(n) < k < Zle A; > n, we obtain that

P(||N(nt)/n —t/Eri||s > 0)

L/ (Eri2™)=8)n]+1 L1/ (Er12™)+8)n]+1
=1- lm P ; Ay <nl/2™m < ; A V0 <1< 2m
L(¢/Er1—8)n]+1 L(t/Er1+8)n]+1
=1-P t:}g)l] ; Ai_ntSO’téﬁfl] ; A;—nt>0
L(t/Er1—4/2)n] [(t/Er1+36/2)n]
<1-P tz%%)l] ; Ai—nt<0,t€1%%’1} ; A;—nt>0
[nt]
—1—P< sup ZA —nErit —nErid | <0,
te[0,1/Er,—6/2] n =1
[nt]
e, 1/].Erf1.+36/2] - ZZ A; — nErit + nErd | > 0)
[nt] |nt]
=1- P<te[o,1/sllal£—6/2] - ; A; — Erit < Erd, el 1/Erf1+35/2 — Z A; — Erit > Er15>

— 0,

as n — 0o, at an exponential rate, by Etemadi’s inequality, Lemma 2.4, and Cramér’s theorem.
For the first term in (7.10), we have that (see [33, page 21])

n—00 s,t€[1—e,1+€]

lim sup n?(“~ VP <d[0 2] (w02 DS 10, ]) >, sup  |Wa(s) — Wa(t)| > 5) < ce
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for some ¢ > 0, where the intuition behind the asymptotics above is that, given the rare event takes place,

the random walk .} must have j big jumps and one of them has to occur in the time interval [1 —¢, 1+ ¢].

Since the choice of € > 0 was arbitrary, (7.4) is proved by letting € — 0. O
The next two lemmata are useful for future purposes.
Lemma 7.2. For §,¢ € D, we have that dyp (§,¢) < dy, (€,()-

Proof. As explained in Section 2.1 of [35], dar(§,¢) < dar, (&, (). Furthermore, by Theorem 12.3.2 of [36],
dMl(é?C) < dJl(é.aC)' O

Recall that Disc(§) is the set of discontinuities of £ € D and was defined in (3.4).

Lemma 7.3. If dy(§n,6) — 0 as n — oo, then, for each t € Disc(§)*

lim lim sup sup |En (1) — &(t1)] = 0.
00 nooo  t,eB5(H)N[0,1]

Proof. Let t € Disc(§)°. We first prove the statement for the case where ¢t € (0,1). Let € > 0 be fixed.
Choose § = d(€) > 0 such that

E(t) — ()| < e, forty € Bs(t) C (0,1). (7.11)

By the definition of the M] convergence, for the given e, there exists ng, such that dar (§,,8) < (6 A€)/8 for
all n > ng. Moreover, for each fixed n > ng, one can find (u,,v,) € I''(&,) and (u,v) € TV(§) such that

ltn, — ulloo V || — v|lee < (0 A€)/4. (7.12)

Let s, s, S be such that v(s) =t —46/2, v(s) =t and v(3) = ¢t + §/2. Moreover, by (7.12) we have that
Un(s) < t—6/4 and v, (3) > t + /4. Thus, for all t; € (t —/4,t + §/4) there exists s, € (s,35) such that
(un(8n),vn(8n)) = (§n(t1),t1). Combining this with (7.11) and (7.12), we obtain that

[6n(t1) = E(t)] < [€n(t) — E@O] + [E() = @] = [un(sn) —uls)| + [E(t2) — £(1))
< Jun(sn) — ulsn)| + [u(sn) —u(s)| + e
<(6N€)/2+e+e<3e

Finally, the case where ¢ € {0,1} can be dealt with similarly. O

The remainder of this section is split into two parts that deal with Theorems 3.2 and 3.3.

7.1 Proof of Theorem 3.2

We consider the case where B; is nonnegative. Let us give the “roadmap” of proving Theorem 3.2.

e In Corollary 7.5 below we establish a sample-path large deviations result for the aggregated process X/,
(see (7.1) above) by considering a suitably defined random walk together with utilizing Theorem 4.1
of [33]. For the M-convergence in Corollary 7.5 we need Lemma 7.4 below.

e In Proposition 7.6 we show the asymptotic equivalence between the aggregated process X! and the
original process X,,. Again, one technical lemma, see Lemma 7.7 below, is needed.

e Part 1) of Theorem 3.2 follows by combining Corollary 7.5 with Proposition 7.6. Part 2) is a direct
consequence of part 1).

Lemma 7.4. For all j >0 and all z € R, the set DZ; is closed w.r.t. (D,dnr).

Recall that C7 was defined in (3.6) for z € R.
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Corollary 7.5. Suppose that Assumptions 1 and 2 hold. Moreover, let By > 0 and Cy as in Theorem 3.1
be strictly positive. For any j > 0,

W@ VP(X] € -) = (C4Er) C¥(-),
in M(D\DY; ;) asn — oo.

Proposition 7.6. Suppose that Assumptions 1 and 2 hold. If By > 0 and Cy as in Theorem 5.1 is strictly
positive, then X,, is asymptotically equivalent to X! w.r.t. (nP(X| > n))’ and D‘éjfl.

Proof of Theorem 3.2. Part 1) follows by combining Corollary 7.5 with Proposition 7.6. Part 2) is a direct
consequence of part 1). O

Proof of Lemma 7.4. We give the proof for the case where z = 0, while the proof for z # 0 follows using the
same arguments. The statement is trivial for D, = {0}; we focus on the case where j > 1. Let {,,n > 1,
be a sequence such that &, € D, for all n > 1, and limy,— o0 dasg (&n, &) = 0 for some & € D. Our goal is to
prove that § € D ;. Note that by Lemma 7.3 above, for every ¢ € Disc(£)° U {1},

lim &,(t) = £(2). (7.13)

n—r oo

We first show that £ has at most j discontinuity points. Assume that |Disc(€)| > j + 1. Then there exists
0< 1, <ty < - <tjy1,- <tjr14 < 1 such that ti—,ti+ € DiSC(f)CU{l}, and |§(ti1,)—§(tiﬁ+)| > 0, for
alli e {1,...,5+1}. By (7.13), there exists N’ such that |{n/ (ti,—) —&Env (i) > 0foralli € {1,...,5+1}.
This leads to the contradiction that |Disc(éx/)| < j. Now let ¢ < T be two neighbouring discontinuity points
of £. We claim that £ is constant on (£,7). To see this, assume that the opposite statement holds. Then there
exists 1 < t;j4o such that t < t1 < tj40 <t and &(t1) # &£(tj42). W.lo.g. we assume that £(t1) < &(tj42).
Since £ is continuous on (¢, 1), there exists t1 < to < --+ < tj12 such that

E(tr) <&(ta) <--- <&(tjpe)  with ¢ = i€{1{?%%+1}§(fi+l) — &(ts). (7.14)

On the other hand, for any € > 0, by (7.13) there exists N = N(¢) such that
En(ti) € (E(t:) — €, &(t:) +€), foralli e {1,...,5+2}. (7.15)

In view of (7.14) and (7.15), by choosing € < €’ we conclude that £y has at least j + 1 discontinuity points,
which leads to the contradiction that |Disc({nx)| < j. Thus we conclude that £ is constant between any two
neighbouring discontinuity points. Similarly one can show that £(¢7) — £(¢7) > 0 for every ¢ € Disc(€). O

Proof of Corollary 7.5. Note that DZ, = DZ; U{¢ € D: £(0) > 0, £ —£(0) € D, ;}. In particular,
ID)‘éj C D‘éj. Using Lemma 7.2, Corollary 7.5 is a consequence of Lemma 7.1 and Theorem 4.1 in [33]. O

The following lemma is essential in the proof of Proposition 7.6. Recall X/, was defined in (7.1). Define

|nt]—1
Ry = {Ru(t),t € [0,1]}, where Rn(t):% 3 X (7.16)

i:TN(n)

Lemma 7.7. Suppose that Assumptions 1 and 2 hold. Moreover, let By > 0 and C1 as in Theorem 3.1 be
strictly positive. The following holds for any § > 0, v > 0, and j > 0.

1. First we have that

P(X, € (D\DE, )77, Ra(1) > 0) = o((nP(X; > n))’ ™), asn — oco.

2. Moreover, we have that

P(R, € (D\Dg,)™7) =o((nP(X{ > n))’), asn — oo.
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Proof of Proposition 7.6. To begin with, for € > 0, define
€5(n) = {N¢ (n) < N(n) < NS (n)}, (7.17)

where N (n) = [n/Ery —ne| and Nf(n) = [n/Ery + ne|. Using Cramér’s theorem, it is easy to see that
P(€5(n)°) decays exponentially to 0 as n — oo. Defining A; = r; — -1, we have that

{dr; (X, X;) > 26} C{3i < N(n) s.t. A; > nd} U{R,(1) > 6} (7.18)
First we show that for any 5 > 0, 6 > 0, and v > 0,

lim (nP(X] > n))7P(X], € (D\DL, )77, dar (X0, X,) > 20) = 0.

n—roo

y (7.18) we have that

P(X, € (D\DY; ;)" dy(Xn, X,) > 20)
<P(3i < N(n) st. A; >nd) + P(X;, € (D\D; )77, Ru(1) >6)
=P(3i < N(n) s.t. A; >nd) + o((nP(X] >n))), (7.19)

where in (7.19) we used Lemma 7.7 (1) above. It remains to analyze the first term in (7.19). Note that

P(3i < N(n) s.t. A; > nd) <P(Ji < N(n) s.t. A; > nd, €5(n)) + P(€5(n)°)
=P(3i < N(n) s.t. A; > nd, €5(n)) + o((nP(X] > n))?)
<P (3i<|n/E7 +nel| sit. A; >nd) + o((nP(X] >n)))
< |n/Ery +ne|P(ry > nd) + o((nP(X] > n))?)
= o((nP(X] > n))’),

for any j > 0. Next we show that

lim (nP(X] >n))P(X, € (D\DE; )77, darg (X, X)) > 26) =

n—oo

In view of the estimation right above, it is sufficient to show that

lim (nP(X] >n))~ ]P(X € (D\]D)<J )77 X, € (@qu)pv R, (1) 2 6) =0,

n—r00 =

for some p > 0. Note that

P(X, € (D\DS; )77, X, € (@S, 1) Ra(1) = 9)
=P(X, € DA\DE; )77, X, € € (DY, 1)y N(D\DE;_5)"", Ru(1) >9)
+P(Xn € (D\Dg; )77, X, € (D), N (DK, _5)p, Ra(1) 29)
<P(X; € (D\DE; )", Ra(1) > 0)
+P(Xn € (D\DE; )77, X, € (DX, ,)p)
=P(X, € (D\DL; )77, X;, € (D, _,),) +o(n7@7D).
Thus, it remains to consider the first term in the last equation. Combining Lemma 7.7 (2) above with the

fact that B i |
P(X, € (D\DY; )77, X}, € (D%, ,),) SP(Rn € (D\Dgy) ™) +o(n 771,

for p small enough, we conclude the proof. O
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Proof of Lemma 7.7. Part 1): We start showing the first equivalence. Defining X<,C n = {X<]C NORAS [0,1]}
by X/gkm( )=1/n ZN("t)Ak X!, we have that
P(X; € (D\D%, )™, Ra(1) > 9)

TN(n)+1—1

<P X,e\DL,_ )77 > X >nd, €(n) | +P(E5(n)°)

i:TN(n)
NZ(n)
= Y P(X,eD\DL_ )7, Xiygyyr 2 nd, N(n) = k) +o((nP(X] = n))/*)
k=N_ (n)

N (n)
= Z P(XLy, € (D\DE; )77, Xjpy 200, N(n) = k) +o((nP(X] > n))"™)

k=NZ (n)
NZ(n)
< ) PR, € (D\DE; )77, Xiyy 2 nd) +o((nP(X] > n))*)
k=NZ (n)
Nt (n)
= Y P(Xip, € (D\DL, ) P (XL 2 00) +o((nP(X] 2 m)t)
k=NZ (n)
NZF(n)
P(X{2n8) 3 P(X,€(D\DL, ) ") +o((nP(X] 2 m)P*)
k=N (n)
< 2enP(X{ > nd)P(X], € (D\ DY, |)77/?) + o((nP(X] > n))’*"). (7.20)
It remains to consider the first term in (7.20). Using Corollary 7.5, we have that
lim sup(nP(X] > n))~U*) 2enP(X] > nd)P(X), € (D D‘éjfl)_wz) < ce, (7.21)
n—oo

for some ¢ > 0 independent of e. Part (1) is proved using (7.20) and (7.21), and letting € — 0.
Part 2): Note that

TN (n) +1
n

P (R € (0\Be) ™) =P (R € (P\De) ™, > )P (R e @\De) 7, O <)

where the first term equals zero for sufficiently large p € (0,1). Hence, it is sufficient to consider the second
term which is bounded by

"N(n +1 € € c
P <% < P> <P (rym) < np) <P (rnp < np, €5(n)) + P (€5(n)°)

N(n)
=P | Y A <np, €n) | +o(nP(X] > n)))
=1
N (n) _
<P | Y Ai<np| +ol(nP(X] > n)))
=1
NCm) )
<P L< P(X! > n))). .22
<P| X 5 S TEe ) Rz ) (7.22)

Note that, for every p € (0,1) there exists a sufficiently small € > 0 such that p/(1/Erqy —¢€) < Erq. For this
choice of €, the first term in (7.22) decays exponentially thanks to Cramér’s theorem. O
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7.2 Proof of Theorem 3.3

We consider the case where B; is a general random variable taking values in R. The idea behind the proof
of Theorem 3.3 is similar to the one in the one-sided case.

e In Corollary 7.9 below we establish a sample-path large deviations result for the aggregated process
X/, (see (7.1) above).

e In Proposition 7.10 we show the asymptotic equivalence between the aggregated process X! and the
original process X,,. In Lemma 7.11 we deal with the technical issues appearing in Proposition 7.10.

e Part 1) of Theorem 3.3 follows by combining Corollary 7.9 with Proposition 7.10. Part 2) is a direct
consequence of part 1).

Lemma 7.8. For all j > 0 and all z € R, the set D% ; is closed w.r.t. (D, dpy).

The proof of Lemma 7.8 is similar to the proof of Lemma 7.4 and therefore omitted.
Recall C%, was defined in (3.9). Let Cy, C_ be as in Theorem 3.1.

Corollary 7.9. Suppose that Assumptions 1 and 2 hold. If CLC_ > 0, then for any j > 1

W VP(X, € )= (Br) Y (i C)mCt, (),

(I,m)el=;
m M(D\D‘%j) as n — oo, where I—; = {(I,m) € Zi: l+m=j}.

Proposition 7.10. Suppose that Assumptions 1 and 2 hold. If C;+C_ > 0, then the following hold for all
Jj=0:
1. First ‘ - o
lim n/VUP(X) € (D\D;) 7, dayy (X, X)) > 6) = 0.

2. Assume additionally that E|B1|™ < oo for every m € Z.. Then

lim o/ VP(X, € (D\ D)7, dagg (X, X)) > 6) = 0.

n— 00 =<
In particular, X,, is asymptotically equivalent to X! w.r.t. n==1 gnd D‘<‘<J—.
We need the following lemma to prove Proposition 7.10. Set
1 [rpt1t]—1
Rpw(t) == Y X

n :
i=Tp

Let Ty (u) = T(u) =inf{n > 0: | X,| > u} and
Tit1(u) = inf{n > T;(u): —sign(Xr, (v))X, >u}, i>1.
Define X;,, = {X;(t),t € [0,1]} and X{)n = {X{)n(t),t € [0,1]} by

[nt]Ar;—1 ,

1 _ X/
Xin(t) =~ > Xi, and X{ﬂn(t):#]l[”/n)l](t). (7.23)

l=r;_1
respectively.

Lemma 7.11. Suppose that Assumptions 1 and 2 hold. Moreover, assume that E|B1|™ < oo for every
m € Zy. Let Cy, C_ be as in Theorem 3.1 such that C;C_ > 0.
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1. Foranyi>1,j>2,€e>0, and § > 0, there exists ¢1, ca and ny, na (independent of i) respectively
such that
Py (Xim: X[ ) >0) <en™ 9% foralln > ny,
and P(X;, € (D\D;)™ ) < con~ U9 for all n > no.

2. For any j > 1, X, is asymptotically equivalent to X! w.r.t. n=3=1 and D‘%J

3. For any i € {N_(n),...,NFf(n)}, 7 > 1,6 >0, and € > 0, there exists ¢ and ng (independent of i)
such that ‘
P(R;n € (D\ D<<j)_5) < en~Um92 for all n > nyg.

Remark 7.12. Without the additional assumption E|B;|™ < oo for every m € Z,, one can still show
that P(T»(n®) < r1) = o(n™?), by following the arguments as in the proof of Lemma 7.11. Hence, under
Assumptions 1 and 2, uniformly in 4,

lim naP(dM/(szXl )>9) =

n—00

Proof of Proposition 7.10. To begin with, recall that, for e > 0
€5(n) = {N_ (n) < N(n) < NF(n)},

where N7 (n) = n|1/Ery — €| and Nt (n) = n|1/Er; + €|. Moreover, P((€5(n))¢) decays exponentially to
0 as n — oo. Let R, be as in (7.16). Recalling A; = r; — r;—1, we have that

{dagg (X, X0) > 0} € {30 < N() s.t. dagy (Kiny X1) = 6} U{| Rulloo = 6} (7.24)

To see (7.24), we assume that the opposite statement holds. Given that the event {dny (Xin, X/,) < 6}
takes place, there exist (uf,v}) € I"(X;,) and (uf, v}) € I'(X] ) such that [[uj — ubllc V |0} — v]lec < 5+7.
W.l.o.g. we assume that

{s:vi(s) =ri1/n, ut(s) =0} N {s: vi(s) = ri_1/n, ub(s) =0} #0, (7.25)
as well as _ _ _ _
{s:vi(s) =ri/n, ui(s) = Xi/n} N {s: v3(s) = ri/n, uy(s) = Xj/n} # 0.
We give here the reasoning for (7.25), where the second equation can be obtained by following same argu-
ments. Let s1 € {s: vi(s) = r;_1/n, ui(s) = 0} and s2 € {s: vi(s) = r;_1/n, ub(s) = 0}. When s; = s,
we are done. We assume s < S, otherwise one can change the role of s; and ss. Define a new parametric
representation (ub,v5) € I'(X] ) by

v1($), for s € [0, 1], 0, for s € [0, 1],
vh(s) = ¢ v1(s1), for s € (s1,s2), ub(s) =40, for s € (s1, s2),
va(s), for s € [s2, 1], ua(s), for s € [sg,1].

It is easy to check that indeed (uj,v}) is a parametric representation of I''(X] ). Moreover, [[u} — @||o0 =
luf = uh]loe < 0+,

[01(s) = T3(s)] = [vi(s) — vi(s1)] < wi(s2) = vi(s1) = vi(s2) = w(s2) <&+,
for s € (s1,52), and hence, ||[v] — V4||oo < § + 1. In view of the construction above, we can replace v by 4,
so that (7.25) holds. For the similar reasoning, on the event {|| Ry« < 6} € {das(Rn,0) < 0}, there exist
(uf[(n)ﬂ,v{v(n)ﬂ) eI'"(R,) and (uév(")ﬂ,vév(n)ﬂ) € I'(0) such that

”uN(n) . N(n )+1 N(n)+1 — v} N(n)+1

lloo V[0 oo < d+n,
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and the intersection of

and

is an empty set. Now, we pick s1 =0, s

s} € {51 v1(s) = ri/n, wi(s) = Xj/n} 0 {s: vy(s) = ri/n, uj(s) = Xi/n},

forie {1,...,N(n)}, and
st e {s:vi(s) =ri/n, ul(s) = 0} N {s: vi(s) = r;/n, ub(s) = 0},

forie {2,...,N(n) + 1}. W.Lo.g. we assume that s, = = s otherwise one can apply a strictly increasing,

continuous bijection from [0,1] to itself to the correspondlng parametric representation, which preserves

the uniform distance between parametric representations. Finally, we define parametrlc representations

(u1,v1) € T'(X,) and (uz,va) € T'(X1) by vi(s) = vl (s), and ui(s) = ul(s) + S0_% X}, for s € [s AR

je{l,....,N(n)+1}, and i € {1,2}. It is easy to check that ||u; — uzllec V ||Jv1 — v2||OO < 6 +n, and hence,

d(Xn, X)) < |Jur —ualloe V|1 —v2]loc < d+7. Letting n — 0 leads to the contradiction of dpy (Xn, X)) > 6.
Part 1): For v > 0 and j > 1, define

DL; ={§ € D: [Discy(§)| = j}, Discy(§) = {t € Disc(&): [£(£) — ()] =7} (7.26)

Note that (cf. the proof of Lemma 2 in [9]), for any L > 0, there exists a 7 = (v, L) > 0 sufliciently small
such that - )
P(X, € (D\D% ;)77 N (DI,)°) =o(n™"). (7.27)

Thus, it suffices to show that for any 5 > 1 and any § > 0

lim n/*"VP(X] € DL, dyy(Xn, X)) > 26) =

n—oo

y (7.24) we have that

P(X; € DL, dyy (X, X;) > 26) <P(X;, € DL, 3i < N(n) s.t. dayy (Xin, X ,,) > 6)
+P(X), € DL, |Rullo > 6) = (IV.1) + (IV.2),
where - ) ‘
(IV.1) = P(X], € DL, €5(n), 3i < N(n) s.t. dpyy(Xim, X[ ,,) = 8) + o(n~77D),
For p € Z, let P(E,p) denote the set of all p-permutations of a discrete set E. Using Lemma 7.11 (1) and
the fact that the blocks {X,, ,,...,X,,}, ¢ > 1 are mutually independent, we obtain that
P(X] € Dl], €5(n), 31 < N(n) s.t.dyy (Xm,X’ ) >9)
<P3(i, ..., 15) € PUL,.... NF ()}, ) st dagy (Xiy s Xi, ) 26, |X] | 2 07,2 < p < j)
= O(n?)P(dnr; (Xiyns X1, ) = OP(X] | = 07)' " = O/ )o(n™*)O(n~U~1%) = o(n~7o71),

1,

where P(ds (Xi,n, XL ) > ) is of order o(n~®) thanks to Remark 7.12. Recalling

11,N

N(nt)/\m

X/gm,n = Z X ] )
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we have that

TN (n)+171

(AV.2) <P (X, eDl, > [X;]>nd €n) ]| +P(&5(n))

I=TN (n)
NF(n) TN(n)+1—1
= > P|X,eDl, Y |Xi|=nd Nn)=m|+on ")
m=N¢ (n) ¥=TN(n)
NI () rm1 =1
< Y P (X’gm,n €Dl > |Xi|=> n5> + o(n~ie7D)
m=N_ (n) P=Tm

-1 N7 (n)
=P<Z|Xi|2n6) > Py, €DL)+ o)
=0

m=N¢ (n)

IN

ri-1 N (n)
P (Z | Xi| = n5> > P(X, eDL)+o(n D)
i=0 m=N¢ (n)

r1—1
<P <Z | X5 > n5> 2enP(X) € D’;j) + o(n~i@=D)

i=0
= 2en(’)(n_°‘)(’)(n—j(a—1)) _ O(n—j(a—l))7

where P(Z;;Bl | Xi| > nd) is of order O(n~%) due to Remark 6.12.
Part 2): In view of part (1), it is sufficient to show that

P(X, € (D\Dk;)7, X;, € (Rl )pss) = o(n 77V,

i)
for some p > 0. Noting X,,(t) = (1/n) Y ;-0 (LnelAra )=t X, for t € [0,1], we have that
{Xn € (D\DY;)77, X, € (D;)p/3}
- {X/ (Dl<L<_])P/37 X € (D\D<<J) p} U {X € (D\D«]) ; Xn € (Di<]) }
- {X/ (Dl<L<_])P/37 X € (D\D<<J) p} U {X € (D\D«]) ) Xn € (DZ<] 1) }
U{X, e D\DY,)™ , X, € (D) N(M\D, )"}

Tterating this procedure j + k times, we obtain that

{Xn € (D\D;) ™", X, € (D)3}

C {X), € (D)pym Xn € D\D) P} U LK, € D\ D)™, X € (D))
Jj+k—1
U U {X € D\D<<]) 77 Xne(Di<]+l 7,) (D\D<<] z)ip}'

Now, note that

{X), € (D)3 Xn € (D\DL;) ™7} S { X € (D\DA;) ™", dag (X7, Xu) = p/3}-

Moreover, for p > 0 sufficiently small, we have that

{Xn € D\DL,)™", Xn € (B5)p} € {Rn € (D\ D)™},
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and that

{Xn € (D\Dg))77, Xn € (DX N (D \ D ’} S {Xn € D\ D)™, Ru € (D\Dgy) ™,

foralli e {1,...,5+k—1}. In view of (7.28)—(7.31), we have that
P(X, € (D\DS;)™", X, € (D;)p/3)
< P(X, € (D\ D), dary (X7, Xn) = p/3) + P(Ry € (D\ Do) ™)
Jjt+k—1
+ ) P(X, € (@\DY, )", Ru€ (D\D,)™), (7.31)

=1

<<J) <Lj+1— z) <j— l)

where the first term in the previous inequality is of order o(n~7(®~1)) due to Lemma 7.11 (2) above. Turning
to estimating the summation in (7.31), we define R, ,, = {R,.(t),t € [0,1]} by

[rpt1t]—1

Rp,n(t)=% > X

i=Tp
Using the facts that Ry(n)n(t) = Rn(rn(my+1t/n) and ryey41/n > 1 as., we have that
Rn € (D\D<<i)7p = RN(n),n € (D\D«i)ﬂ)m- (7-32)

Define X<, = {Xepn(t),t € [0,1]} by Xepn(t) = (1/n) SN0 0 1y View of (7.32), we have
that

P(X, € (D\Dk; ;)" Ru € (D\Dy;) ™)
<P(Xn € (D\D%; )" Rymyn € (D\Dey)™"?)
<SP(Xy € (D\D; )™ Brgmyn € (D\ D) ™2, €5(n)) + P(€5(n)°)

N (n)
Y. P € (B\Dly) ™ R € (P\DRegi) /2 Nin) = p) + ofn )
p=Nc (n)
N (n)
Z P(Xcpn € (D\D; ;)" Rpn € (D\@<<i)7p/2, N(n) = p) + o(n=31)
p=Ne (n)
NX(n)
= Z P(X<pn € (D\DY ;) " )P(Rpn € (D\@<<i)7p/2) + o(n~7(@71)
p=Nc (n)
NX(n)
<P(X, e (D\D%,_,)"?) Z P(R,, € (D\D.,) /%) +o(n~7(1)
p=N¢ (n)

= O(n™ U= D)260(n~ D) 4 o(n ),

where in the final step we use Lemma 7.11 (2)—(3). Letting e — 0, we prove that the summation in
(7.31) is of order o(n=7(®=1). Similarly, it can be shown that P(R,, € (D\D;)"*), and hence, P(X,, €

D\ DY)~ , X! € € (D% ;),/3) are of order o(n=(@=1)), O

Proof of Lemma 7.11. Let D* denote the set of all step functions in D. Let D*T denote the set of all non-
decreasing step functions in D. Define the mapping ¥': D* — D*T by ¢ = ¥UT(¢) and

C(t) =inf{¢'(t) e R: ¢’ e DT, ¢’ > ¢}, for all t € [0, 1]. (7.33)
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Basically, UT(¢) is the least possible nondecreasing step function such that Uh¢) > ¢
Part 1): First we show that P(dyy (Xin, X],) > 6) < P(Ta(nf) <ri) + o(n=2=9) for any 3 € (0,1).
To begin with, setting 8° = (1 — 8)/2 we have that

P(dyy (Xin, X ) > 6) <P(dagy (Xin, X[ ) >0, 75— i1 < n) + P(r; —rimq > n)
=P(dry (Xin, X ) =6, — i1 < nfo) 4 o(n=(279%),

Hence, it is sufficient to show that
P(dM{ (Xi,n7X£7n) > 5, Ty —rim1 < nﬁ") < P(Tg(nﬁ) < 7“1). (734)

Note that dpy; (Xiyn,)f({yn) > ¢ implies || X; , — Xi/,n”OO > ¢, and hence,

1 k—1 1 1
0< sup |— X;| < sup|— X,
k<r;An |T _Z / E<r; [TV . J
J=Ti—-1 J=ri-1
It is sufficient to show that
=

sup Z Xj| =6, duy (X, X{ ) 26, 7 —71im1 < nfo
k<r; .

- J=ri—1

is a subset of {T(n”) < ri}. We distinguish between the cases 1) supj,, %Zf;rl%l X; > 6, and 2)

infr<y, % Z?;:i,l X,; < —4. We focus on 1), since 2) can be dealt with by replacing X; by —X;. Note that

k—1

sup Z X;>0n, ri—ri1 < nPo

k<r;An j=ri1

implies the existence of k1 € {r;_1,...,r; — 1} such that X3, > n'=ho > nf. Now, suppose that Xj > —n?
for all k € {ri—1,...,7; — 1}. Then the following statements hold.

(i) For n sufficiently large, we have

sup \I/T(Xiyn)(t) — sup X{n(t) < nil(ri - ri,l)nﬁ < pftho—1 < 8/3,
te[0,1] tefo,1]

and hence, - -
sup X[, (t)> sup UT(X;,)(t) —6/3>2/36> 0.
tefo,1] te[0,1]

Moreover, both ¥T(X;,) € D*T and Xi/,n € D*T are nonnegative functions in D. Combining these
with r; — ;1 < nﬁf’, we have that, for sufficiently large n,

dM{(\I/T(Xiyn),XZ{)n) < { sup UT(X;,)(t) — sup X{)n(t)} V(r; —riz1)/n < /3.
te[0,1] t€[0,1]

(ii) For n sufficiently large,
dM{(\I/T(Xi,n); Xin) < INX0) — Xinlloo <n 7t (ri — rio1)nf <nftho-l <53,

In view of (i) and (ii), we have that

Ayt (X, X7 ,) < dopy (Xim, UT(Xin) + darg (TH(Xy,n), Xi,) <26/3,
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which leads to the contradiction of dpy (X, n, X/ ,,) > 8. Hence, we prove (7.34).
Next we show that P(X;, € (D\ D)) = P(Tx(n?) < r1) + o(n™(k=9%) for any B € (0,1). First we
claim that

A, Dey) >0 = Ito, ... k) st 0<tg < - <t <1, [E(ts) — &(Lima)| > 0,0 =1,... k. (7.35)
To see this, assume that the opposite holds. Set so = 0 and

s; = sup{t € (s;—1,1]: [§(t) — &(si-1)| < 0},

for i = 1,...,k. Define ¢ € D by ((t) = &(s;) for s; < t < 8;41. Due to the assumption, we have
¢ €Dy, d(&,¢) <6, and hence, d(§,D ;) < 6. This leads to the contradiction of d(§, D) > 6. Thus,
we proved (7.35). Using the fact that P(r1 > nd/2) decays exponentially, we are able to restrict ourselves
to the case where r1 < nd/2. Let (to,...,t;) be as in the r.h.s. of (7.35). Using the fact that, under
the M topology, jumps with the same sign “merge” into one jump in case they are “close”, we conclude
that sign(&(t;))sign(€(t;_1)) = —1 for i € {1,...,k}. Combining this with the fact that P(r; > n(1=#)) =
o(n~(F=9) we obtain that

P(Xin € (D\Dey)*) = P(Xin € (D\ Do) °, 1 <0 7) + Py > n177)
= P(Ti(n®) < 1) + o(n=*=9) (7.36)
for any 5 € (0,1).

Now, it remains to show that P(Ty(u?) < r1) = O(u=F=9%) as u — co. We prove this by induction
in k. For the base case we need to show P(Ty(n?) < r1) = O(n~(2-9?). Recalling Kj(u) = inf{n >
T(u?): | X, < u}, we have that

P(Ty(u’) <) = P(Th(uP) < Kj(u)) + P (T, (u”) < Kj(u) < Tr(u?) < 1)
=P(T(u”) < K}(u)) + O(u=F=1), (7.37)
where P(T} (u”) < Kj(u) < T (u?) < r1) = O(u™P=1) can be deduced by following the arguments as in

the proof of Proposition 6.1. Applying the dual change of measure 2 over the time interval [0, T} (u?)], we
obtain that

u(zﬁﬂ)aP(TQ(uﬁ) < Kg(u)) — y2B—eRg? [B_QST(“ﬁ)]]-{T(uﬁ)<r1}P@(T2(uﬁ) < Kg(u) |‘FT(u5)):|

—a X1 -
=E7 | Lips<ryu? 7 P?(Ty(u) < KJ(u) | Freus) W;(ui) ] :
(7.38)
Recalling €;(u) = {|Bn| <u?,¥Y1 <n < K}(u)}, we have that, for [v| > 1
P7(T3(uf) < KJ(u) | Xp(ue) = vu)
<P?(|B| < u? VT(u’) <n <1y, To(u’) < KJ(u) | Xp(ue) = vu?)
+PZ(3T(uP) <n <ry st |Bp| >u”| Xpsy = vu?)
=P((E2(u)) | Xo = vuP) = o(u™ B0y, (7.39)

where the tail estimate in (7.39) is obtained by following the arguments in the proof of Lemma 6.11 and
taking advantage of the additional assumption that E|B;|™ < oo for every m € Z,. Plugging (7.39) into
(7.38) and using the dominated convergence theorem, we obtain that

uPPOP(Ty(uf) < KJ(u)) = o(1). (7.40)

38



In view of (7.34), (7.37), and (7.40),
P(T2(nﬂ) < Tl) = O(n_(zﬁ_')/)a) — O(n—(Q—E)Ot)

by choosing f = 1 —¢/3 and v = ¢/3. Turning to the inductive step, suppose that P(Ty(u”) < r1) =
O(u~* =), Note that

P(Tp1(u”) <71) = P(Tp(u”) < KJ(u) < Thy1 (u”) < 1) + P(Thps (u”) < KJ(u)),
where for the first term in the previous sum we have that
P (T (u”) < K} (u) < Try1(u”) < 1) < P(Ti(u”) < r)P(T(u”) < ri|Xo = u?)
— @(uf(kfé’)a)@(uf(ﬁw)a) — @(uf(kﬂfé)a)’
for suitable choice of 3 and ~. Hence, it remains to bound P(T},(u”) < Kg(u)) Applying the dual change
of measure 2 over the time interval [0, T} (u”)], we obtain that

U((k+1)577)aP(Tk+1(uﬁ) < Kg(u))

—v)c XT ubh
=E7 | Lirs) <yt PY (T (vf) < K () | Fres)) w?)

s ] . (7.41)
Moreover, we have that, for |v| > 1,

P?(Thy1(uP) < K (u) | Xps) = vuP)

<P?@ATWP) <ny < - <ny <1y st |Bp| >u?, Vi < k| Xrwe) = vu?)

=P(30<n <---<np<r st |By|>u",Vi<k|Xo=ou)

—PE0 <1 <~ <np <11 st |Bu| > 0, Vi < k) = o(u~ R0, (7.42)

where the tail estimate in (7.42) is obtained by following the arguments in the proof of Lemma 6.11 and taking
advantage of the additional assumption that E|B;|™ < oo for every m € Z,. Combining (7.41) and (7.42)
with the fact that [Xp,s)/u’| <1 we obtain that P (Tt (u?) < K (u)), and hence, P(Tyy1(uP) < 1) are
of order O(u~(F+1=€)e),
Part 2): By a similar reasoning as in proving part (1) of Proposition 7.10, we have that

P(X, € (D\D%,) 7, day (X, X,) > 0)

<P(X), €D, 3i < N(n) s.t. dagy (Xim, X},) > 0) + o(n~7*"V)

= ofn i),
where D’Y . is defined as in (7.26). It remains to show that, for any j > 1, v > 0, and § > 0, there exists
some p > 0 so that

P(X, € (D\DL,)™7, X} € (D)), dar(X),, Xy) > 6) = o(n 7)),

as n — 00. Recall, for v > 0 and j > 1, DL; = {{ € D: [Disc,(§)] > j}, where Disc,(§) = {t €
Disc(§): [£(t) — &(t7)] > v}. Defining DZ; = {¢ € D: |Disc,({)| = j} for j € Z and p > 0, we have
P(X € (]D)\D<<]) ’YaX (Di<g)p7 dM’(X/ X )>6)
<SP(X, € DL, dyy (X, Xn) 2 0) + P(Xy € (D\ D)7, X}, € (DL)_)))
Jj—1
<P(X;, €DY_y, day (X}, Xn) > 6) + > P(X, € (D\DL,)7, X, €D, )
=1

=P(X}, € DL, dyy(X}, Xn) > 0)+ Y P(E;(i)). (7.43)
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Note that

P(X, €D,_,, dM/(X X,) > 0)

X, € DLy, €(n), Ji < N(n)s.t. dM/ (Xl n,X’ 2) > 0) +o(n~IeTh)

E(io, e ,ij 2) S 'P({l, .. ,N:‘(n)},] — 1) s.t.
Aoty (Xig ny X ) = 6, |X] | > npo, V1 <p < j—2)

0,N

= O(n/ ~tn~ ey —U=2ay 4 o(pmilamb)y = p(p=ila=b), (7.44)

—~ o~

where in (7.44) we use Lemma 7.11 (1) together with the fact that the blocks {X,, ,,..., X}, ¢ > 1,
are mutually independent, and the final equivalence is obtained by setting ¢ < 1/«. In view of the above
computation, it remains to analyze P(E;(k)), k € {1,...,j — 1} as in (7.43).
Let I* = {i < N(n): dpy (Xin, X{,) > p1}. Note that
P(X, e (D\D,)™, X, €eD2_, )
— P(X, € (D\DX,)™", XL € D2 o 11°] 2 (k+2) A G~k —2))
FP(X, € (D\DL) 7 Ky €D, 1< |1 < (k4 2) A~k —2))
+P(X, € (D\DL ;)™ , X! €D, o, [I"|=0)
= (V.1) +(V.2) + (V.3).

Suppose that k < j/2 — 2, where the case k > j/2 — 2 can be dealt with similarly. Note that

(V.1) SP(X), €D, o, [I'| > k+2, €(n)) + o(n7*7V)
< P(H(’Ll, . ,ij_k_g) S P({l, . ,N:‘(n)},] —k— 2) S.t
Aty (Xiyn X)) 2 9 V1 <p <k +2,
X} | >npo,VE+3<q<j—k-2)
+ O(n_j(a_l))
_ O(nj7k72nf(k+2)(276)an7(j72k74)a) —i—o(n*j(o‘fl))

= O(n—j(a—l)n—(k+2)+(k+2)ea) + O(H—j(a—l)) _ O(H—j(a—l))7

if e < 1/ Moreover, we have that (V.3) = o(n=7(®~1)) for py sufficiently small. Let I’ = {i < N(n): X, >
po}. Turning to bounding (V.2) we have that
(V.2) =P(X, € (D\DL,)™", X € DY o LS| <k +1)

k+1 Kk

_Z ZPX € (D\DL,)™7, X, €D”_,_,,
k}l 1k}2 0

|I*| =k, |[I' N I*| = ko, €5(n))
+ o(n =@~ 1),
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Defining J = {(I1,..., 1}, ): 17(1},...,1},)) <k +2+ ka}, it is now sufficient to consider

P(X, € (D\D )7, X}, € DXy o, |I*] =k, [I' N I*| = ka, €5(n))

< P<3(Zl, - 7ijfk72fk2+k1) S P({l, .. ,N:_(n)},j —k—2—ko+ kl) s.t.

k1 ~
(Xiyns - Xiy, n) € ( U HD%) Pz,

(ll,...,lkl)EJ p=1

|X£q|ZnPO7V/€1+1S(JSj—k—2—k2+k1>

+P(Xn e (D\D,) ™, X € Do, |I*] = ka, [I' N T¥| = ko, €5(n),

3ins e djb—2-kotky) € PHL, .., NF()}, 5 =k =2 = ko + k1)
k1

st Ko Ky we (U Tm)

(l1yoslgy ) ET P=1 P
|1 X, | 2”007Vk1+1SQSJ—k—Q—k2+k1>
= (V.2.a) + (V.2.b).
Since 0 < ko < k1 <k + 1 we have that
(V.2.a) < O(njfl)O(nf(k+2+k27k16)a)0(n7(j7k727k2)a)
_ O(n—j(a—l)nkl&x—l) _ O(n—j(oz—l))7
for 6 < 1/((k + 1)a). Tt remains to show that (V.2.b) = o(n7(®~1). To see this, for € > 0 there exists
k1
CoenGe U TD, (7.45)
([1,...,lkl)EJp:1

such that d()f(ipyn, Gi,) < p2 + ¢, for all 1 <p < ki. Hence, we have that

k1
d| X, X - > X[+ G| <piVipate) (7.46)
p=1

€L N i1, yiky }

For any ¢ > 0, define ®.: D — D by

D.(8)(t) = > (€(s) =&(s7)), for t €[0,1], (7.47)

sef0,))nDisc(¢,c)
where Disc(€, ¢){t € Disc(&): £(t) — &(t7) > ¢}. Now we claim that

X5 = @po(X7,) — - idl o > p3. (7.48)
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To see this, suppose ||®,,(X/) — p-id|ls < p3. Hence,

k k
T B S A ST I o F N S
p=1 p=1

€L N i1, yiky } €I\ {i1,.. ik }

< = (1K}, = @y (X7,) — - idl o < ps. (7.49)

o0

X’:L_ZXZI,H _/Jfld
iel’

In view of (7.46) and (7.49) we obtain that

k1
d| Xopid+d G+ > X, | <pVipto)+ps,
p=1 i€l \{i1,. ik, }

where b
1
pidsS G Y X eD,
p=1 i€l \{i1,...,ig, }

due to (7.45). This leads to the contradiction of X,, € (D\ DY ;)" by choosing p1, p2 and p3 small enough.
In view of (7.48) we have that

P, (§)(t) — put
t€[0,1]

(V.2.b) <P <)_(,’l € {5 eD: &(t) — sup

— o(n~i@ ),

by choosing pg and p3 such that p3/po € Z and [p3/po]| > j.
Part 3): Since

P(ri-i-l — T >Ti6) SP(T‘H_l —-r; > (n—e')é)—l—P(ri 2”—6’),

P(rit1 —r; > r;0) decays exponentially, for i € {N7(n),..., Nt (n)}. Combining this with (7.35), we are
able to utilize the argument as in (7.36) and obtain that

P(Rin € (D\Do;) ™) = P(T5(n") < 1) +0(n™ 79"

for any 8 € (0,1). Since P(T;(u?) < r1) = O(u~U=9?) for a suitable choice of 3, the proof is completed. [
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